
Where does randomness lead in spa
etime?Ismael Bailleul∗, Albert Raugi†April 27, 2009Abstra
tWe provide an alternative algebrai
 and geometri
 approa
h to the results of [Bai08℄des
ribing the asymptoti
 behaviour of the relativisti
 di�usion.1 Introdu
tionThe obje
t of this arti
le is to answer the following question:"What happens to an obje
t randomly moving in spa
etime?"This question re
eived in [Bai08℄ an analyti
 answer using sto
hasti
 
al
ulus and 
oupling te
h-nique. One 
an see the present arti
le as an alternative way to these results, enlighting theiralgebrai
 and geometri
 
ontent.We shall adopt as a model of spa
etime the geometri
 framework of spe
ial relativity, wherethe spa
e of events is the 
artesian produ
t R × R
d, and where the geometry of spa
e is de�nedby the quadrati
 form

q(ξ) =
(
ξ0
)2 −

((
ξ1
)2

+ · · · +
(
ξd
)2
)

, (1.1)if ξ ∈ R × R
d has 
oordinates (ξ0, ξ1, ..., ξd

) in the 
anoni
al basis {ε0, ε1, ..., εd}.Rephrase our interrogation: "What is the asymptoti
 behaviour of an obje
t moving atrandom in spa
etime, 
ontinuously, with a speed less than the speed of light?" This question hasdi�erent �avours depending on who asks it. The probabilist will ask: "What is the tail σ-algebraof this pro
ess?", and the geometer will ask: "Does the spa
e have a (geometri
al) boundary su
hthat the obje
t 
onverges almost surely towards some random point of this boundary, en
oding
ompletely its asymptoti
 behaviour?" Answers to these questions 
an be given as follows. Write
{ξs}s>0 the random traje
tory; we shall denote by (rs, θs) ∈ R+ × Sd−1 the (Eu
lidean) polar
oordinates of the point ξs in the hyperplane {ξ ∈ R×R

d ; ξ0 = ξ0
s}, and by (Ω, P) the probabilityspa
e where the pro
ess {ξs}s>0 is 
onstru
ted, forgetting to mention the initial point of thetraje
tory.Theorem 1 (Probabilist's answer). P-almost surely,

• θs 
onverges towards some random asymptoti
 dire
tion θ∞,
• q(ξs, ε0 + θ∞) 
onverges towards some random quantity ℓ∞.
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2 RELATIVISTIC DIFFUSION 2The σ-algebra generated by θ∞ and ℓ∞ 
oin
ides with the tail σ-algebra of {ξs}s>0 up to P-nullsets.The geometri
al meaning of the quantity lim
s→+∞

q(ξs, ε0 + σ∞) is illustrated in �gure 1: ξswanders out to in�nity as it approa
hes the hyperplane parallel to the hyperplane tangent to thenull 
one in the dire
tion ε0 + σ∞, lo
ated at a random �height�: lim
s→+∞

q(ξs, ε0 + σ∞).
Rσ∞

∞

ε0 + σ∞

Rσ∞

∞

Figure 1: Asymptoti
 behaviour of a typi
al traje
toryTheorem 2 (Geometer's answer). Spa
etime (R × R
d, q) has a natural boundary C su
h that

• {ξs}s>0 
onverges P-almost surely towards some random point ξ∞ of C,
• the σ-algebra generated by ξ∞ 
oin
ides with the tail σ-algebra of {ξs}s>0 up to P-null sets.Following Dudley [Dud73℄, subse
tion 2.1 motivates our model of random motion in spa
e-time. Subse
tion 2.2 explains how one 
an lift this motion to a motion in the group of a�neisometries of (R×R

d, q) and how one 
an rephrase probabilist's interrogation as a question aboutrandom walks on that group. Se
tion 3 explains how Raugi's method, developed in a generalsetting in [Rau77℄, provides an expli
it des
ription of the invariant σ-algebra of the random walk;some additional work has to be done to des
ribe its tail σ-algebra and to rephrase the algebrai
result in the form of theorem 1. The use of Raugi's deep and elaborated method in this nontrivial simple situation is the o

asion to introdu
e it to the non spe
ialist; with this 
on
ernin mind, we have in
luded elementary proofs for some intermediate results that might be wellknown to spe
ialists. One leaves algebra for geometri
al matters in se
tion 4. There, we addressthe question of the existen
e of a boundary to spa
etime satisfying geometer's requirements. Inthe 
ourse we prove a theorem whi
h is part of the folklore in Lorentzian geometry but for whi
hone we 
ould not �nd any referen
e. Se
tion 5 
ontains te
hni
al proofs whi
h were not in
ludedin the pre
eding se
tions in order to make them more readable.We wish to thank the referee for his 
areful reasing and valuable 
omments.2 From spa
etime to Poin
aré group2.1 Dudley's model of random motion in spa
etimeAs re
alled in the introdu
tion, the spa
etime of spe
ial relativity is the spa
e R × R
d equippedwith the geometri
 stru
ture de�ned by the quadrati
 form q de�ned in (1.1); we shall denote it



2 RELATIVISTIC DIFFUSION 3
R

1,d in the sequel. An important subset of R
1,d is its upper half-unit sphere

H = {ξ ∈ R
1,d ; q(ξ) = 1, ξ0 > 0}.Although q is not de�nite, its restri
tion to any tangent spa
e of H is de�nite negative; so, itendows H with a Riemannian stru
ture. H is (a model of) the d-dimensional hyperboli
 spa
e.One modelizes the motion in spa
etime of an obje
t moving at a speed stri
tly less than thespeed of light by a timelike path.Definition 3. A timelike path γ in R

1,d is a 
ontinuous path γ : I → R
1,d, s 7→ γs = (ts, xs),su
h that for any r < s,

|xs − xr| < ts − tr.In parti
ular, the time 
oordinate tr of γr is a 
ontinuous in
reasing fun
tion, and γr isabsolutely 
ontinuous: its left derivative γ̇r− exists for almost all r and
γr = γ0 +

∫ r

0
γ̇u− du.Notation SO0(1, d) denotes identity's 
onnex 
omponent in the linear group of q-orthogonaltransforms.

• How should one de�ne a random Markovian timelike path started from 0? It is �rst temptingto de�ne the 
oordinate pro
esses γ 7→ γs on the set Γ of all timelike paths γ : R+ → R
1,d startedfrom 0 and to 
onsider a probability P on Γ. Sin
e the laws of physi
s are supposed to keep thesame expression in any pseudo-orthonormal frame of spa
etime (Relativity Prin
iple), we require

P to enjoy the same invarian
e property:
P(γt1 ∈ A1, ..., γtn ∈ An) = P

(
γt1 ∈ g(A1), ..., γtn ∈ g(An)

)
,for any times t1 < · · · < tn, any subsets A1, ..., An of R

1,d, and any isometry g ∈ SO0(1, d). Butnoting that ea
h timelike path γ hits H in a unique time T , the law of the random variable γTshould be, under P, a probability measure on H invariant under the a
tion of SO0(1, d); su
h aprobability does not exists. So, one 
annot de�ne an SO0(1, d)-invariant probability on the setof timelike paths started from 0.This negative result is not surprising sin
e laws of motion in physi
s always involve position
γr in spa
etime as well as speed γ̇r under the form of a di�erential equation

d(γ̇r, γr)

dr
= F (γ̇r, γr). (2.1)We shall make the hypothesis that position and speed are re
orded in the state spa
e of thepro
ess

R
1,d × {ξ̇ ∈ R

1+d ; q(ξ̇) > 0, ξ̇0 > 0}If one thinks of the pro
ess (γr, γ̇r) as modelizing the motion of some parti
le due to the a
tionof some (
ontinuous) �eld and to instantaneous 
ollisions with other parti
les, it is natural toask γ̇ to be 
àdlàg. Noting the Markovian 
hara
ter of the deterministi
 motion given by (2.1),we shall keep this assumption in the probabilisti
 model.Definition 4. • We de�ne the Poin
aré group G as the group of a�ne q-isometries
ϕ(ζ) = g(ζ) + ξ,with ξ ∈ R

1,d and a linear part g in SO0(1, d).
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• Writing (ξ,g) for ϕ, the group stru
ture of G is the semi-dire
t produ
t:

(ξ,g)(ξ′,g′) = (ξ + gξ′,gg′).Given an a�ne isometry e = (ζ,g) of R
1,d and (ξ, ξ̇) in the state spa
e, write

e.(ξ, ξ̇) = (gξ + ζ,gξ̇) (2.2)the natural a
tion of e on the state spa
e.To get a de�nition of the pro
ess (γ, γ̇) in a

ordan
e with the Relativity Prin
iple we shallask its law to be invariant under the a
tion of G. All this leads us to adopt as a model of randomtimelike path a Markov random pro
ess (γr, γ̇r) on R
1,d × {ξ̇ = (t, x) ∈ R

1+d ; q(ξ̇) > 0, t > 0},de�ned by a family P(ξ,ξ̇) of probabilities su
h that for any (ξ, ξ̇)1. γ̇ is (P(ξ,ξ̇)-almost surely) 
àdlàg, and γr = γ0 +
∫ r
0 γ̇u− du,2. (Invarian
e) for any a�ne isometry e of R

1,d, any times t1 < · · · < tn, and any sets
A1, ..., An of the state spa
e
P(ξ,ξ̇)

(
(γt1 , γ̇t1) ∈ A1, ..., (γtn , γ̇tn) ∈ An

)
= P

e.(ξ,ξ̇)

(
(γt1 , γ̇t1) ∈ e.A1, ..., (γtn , γ̇tn) ∈ e.An

)
.Dudley showed in [Dud66℄ that any su
h Markov pro
ess is a Feller pro
ess enjoying thestrong Markov property (see theorems 5.1 and 6.1 of [Dud66℄). Note that, as a 
onsequen
e ofthe invarian
e of the law of the pro
ess by translations in R

1,d, the pro
ess γ̇r itself is a Markovpro
ess.At this step, it is useful to noti
e that if one reparametrizes γ by the inverse of the previsibleadditive fun
tional r 7→
∫ r
0

√
q(γ̇u) du, one obtains a strong Markov pro
ess (γ

r
, γ̇

r
) in R

1,d ×H,su
h that1'. γ̇ is a 
àdlàg strong Markov pro
ess on H, and γ
r

= γ
0
+
∫ r
0 γ̇

u− du,2'. γ̇
u
has an SO0(1, d)-invariant law.So we are led to des
ribe the 
lass of 
àdlàg strong Markov pro
esses on H with an SO0(1, d)-invariant law. One has a 
learer understanding of the situation 
onsidering H as the homogeneousspa
e SO0(1, d)/SO(d). Indeed,Proposition 5 ([Lia04℄, Theorem 2.2, p.43). There exists a right SO(d)-invariant left Lévypro
ess {gu} in SO0(1, d) su
h that its 
anoni
al proje
tion on H has the same law as {γ̇u}.Applebaum and Kunita gave in [AK93℄ a 
hara
terisation of Lévy pro
esses in Lie groups assolutions of integral equations involving sto
hasti
 integrals with respe
t to a Brownian motionand a Poisson random measure. This des
ription was 
ompleted by Applebaum in [App00℄,theorem 3, p.396, where he gives a pathwise des
ription of a Lévy pro
ess in a Lie group G.De�ning �by analogy with the Eu
lidean 
ase a 
ompound Poisson pro
ess as the 
ompositionof a random number of i.i.d. G-valued random variables where the number of terms takendepends on the value of a Poisson pro
ess�, he employes this 
ompound Poisson pro
ess todes
ribe the paths of a Lévy pro
ess in G �as the almost sure limit of a sequen
e of Brownianmotions interla
ed with random jumps�. This 
hara
terisation, together with proposition 5,explains Dudley's des
ription of general random Markovian timelike paths: In the same way asLévy pro
esses in R are mixings of real Brownian motion and jumps pro
esses, the speed γ̇ of



2 RELATIVISTIC DIFFUSION 5a Markovian timelike path is a mixing of Brownian traje
tories on H and jump pro
esses (withradial laws)1.Note that the only 
ontinuous pro
ess of this family of pro
esses is obtained when γ̇ is aBrownian motion. This uniqueness property is important enough to be re
orded in aDefinition 6. The relativisti
 di�usion is the pro
ess on R
1,d × H obtained as above when

γ̇s is Brownian motion on H.2.2 From spa
etime to Poin
aré groupRelation (2.2) exhibits an a
tion of Poin
aré group G on R
1,d × H. The obje
t of this se
tion isto des
ribe how one 
an lift the relativisti
 di�usion to a di�usion {es}s>0 on G.a) Brownian motion on H • Re
all H inherits from q a Riemannian stru
ture. Brownianmotion {g0

s}s>0 on H is de�ned as the di�usion with generator half of Lapla
ian; it has an almostsurely in�nite lifetime2.Notation � Given g0 ∈ H, denote by Pg0 the law of Brownian motion {g0
s}s>0 started from g0.Polar 
oordinates (ρs, σs) of g0

s satisfy the equations:
ρs = ρ0 +

d − 1

2

∫ s

0

othρr dr + ws,

σs = Σ

(∫ s

0

drsh2ρr

)
,

(2.3)where w is a real Brownian motion and Σ is an independent Brownian motion on S
d−1. We shallonly need a few fa
ts about Brownian motion on H; they are 
olle
ted in the following proposi-tion whose elementary proof uses a 
omparison theorem on 1-dimensional sto
hasti
 di�erentialequations3 and the invarian
e of the law of Brownian motion by the isometri
 a
tion of SO0(1, d)on H. It is left to the reader.Proposition 7 (Asymptoti
 behaviour of Brownian motion on H). Let g0 ∈ H.1. Given ε > 0, there exists Pg0-almost surely a 
onstant C(ω) su
h that for all s > 0,

d − 1

2
(1 − ε)s − C(ω) 6 ρs 6

d − 1

2
(1 + ε)s + C(ω).2. The dire
tion σs of g0

s 
onverges Pg0-almost surely towards some random point σ∞ ∈ S
d−1.3. The law of σ∞ has a (smooth) density with respe
t to the uniform probability on S

d−1.Use of half-spa
e 
oordinates (y, x) ∈ R
>0 × R

d−1 on H give another insight on that result.The 
oordinates (ys, xs) of g0
s satisfy equations

dys = ysdwy
s − d

2
ysds,

dxs = ysdwx
s ,

(2.4)where (wy , wx) is a d-dimensional Brownian motion . One sees on these equations that ys
onverges exponentially fast to 0 and that xs 
onverges towards some random point of R
d−1.1Note, yet, that Dudley dedu
ed this result from a 'stati
' version of the pre
eding 'dynami
' results, 
hara
-terizing Fourier transform of some in�nitely divisible laws on H, and due to Karpelevi
h, S
hur and Tutubalin[KT�59℄.2Consult [Pra75℄ or [Gri99℄, Cor.6.8.3See Theorem 1.1 p.437 of [IW89℄ for example.



2 RELATIVISTIC DIFFUSION 6b) A Brownian motion on SO0(1,d) • Following Eells and Elworthy, one usually 
onstru
tsBrownian motion on an oriented Riemannian manifold (M, g) of dimension n as the proje
tion ofa singular di�usion on the bundle OM of dire
t orthonormal frames of TM. Pre
isely, there exist
anoni
al horizontal ve
tor �elds {Hi}i=1..n on OM su
h that the di�erential operator n∑

i=1

H2
ion OM indu
es Lapla
ian △M on M, in the sense that if we denote by π the natural proje
tion

OM → M, we have for all f ∈ C2(M),
(

n∑

i=1

H2
i

)
f ◦ π = (△Mf) ◦ π. (2.5)These ve
tor �elds are de�ned as follows. Denote by (x, f) =

(
x, (f1, ..., fn)

) a generi
 elementof OM: x ∈ M and f is a dire
t orthonormal basis of TxM. Given j ∈ {1, .., d}, one de�nes amotion {(xs, fs)} in OM by asking that dxs

ds = fj(s), and f should be transported parallely along
{xs}. One de�nes a ve
tor �eld Hj on OM looking at the in�nitesimal motion of all the pointsof OM, a

ording to the pre
eding dynami
s. These are the 
anoni
al horizontal ve
tor �elds.

• In our situation, where H is the half unit pseudo-sphere of R
1,d, the spa
e OH 
an beidenti�ed with SO0(1, d) and the natural proje
tion is

g =
(
g0, (g1, ...,gd)

)
∈ SO0(1, d) 7→ g0 ∈ H.It is elementary to 
he
k that the horizontal ve
tor �elds Hi are given by the formulas

Hi(g) = gEi, i = 1..d,where the Ei are the matri
es E1 =




0 1 (0)
1 0 · · ·
0

... Od−1


, E2 =




0 0 1 (0)
0 0 · · ·
1

...
(0)

... Od−1



, et
.: Eiex
hanges ε0 and εi and sends the other basis ve
tors to 0. These left invariant ve
tor �elds giverise to the left invariant di�erential operator H2

1 + · · · + H2
d on SO0(1, d). So, if one 
onsidersthe di�usion {gs}s>0 on SO0(1, d) solving the equation

dgs = gsE1 ◦ dw1
s + · · · + gsEd ◦ dwd

s , (2.6)where the wi's are real independent Brownian motions, the H-valued pro
ess {g0
s}s>0 is by
onstru
tion a Brownian motion on H.It is 
ustomary in the framework of the study of Lévy pro
esses on Lie groups to 
all a right-stationnary4 
ontinuous pro
ess with independent right-in
rements5 a right-Brownian motion.The di�usion {gs}s>0 is a right-Brownian motion on SO0(1, d). Setting

ξs = ξ0 +

∫ s

0
g0

r dr, (2.7)the di�usion {(ξs,gs)}s>0 in R
1,d × SO0(1, d) naturally proje
ts to the relativisti
 di�usion in

R
1,d × H.4For any s > 0, the pro
ess {g−1

s gs+t}t>0 has the same law as {g−1

0 gt}t>0.5For any s1 < · · · < sn, the in
rements g−1
s1

gs2
,g−1

s2
gs3

, ..., g−1
s

n−1
gsn

are independent.



2 RELATIVISTIC DIFFUSION 7
) A Brownian motion and a random walk on G • The di�usion {(ξs,gs)}s>0 in R
1,d ×

SO0(1, d) is a
tually a right-Brownian motion on the group G. Indeed, setting Ẽi = (0, Ei), for
i = 1..d, Ẽ0 = (ε0, 0), and de�ning the left invariant ve
tor �elds Vi on G by the formula

Vi

(
(ξ,g)

)
= (ξ,g)Ẽi, i = 0..d,it is elementary to see that equations (2.6) and (2.7) are equivalent to

d
(
(ξs,gs)

)
= Vi

(
(ξs,gs)

)
◦ dwi

s + V0

(
(ξs,gs)

)
ds. (2.8)Adopting the notation es = (ξs,gs) the pre
eding equation takes its de�nitive form:

des = Vi(es) ◦ dwi
s + V0(es) ds. (2.9)Using the Markov property and the left invarian
e of the ve
tor �elds Vi it is easy to show that

{es}s>0 is a right-Brownian motion on G(6). Its in�nitesimal generator will be denoted by L̃:
L̃ =

1

2

d∑

i=1

V 2
i + V0. (2.10)Noti
e that this operator is not ellipti
. Yet this Brownian motion {es}s>0 has useful propertiesneeded in the sequel; they are summarised in the following proposition, proved in se
tion 5.1.Notation � Given e ∈ G, we shall write Pe the law of the solution of (2.9) started from e. Wewrite Haar(da) for a Haar measure on G(7).Proposition 8. 1. Smoothness of the law � Given s > 0, there exists a smooth fun
tion pson G su
h that for all bounded Borel fun
tion f on G

Ee[f(es)] =

∫

G
ps(e

−1a)f(a)Haar(da).2. Support of ps � supp(ps) =
{
e = (ξ,g) ∈ G ; ξ

s ∈ ConvHull(H)
}, where ConvHull(H) isthe 
onvex hull of H ⊂ R

1,d.3. Moment � The probability ps(a)Haar(da) has a �rst moment.We shall re
all in se
tion 3.1 what assertion 3 pre
isely means. The pro
ess {es}s>0 hav-ing independent in
rements, the sequen
e {en}n>0 is a random walk on G, with jump law
p1(a)Haar(da). The next se
tion explains how one 
an redu
e the problem of the des
riptionof the tail σ-algebra of the di�usion {es}s>0 to the problem of the des
ription of the invariant
σ-algebra of the random walk {en}n>0.2.3 From di�usion to random walkRe
all that the invariant σ-algebra Inv(es

) of the di�usion {es}s>0 is generated by the eventsof the form �{es}s>0 ∈ A i� {es+t}s>0 ∈ A for all t > 0�. The tail (or asymptoti
) σ-algebra of
{es}s>0 is Tail(es

)
=
⋂

t>0

σ(es ; s > t).6See [Lia04℄ for this fa
t and a proof that (2.9) has a unique solution.7Noti
e that G being a unimodular group, right and left Haar measures 
oin
ide.



2 RELATIVISTIC DIFFUSION 8For general pro
esses one just have Inv(es

)
⊂ Tail(es

). Besides, the invariant σ-algebra of therandom walk being generated by the events of the form �{en}n>0 ∈ A i� {en+p}n>0 ∈ A for all
p > 0�, one just have the a priori in
lusions Inv(es

)
⊂ Inv(en

)
⊂ Tail(es

). Yet, we shall see thatTheorem 9. The two σ-algebras Inv(es

) and Tail(es

) are indistinguishable under any Pe.As a 
onsequen
e, the two σ-algebras Inv(es

) and Inv(en

) 
oin
ide up to Pe-null sets for any
e ∈ G. This brings us ba
k to des
ribe the invariant σ-algebra of the random walk {en}n>0; thiswill be done in the forth
oming se
tion 3. We shall get a result in terms of algebrai
 quantities;we shall see in subse
tion 3.5 how to interpret them in terms of the relativisti
 di�usion tore
over theorem 1. For the moment we prove theorem 9. Re
all an L̃-harmoni
 fun
tion on Gis a C2 fun
tion h su
h that L̃h = 0. Give a similar de�nition of a (∂t + L̃

)-harmoni
 fun
tionon R × G. The proof of theorem 9 relies on the well known 
orresponden
e between invariant
σ-algebras and the set of bounded harmoni
 fun
tions. Note that this 
orresponden
e impli
itly8uses the hypoellipti
ity of L̃ and of its paraboli
 
ompanion ∂t + L̃ (an easily veri�ed fa
t usingthe expli
it formula (2.10) and Hörmander's theorem).Lemma 10. • Given any Inv(es

)-measurable real bounded random variable X, the formula
h(e) = Ee[X],de�nes a bounded L̃-harmoni
 fun
tion. Any bounded L̃-harmoni
 fun
tion is of this form.

• Given any Tail(es

)-measurable real bounded random variable X, the formula
h(e) = Ee[X],de�nes a bounded (∂t + L̃

)-harmoni
 fun
tion. Any bounded (∂t + L̃
)-harmoni
 fun
tion is ofthis form.Using this bridge between probability and analysis, theorem 9 
an be restated as follows.Theorem 11. Any bounded (∂t + L̃)-harmoni
 fun
tion does not depend on time t.So any bounded (∂t +L̃)-harmoni
 fun
tion is L̃-harmoni
. To prove this theorem, we use thesame s
heme as in the proof of Corollary 3.2 of [An
90℄, but use a Harna
k inequality establishedin [Bai08℄. Re
all the de�nition of pr given in proposition 8.

� Let 0 < ε < 1 and h be a bounded (∂t + L̃)-harmoni
 fun
tion. Sin
e the identity
h(t + ε, e) − h(t, e) =

∫ {
pr−ε(e

−1e′) − pr(e
−1e′)

}
h(t + r, e′)Haar(de′)holds, for any e ∈ G, r > 1, we have

∣∣h(t + ε, e) − h(t, e)
∣∣ 6 ‖h‖∞

∥∥pr−ε(e
−1.) − pr(e

−1.)
∥∥

L1(Haar)
,

6 ‖h‖∞
∥∥pr−ε(.) − pr(.)

∥∥
L1(Haar)

.
(2.11)Now, the fun
tion (r, e′) ∈ R

>0 × G 7→ pr(e
′) being (∂r − L̃∗)-harmoni
, and this operatorbeing hypoellipti
, one 
an use the Harna
k inequality stated in theorem 17 in [Bai08℄; itensures the existen
e of a 
onstant C su
h that8See se
tion 9 of [Pin95℄ for example.
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∀ r > 1, ∀ e′ ∈ G, pr−ε(e

′) 6 C pr(e
′). (2.12)Inequality (2.12) means that if the probability pr−ε(a)Haar(da) puts some mass m on someset, then the probability pr(a)Haar(da) puts at least some mass m

C on that set. So, thevariation distan
e 1
2‖pr−ε(.)−pr(.)‖L1(Haar) between these two probabilities is 6 1− 1

C < 1.Thus,
∥∥pr−ε(.) − pr(.)

∥∥
L1(Haar)

6 2
(
1 − 1

C

)
< 2.Derrienni
's 0 − 2 law, [Der76℄, p.118, states that one has

∥∥pr−ε(e, .) − pr(e, .)
∥∥

L1(Haar)
−→

r→+∞
0,under the pre
eding 
ondition; this implies, with (2.11), that

h(t + ε, .) = h(t, .);as this holds true for any ε > 0, the 
on
lusion follows. �3 Invariant σ-algebra of the random walkAs emphasised above, it is the same to determine the invariant σ-algebra of the random walk
{en}n>0 and to determine the set of its bounded harmoni
 fun
tions h:

∀ e ∈ G, h(e) = Ee[h(e1)]We shall 
on
entrate on the des
ription of this set. The method pro
eeds by �nding �rst what�
omponents� of en 
onverge: we shall �nd three subgroups D−, D+ and K of G su
h that
• the appli
ation D− ×D+ ×K → G given by (d−,d+,k) 7→ d−d+k is a di�eomorphism,
• the D−
omponent d−

n of en 
onverges almost surely towards some random d−
∞ ∈ D−.The paper [Bai08℄ in some sense studied the random walk {en}n>0 
onditioned on d−

∞, using
ouplings to prove that the invariant σ-algebra of the 
onditioned random walk is trivial. Here thealgebrai
 framework enables us to pro
eed di�erently and to bring ba
k the problem to show thatany D−-left invariant bounded harmoni
 fun
tion is 
onstant; this will be done in subse
tions3.3 and 3.4 where Raugi's method is used. In order to make this approa
h a

essible to nonspe
ialists we have in
luded elementary proofs for some intermediate results that are perhapswell known to spe
ialists. We �rst re
all in 3.1 a few basi
 fa
ts on measures and boundedharmoni
 fun
tions on G. The above de
omposition of G is obtained in 3.2 and the 
onvergen
eof the D−
omponent of the random walk in 3.3.3.1 Basi
s on measures and bounded harmoni
 fun
tionsa) Subadditive fun
tion and moments of a measure on GDefinition 12. A Borelian fun
tion f : G → R is said to be subadditive if
∀ e, e′ ∈ G, f(ee′) 6 f(e) + f(e′).The fun
tion f is said to be a gauge if there exists a 
onstant C ∈ R su
h that

∀ e, e′ ∈ G, f(ee′) 6 f(e) + f(e′) + C.



3 INVARIANT σ-ALGEBRA OF THE RANDOM WALK 10The fundamental example of gauge is the gauge asso
iated with a 
ompa
t neighbourhood
V of Id, generating G(9):

∀e ∈ G, fV (e) = inf{n > 1 ; e ∈ V n} < ∞.In our 
onne
ted group G = SO0(1, d) × R
1,d, any 
ompa
t neighbourhood V of Id generates

G. So, we drop the assumption �V generates G� in the sequel. The importan
e of this example
omes from the following fa
t.Proposition 13 (Guivar
h' [Gui76℄, p.52). Let V be a 
ompa
t neighbourhood of Id ∈ G. Forany gauge f , there exists a 
onstant C, depending on V and f , su
h that
f 6 C fV .As a 
onsequen
e all gauges fV are equivalent: if V ′ is another 
ompa
t neighbourhood of Id,there exists 
onstants c(V, V ′) and C(V, V ′) su
h that

c(V, V ′)fV 6 fV ′ 6 C(V, V ′)fV .As a result, if µ is a non-negative measure on G, and p ∈ N, the integral ∫ fV (e)pµ(de) is �nitei� ∫ fV ′(e)pµ(de) is �nite.Definition 14. Let p > 0. A non-negative Borel measure µ on G is said to have a momentof order p if ∫
fV (e)pµ(de) < ∞.This de�nition does not depend of the 
hoi
e of the 
ompa
t neighbourhood V of the identity.b) Two properties of bounded harmoni
 fun
tionsProposition 15. 1. Any bounded harmoni
 fun
tion h is right uniformly 
ontinuous.2. ([Rau78℄) Let e0 ∈ G, and h be a bounded harmoni
 fun
tion on G. One has Pe0

-almostsurely, for any e ∈ Supp(p1),
lim

n→+∞
h(ene) = lim

n→+∞
h(en).

� 1. Let ε > 0 and V be a 
ompa
t neighbourhood of Id∈ G. One 
an �nd a 
ompa
t set
K ⊂ G su
h that

∀ ẽ ∈ V,

∫

Kc

p1(ẽ
−1e)Haar(de) 6 ε.Then, for any e ∈ G and ẽ ∈ V, one has

|h(eẽ) − h(e)| =

∣∣∣∣
∫ {

p1

(
(eẽ)−1e′

)
− p1

(
e−1e′

)}
h(e′)Haar(de′)

∣∣∣∣

=

∣∣∣∣
∫ {

p1

(
ẽ−1a

)
− p1

(
a
)}

h(a)Haar(da)

∣∣∣∣ =

∣∣∣∣
∫

K
· +
∫

Kc

·
∣∣∣∣

6

∣∣∣∣
∫

K

{
p1

(
ẽ−1a

)
− p1

(
a
)}

h(a)Haar(da)

∣∣∣∣ + 2ε ‖h‖∞9G =
S

n∈N

V n
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e p1 is 
ontinuous and h is bounded, one 
an use dominated 
onvergen
e theorem inthe integral and obtain the existen
e of a neighbourhood Ṽ ⊂ V of Id∈ G su
h that
∀ e ∈ G, sup

ee∈eV

∣∣h(eẽ) − h(e)
∣∣ 6 2 ‖h‖∞ε + ε,whi
h shows the result.2. Let h be a bounded harmoni
 fun
tion. Remarking that the inequality

Ee0

[∫ ∑

n>0

(h(ene) − h(en))2p1(e)de
]

=
∑

n>0

(
Ee0

[h2(en+1)] − Ee0
[h2(en)]

)
< +∞,justi�es the p1(e)Haar(de) ⊗ Pe0

(dω)-almost sure existen
e of the limit
lim
n+∞

(
h(ene) − h(en)

)
= 0,one gets from the Pe0

-almost sure 
onvergen
e of {h(en)
}

n>0
the identity:

lim
n→+∞

h(ene) = lim
n→+∞

h(en).The right uniform 
ontinuity of h a
tually yields the awaited stronger result:
Pe0

-almost surely, for all e ∈ Supp(p1), lim
n→+∞

h(ene) = lim
n→+∞

h(en).

�3.2 De
omposition of GOne generally studies the behaviour of a random walk on some group G looking for a
tions ofthis group on some spa
e X su
h that for any x ∈ X the traje
tory {en.x}n>0 of x 
onvergesalmost surely; these 
onvergen
es provide information on en.As an example, let us 
on
entrate on the SO0(1, d)-part gn of en, whi
h is a random walk inits own right. Consider SO0(1, d) as the set of dire
t isometries of the hyperboli
 spa
e, in itshalf-spa
e representation {(y, x) ∈ R
∗
+ × R

d−1
}. It is an elementary fa
t that any isometry ϕ ofthe half-spa
e 
an uniquely be written

ϕ = t ◦ λ ◦ r (3.1)where t is a R
d−1-translation, λ the homothety (y, x) 7→ (λy, λx) and r is a hyperboli
 rotationwith 
entre (1, 0). This de
omposition of ϕ is Iwasawa de
omposition. Write

gn = tn ◦ λn ◦ rn. (3.2)The random walk {gn}n>0 was 
onstru
ted in 2.2, 
), in su
h a way that gn

(
(1, 0)

) is a Brownianmotion on H at time n. Sin
e we saw in the remark following proposition 7 that its R
d−1
omponent xn has an almost sure limit, it means that tn 
onverges almost surely. To use theadditional information provided by proposition 7 let us re-write Iwasawa de
omposition (3.2) inmatrix form.The groups N , A, K of homotheties, translations and rotations have respe
tive Lie algebras
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• n: the nilpotent algebra

n =








0 0 tx
0 0 tx
x −x 0d−1


 ; x ∈ R

d−1



 (3.3)

• a: the 
ommutative algebra generated by α ≡




0 1 (0)
1 0 (0)

(0) (0) 0d−1


(10).

• k =








0 ... 0... so(d)
0







.In matrix terms the groups N , A, K are des
ribed as

N = Exp(n) =
{
N(x) =




1 + ‖x‖2

2 −‖x‖2

2 x∗
‖x‖2

2 1 − ‖x‖2

2 x∗

x −x 1d−1


 ; x ∈ R

d−1
}
,

A = Exp(a) =
{
A(t) =




ht sht (0)sht 
ht (0)
(0) (0) 1d−1


 ; t ∈ R

}

K =
{( 1 (0)

(0) A

)
; A ∈ SO(d)

}
.Noti
e that

• ∀x ∈ R
d−1, N(x)(ε0 + ε1) = ε0 + ε1, and N(x)∗(ε0 − ε1) = ε0 − ε1,

• ∀ t ∈ R, A(t)(ε0 + ε1) = et(ε0 + ε1), and A(t)(ε0 − ε1) = e−t(ε0 − ε1),
• ∀x ∈ R

d−1, ∀ t ∈ R, A(t)N(x)A−1(t) = N(etx),
• ∀x, y ∈ R

d−1, N(x)N(y) = N(x + y).Identity (3.2) for gn takes the matrix form
gn = N(xn)A(tn)Kn,with xn ∈ R

d−1, tn ∈ R and Kn ∈ K.Denote by 〈., .〉 the Eu
lidean s
alar produ
t on R
1+d. On the one hand one has

〈ε0 − ε1,g
0
s〉 = 〈ε0 − ε1,N(xs)A(ts)ε0〉 = 〈ε0 − ε1, A(ts)ε0〉 = e−ts .On the other hand, using polar 
oordinates (ρs, σs) ∈ R

∗
+ × S

d−1 of g0
s(11): g0

s = 
h(ρs)ε0 +sh(ρs)σs ∈ R
1,d, one has

〈ε0 − ε1,g
0
s〉 = 
h(ρs) − sh(ρs)σ

1
s .where σ1

s = 〈ε1, σs〉. Now g0
s being a Brownian motion on H one knows from proposition 7 that10We denote by 0d−1 the (d − 1) × (d − 1) zero matrix.11We see S

d−1 as a subset of R
d ⊂ R

1,d.
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• ρs = d−1

2 s + o(s),
• σ1

s 
onverges almost surely towards a (random) limit σ1
∞ su
h that |σ1

∞| < 1;as a 
onsequen
e,
〈ε0 − ε1,g

0
s〉 = 
h(ρs) − sh(ρs)σ

1
s =

1 − σ1
s

2
eρs + o(1)

=
1 − σ1

s

2
e

d−1

2
s+o(s) + o(1) = e−ts .Proposition 16. The 
omponent The 
omponent N(xn) of gn in Iwasawa de
omposition gn =

N(xn)A(tn)Kn 
onverges almost surely, and tn
n −→

n→+∞
−d−1

2 , a.s.To get information on what happens in the R
1,d 
omponent of en we shall de�ne an a
tionof some sub-group of G on a ve
tor spa
e of polynomials on the Lie algebra g of G. Before doingso we need a few notations.Identify SO0(1, d) with a subgroup of G, and so(1, d) with a sub-algebra of g.Set

• d = R
1+d ⊕ n ⊕ a,

• d− = R(ε0 + ε1) ⊕ n,
• d+ =

(
R(ε0 − ε1) ⊕ 〈ε2, ..., εd〉

)
⊕ a(12),so that

d = d− ⊕ d+.As is 
lear from equation (2.4), the behaviour of the y 
omponent of Brownian motion in thehalf-spa
e model explains the 
onvergen
e of its x 
omponent. In the algebrai
 framework, it isthe behaviour of An whi
h explains the dynami
s of gn. The pre
eding de
omposition of g isadapted to the stru
ture of A: (ε0 + ε1) is 
ontra
ted by An, (ε0 − ε1) is dilated, and 〈ε2, ..., εd〉is stable. This de
omposition has the following straightforward properties:
• d− and d+ are Lie sub-algebras of g, with asso
iated groups

D− ≡ R(ε0 + ε1) ×N , and D+ ≡
(
R(ε0 − ε1) ⊕ 〈ε2, ..., εd〉

)
×A,

• d is the Lie algebra of the group D ≡ R
1+d ×NA, and

• the group (D−, .) is isomorphi
 to the Abelian group (d−,+).Proposition 17 (De
omposition of G). The appli
ation D−×D+×K → G given by (d−,d+,k) 7→
d−d+k is a di�eomorphism.Notation � It will be 
onvenient to write

e = d−d+k = πD(e)k = πD−(e)d+k,with πD(e) = d−d+ ∈ D and πD−(e) = d− ∈ D−.12〈ε2, ..., εd〉 is the ve
tor spa
e spanned by ε2, ..., εd.
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e on D−a) An a
tion of D on d− � The map
(d,d−) ∈ D ×D− 7→ d.d− := πD−(dd−) ∈ D−de�nes an a
tion of D on D− whi
h 
orresponds to the a
tion of D on the homogeneous spa
e

D/D+, identi�ed with D−. Given any s, r ∈ R, y, x ∈ R
d−1 and ξ ∈ R

d+1, we have
(
ξ,N(y)A(s)

)(
r(ε0 + ε1),N(x)

)
=
(
ξ + res(ε0 + ε1),N(y + esx)A(s)

)whi
h 
an be written
(
0, N(y + esx)

)((〈
N−1(y + esx)ξ, ε0 + ε1

〉
+ ret

)
(ε0 + ε1),1d+1

)(
ζ,A(t)

)where ζ = N−1(y+esx)ξ−
〈
N−1(y+esx)ξ, ε0 +ε1

〉
(ε0 +ε1) ∈ R(ε0−ε1)⊕〈ε2, ..., εd〉. Therefore,for d =

(
ξ,N(y)A(s)

)
∈ D and d− =

(
r(ε0 + ε1),N(x)

)
∈ D−,

d.d− =
((〈

N−1(y + esx)ξ, ε0 + ε1

〉
+ res

)
(ε0 + ε1),N

(
y + esx

))Now, via the exponential map, we identify the Abelian Lie group N with its Lie algebra n,itself identi�ed with R
d−1. This identi�
ation gives us the following a
tion of D on d−, identi�edto R × R

d−1 :
d · (r, x) =

(〈
N−1(y + esx)ξ, ε0 + ε1

〉
+ res, y + esx

)
.If one de
omposes d =

(
t(ε0 + ε1), N(y)

)(
ζ,A(s)

)
∈ D into its D−-part and its D+-part, thenone reads on the pre
eding formula that

d · (r, x) =
(
t + esr +

〈
N
(
−esx

)
ζ, ε0 + ε1

〉
, esx + y

)
. (3.4)As is 
lear, D do not have an a�ne a
tion on d−; nonetheless we shall see that this a
tionindu
es a linear a
tion on some spa
e of polynomials on d−.b) Polynomials on d− � The algebra d− is a nilpotent algebra of height 2:

[d−, d−] = R(ε0 + ε1, 0), [d−, R(ε0 + ε1, 0)] = 0.As su
h, it has a natural graded stru
ture. We 
onsider the algebra of polynomial fun
tions
R(x1, ..., xd−1, r) on d−, provided with the adapted 
on
ept of degree:

dxi = 1, ∀ i = 1..d − 1,

dr = 2.
) An a
tion of D on polynomials on d−, identi�ed to R × R
d−1 � The group D a
tslinearly on R(x1, ..., xd−1, r) in the following way

∀P ∈ R(x1, ..., xd−1, r),∀d ∈ D, (P.d)
(
r, x
)

= P
(
d.
(
r, x
))

.Moreover, as N(x) is a matrix with quadrati
 
oe�
ients in x, one reads on formula (3.4) that thisa
tion leaves the ve
torial sub-spa
e generated by the family {1;x1, ..., xd−1; (x1)
2, ..., (xd−1)

2, r
}
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tion of d =
(
ξ,N(y)A(s)

)
∈ D in the basis {1;x1, . . . , xd−1; (x1)

2, . . . , (xd−1)
2,is

M(d) =




1 y1 · · · yd y2
1 · · · y2

d t

(0) (esIdd−1) (2esIdd−1) (∗)

(0) (0)
(
e2sIdd−1

)
(∗)

(0) es




,where (∗) depends on d. We shall write it in a more 
on
ise form
M(d) =

(
1 U(d)

(0) T (d)

)
=




1 U(d) t

(0) T (d) V (d)
0 (0) es


 .d) Convergen
e of the D−-
omponent � Let now see what this a
tion of D on polynomialsof degree 6 2 tells us about en. We shall write en = dnkn, with dn ∈ D and kn ∈ K. For
onvenien
e, denote by µ the jump law of en, and write

en+1 = enyn+1,where the yi are independent random variables with 
ommon law µ. As
en+1 = dn+1kn+1 = enyn+1 = dnknyn+1 = dnπD(knyn+1)πK(knyn+1),we have

dn+1 = πD(e0y1)πD(k1y2)...πD(knyn+1). (3.5)and13
M(dn) = M

(
πD(kn−1yn)

)
M
(
πD(kn−2yn−1)

)
· · ·M

(
πD(e0y1)

)
. (3.6)To prove the Pe0

-almost sure 
onvergen
e of the D−-
omponent of the random walk {en

}
n>0

weprove the 
onvergen
e of the matri
es M(dn).Setting, with the 
onvention k0 = eO,
M
(
πD(kpyp+1)

)
=

(
1 Up

(0) Tp

)
,we have

U(dn) = U0 + U1 T0 + U2 T1 T0 + . . . + Un−1 Tn−2 · · ·T0, (3.7)and
Tn−1 · · ·T0 = T (dn).We temporarily admit the following lemma, in whi
h ‖.‖ is any norm on matri
es.Lemma 18. One has Pe0

-almost surely1. lim
∥∥M

(
πD(kn−1yp)

)∥∥1/n
6 1,2. lim ‖T (dn)‖ 1

n = e−
d−1

2 < 1.13Remember we have a right a
tion.
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1

n 6 lim
∥∥M

(
πD(kn−1yn)

)∥∥ 1

n 6 1; we thus see that theright hand side of (3.7) 
onverges as n → +∞. Together with the �rst point of the lemma 18,this proves the 
onvergen
e of M(dn).Theorem 19 (Convergen
e theorem). The D−-
omponent d−
n of en 
onverges Pe0

-almostsurely, for every e0 ∈ G.It remains to prove lemma 18. All norms being equivalent, it does not matter whi
h normwe use; we 
hoose to work with an algebra norm, for whi
h ‖AB‖ 6 ‖A‖‖B‖, for any matri
es
A,B..

� 1. Set for e ∈ G
φ(e) ≡ sup

k∈K
log
∥∥M

(
πD(ke)

)∥∥.

K being 
ompa
t, the supremum is �nite.Lemma 20. φ is subadditive: for any e, e′ ∈ G, φ(ee′) 6 φ(e) + φ(e′).
# The inequality is a dire
t 
onsequen
e of the identity

∀k ∈ K, e, e′ ∈ G, πD(kee′) = πD
(
πD(ke)πK(ke)e′

)
= πD(ke)πD

(
πK(ke)e′

)
.

#It follows from proposition 13 that φ is bounded by a multiple of a gauge, and that sin
e
µ has a �rst moment (and φ > 0) one has

∫
φ(e)µ(de) < ∞.Therefore, ∑

n>1

µ(φ > n c) < ∞, for any c > 0,and
∑

n>2

Pe0

(
log ‖M

(
πD(kn−1yn)

)
‖ > n c

)
6
∑

n>2

P
(
φ(yn) > n c

)
=
∑

n>2

µ(φ > n c) < ∞.An appli
ation of Borel-Cantelli lemma yields the Pe0
-almost sure inequality

lim ‖M
(
πD(kn−1yn)

)
‖ 1

n 6 ec.As this inequality holds for any c > 0, one has Pe0
-almost surely

lim
∥∥M

(
πD(kn−1yn)

)∥∥ 1

n 6 1. (3.8)2. Write
M
(
πd(knyn)

)
=

(
1 un

(0) tn

)
=




1 un ρn

(0) τn vn

0 (0) eun


 ,using obvious notations. One sees from relation (3.6) that

V (dn) =

n−1∑

k=0

τn−1 · · · τk+1vk euk−1+···+u0 =

n−1∑

k=0

T (dn)T (dk+1)
−1vk esk

= T (dn)

n−1∑

k=0

esk+1T (dk+1)
−1e−ukvk.

(3.9)
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n,+∞

∥∥eskT (dk)
−1
∥∥ 1

n = 1 and lim
∥∥e−ukvk

∥∥ 1

n 6 1, from the �rst point of thelemma, one dedu
es easily that
lim
∥∥V (dn)

∥∥ 1

n 6 e−
d−1

2 ,and, therefore, that lim
∥∥T (dn)

∥∥ 1

n = e−
d−1

2 . �We are now ready to determine the invariant σ-algebra of {en}n>0. As explained earlier, itis equivalent to determine the set of its µ-bounded harmoni
 fun
tions.3.4 Invariant σ-algebra of the random walkThe des
ription of the set of µ-bounded harmoni
 fun
tions, leads us to introdu
e the spa
eof the jumps {yn = e−1
n−1 en

}
n∈N∗ of the traje
tories, whi
h de�ne a sequen
e of independentrandom variables with 
ommon law µ, instead of the traje
tories {en

}
n∈N

. In other words, we
onsider the produ
t spa
e Ω̃ = GN∗ , provided with its Borel σ-algebra and the produ
t measure
P̃ = ⊗N∗µ. Under P̃, the 
oordinate maps {Yn}n>1 of Ω̃ are independent, with 
ommon law µ.We 
all θ the shift on Ω̃: for any ω ∈ Ω̃,

Yn(θ(ω)) = Yn+1(ω).Denote by {Fn

}
n>0

the �ltration de�ned by
F0 = {∅, Ω̃} and ∀n ≥ 1, Fn = σ(Y1, . . . , Yn).We 
onsider the produ
t spa
e G × Ω̃ provided with its Borel σ-algebra. A map θ̃ on G × Ω̃is de�ned setting

∀e ∈ G, θ̃(e, ω) =
(
eY1(ω), θ(ω)

)
.Theorem 19 says us that, for any e ∈ G, the D−-
omponent of eY1 · · · Yn 
onverges P̃-almostsurely towards a D−-valued random variable d−(e, .) =

(
r∞(e, ·)(ε0 + ε1),N

(
x∞(e, ·)

)), whi
his θ̃-invariant. If we 
all η the map ω ∈ Ω 7→ (yn(ω))n∈N∗ ∈ Ω̃, then
∀e ∈ G, ∀n ∈ N, en(ω) = ey1(ω) · · · yn(ω) = eY1(η(ω)) · · · Yn(η(ω)), Pe- a.e..Let A ∈ σ(en : n > 0), and 
onsider the subset B of G × Ω̃, de�ned by

1B(e0, η(·))) = 1A(e0(·), . . . , en(·), . . .).Then,
A ∈ Inv(en

)
⇔ θ̃−1(B) = B.Below we prove that any Borel bounded θ̃-invariant fun
tion is a Borel bounded fun
tion of

d−
∞(e, .). To do so, we shall use the following random walk version of lemma 10, for whi
h one
an 
onsult the book [Nev65℄ of Neveu, proposition V.2.4.Lemma 21. • If Z is a bounded θ̃-invariant random variable on G × Ω̃, then the fun
tion

h(e) = EeP
[Z(e, ·)], e ∈ Gis bounded and µ-harmoni
. Moreover

∀n ∈ N, EeP
[Z(e, ·)|Fn] = EeP

[Z(eY1 · · ·Yn, θn(·))|Fn] = h(eY1 · · ·Yn)
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onverges P̃-almost surely towards Z(e, ·) (Martingale 
onvergen
e theorem).
• Re
ipro
ally, if h is a bounded µ-harmoni
 fun
tion then, for any e ∈ G, the pro
ess

h(eY1 · · ·Yn) is a bounded martingale relatively to the �ltration (Fn)n>0, and 
onsequently (Mar-tingale 
onvergen
e theorem), 
onverges P̃-almost surely towards a random variable Z(e, ω) whi
his θ̃-invariant and satis�es
h(e) = EeP

[Z(e, ·)].Theorem 22 (Poisson boundary of the random walk). • The σ-algebra generated by therandom variable d−(e, ·) 
oin
ide with the invariant σ-algebra of {en}n>0 up to Pe-nullsets, for any e ∈ G.Equivalently,
• any bounded harmoni
 fun
tion h is of the form

h(e) = EeP

[
H(d−

∞(e, .))
]for some bounded Borel fun
tion H on N × R.Lemma 23 (Fundamental lemma). It su�
es to show that any bounded D−-left invariantharmoni
 fun
tion is 
onstant to prove theorem 22.

� Suppose that any bounded D−-left invariant harmoni
 fun
tion is 
onstant, and givenany bounded harmoni
 fun
tion h let us prove that it is of the form
h(e) = EeP

[
H(d−

∞(e, .))
] (3.10)for some bounded fun
tion H.Noti
e that we only need to get su
h a representation for left uniformly 
ontinuous (LUC)fun
tions, for if h is not LUC, take {fn}n>0 an approximation of unity with 
ompa
tsupport, and set hn(e) =

∫
fn(a)h(ae)Haar(da). This bounded harmoni
 fun
tion beingLUC will have a representation of the form (3.10) for some bounded fun
tion Hn su
h that

|Hn| 6 ‖h‖∞. Taking a sub-sequen
e if ne
essary, we shall get
h(e) = lim

n→+∞
hn(e) = lim

n→+∞
E
[
Hn

(
d−(e, .)

)]
= E

[
H
(
d−(e, .)

)]
,for some bounded fun
tion H. Let now suppose that h is LUC.We write Ω and P instead of Ω̃ and P̃. Set, for any e ∈ G and ω ∈ Ω,

Z(e, ω) = lim sup
n

h(eY1(ω) · · · Yn(ω)).This formula de�nes a Borel bounded θ̃-invariant fun
tion Z on G × Ω, su
h that, for any
e ∈ G, the bounded martingale h(eY1 . . . Yn) 
onverges P-almost surely towards Z(e, ·). Weprove that there exists a bounded Borel fun
tion H : D− → R, su
h that one has P-almostsurely

Z(e, .) = H
(
d−(e, .)

)
, ∀e ∈ G.First, using the left uniform 
ontinuity of h, one obtains the existen
e of a measurable set

Ω1 ⊂ Ω, of P-probability 1, su
h that the limit Z(e, ω) exists for all ω ∈ Ω1 and all e ∈ G.It follows that given e ∈ G, one de�nes a random variable setting
φe(e

′, ω) = Z
(
e
(
d−(e′, .)

)−1
e′, ω

)
.



3 INVARIANT σ-ALGEBRA OF THE RANDOM WALK 19This bounded random variable is shift invariant as a fun
tion of ω and D−-left invariantas a fun
tion of e′(14). So (lemma 21) one de�nes a bounded harmoni
 fun
tion setting
f(e′) = E

[
φe(e

′, .)
]
;this fun
tion is D−-invariant be
ause of the invarian
e of φe(e

′, .). As su
h, it is 
onstant,but depends on the parameter e; denote it by H(e). As f(en) 
onverges almost surelytowards φe(e
′, ω)(15) one 
an suppose that one has

φe(e
′, ω) = H(e), ∀ω ∈ Ω1, ∀ e, e′ ∈ G,that is

∀ω ∈ Ω1, ∀ e, e′ ∈ G, Z
(
e
(
d−(e′, ω)

)−1
e′, ω

)
= H(e). (3.11)It is elementary from this formula to 
he
k that H is a bounded measurable fun
tion of

e ∈ G. Now, taking e = d−
∞(e′, ω), formula (3.11) reads

∀ω ∈ Ω1, ∀ e′ ∈ G, Z(e′, ω) = H
(
d−(e′, ω)

)
,as awaited. �It remains to show the main point.Proposition 24. Any bounded D−-left invariant harmoni
 fun
tion is 
onstant.

� 1) The proof of this proposition relies on a lemma whi
h gives a su�
ient 
ondition foran element x ∈ G to be a left period of any bounded harmoni
 fun
tion.Lemma 25 (Left periods of bounded harmoni
 fun
tions). Suppose x ∈ G is su
h that,for any e ∈ G, one 
an write
xeen = eenx

′
n,where the sequen
e {x′

n}n>0 has P-almost surely a 
onverging (random) sub-sequen
e. Then,
x is a left period for bounded harmoni
 fun
tions: One has for any su
h h

h(xe) = h(e), ∀ e ∈ G.

# One proves this lemma in two steps.a) We saw in proposition 15 that any element of the support of µ is a "sto
hasti
 rightperiod", meaning that
lim

n→+∞
h(ene) = lim

n→+∞
h(en),for any e in the support of µ. We �rst show that this property holds on the bigger set

T = {e = (ξ,g) ∈ G ; q(ξ) > 0}.Re
all en is the position at time n of the di�usion {es}s>0 on G 
onstru
ted in 2.2, 
). Abounded harmoni
 fun
tion h for the random walk being given, we know from theorem9 that it is a bounded harmoni
 fun
tion for any random walk of the form {esn}n>0,
s > 0. The jump law ps(e)Haar(de) of this random walk having supportsupp(ps) =

{
e = (g, ξ) ∈ G ;

ξ

s
∈ ConvHull(H)

}
.14Be
ause for any d− ∈ D− and any ω ∈ Ω1, one has d−(d−e′, ω) = d−d−(e′, ω).15Sin
e f is a bounded harmoni
 fun
tion.



3 INVARIANT σ-ALGEBRA OF THE RANDOM WALK 20one gets the Pe0
-almost sure identity
∀ e ∈ supp(ps), lim h(en

p
e) = lim h(en

p
) = lim h(en),applying proposition 15 to the random walk {esn}n>0. One 
an then use the rightuniform 
ontinuity of h to say that Pe0

-almost surely
lim h(ene) = lim h(en), ∀ e ∈

⋃

s>0

supp(ps).The set ⋃s>0 supp(ps) is equal to T . Note that T generates G:
T T−1 = G. (3.12)b) One now proves lemma 25. Let x ∈ G be as in the statement and let {np}p>0 be a(random) sub-sequen
e su
h that limx′
np

exists. Using identity (3.12), write
limx′

np
= st−1,for some s, t ∈ T , and use the right uniform 
ontinuity of h to get the P-almost sureequalities

lim
n

h(xeen) = lim
p

h(xeenp) = lim
p

h(eenpx
′
np

)
a)
= lim

p
h(eenpx

′
np

t)

= lim
p

h(eenps) = lim
n

h(eens) = lim
n

h(een).
(3.13)Finally take mean to obtain

h(xe) = h(e).

#2) The proof of proposition 24 now begins. It will rely on lemma 25. Let h be a D−-leftinvariant harmoni
 fun
tion. To prove that h is 
onstant we shall pro
eed in three steps.De�ne the group normal sub-group D̃ = R
1,d×N of D; one has D = D̃A, and the in
lusions

D̃ ⊂ D̃A = D ⊂ G.We prove in this point, 2), that h is D̃-left invariant. We shall prove in point 3) that it is
D-left-invariant, and �nally that it is 
onstant in point 4).i) As any d ∈ D̃ 
an be written d = d−(ζ, Id), for some d− ∈ D− and ζ ∈ 〈ε0−ε1, ε2, ..., εd〉,and sin
e h is D−-left invariant, it su�
es to show that one has

h(xe) = h(e), ∀ e ∈ Gfor every x ∈ D of the form x = (ζ, Id), with ζ ∈ 〈ε0 − ε1, ε2, ..., εd〉. Su
h x are in D+.ii) For any n ∈ N
∗ we write en = dn kn =

(
ξn,N(xn)A(tn)

)
kn. Remember that bytheorem 19 we know that 〈ξn, ε0 + ε1〉 and N(xn) 
onverge P-a.s. Let d+ = (ζ, I) ∈ D+with ζ ∈ 〈ε0 − ε1, ε2, . . . , εd〉. We have

xdn =
(
ζ + ξn, N(xn)A(tn)

)

= dn

(
A−1(tn)N−1(xn) ζ), Id)
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e h is D−-left invariant we have to work modulo D−, and, in parti
ular, modulo thesubgroup (R(ε0 +ε1), Id) whi
h is a normal subgroup of D, be
ause the subspa
e R(ε0 +ε1)is invariant by the matri
es of NA. So we dedu
e that, modulo the 
losed subgroup
(R(ε0 + ε1), Id),

xdn ≡ dn

(
A−1(tn)

(
N−1(xn) ζ − 〈N−1(xn) ζ, ε0 + ε1〉(ε0 + ε1)

)
, Id).Now we have

ζn := A−1(tn)
(
N−1(xn) ζ −

〈
N−1(xn) ζ, ε0 + ε1

〉
(ε0 + ε1)

)

= A−1(tn)
( 〈

N−1(xn) ζ, ε0 − ε1

〉
(ε0 − ε1) +

d∑

k=2

〈
N−1(xn) ζ, εk

〉
εk

)

= etn
〈
N−1(xn) ζ, ε0 − ε1

〉
(ε0 − ε1) +

d∑

k=2

〈
N−1(xn) ζ, εk

〉
εk.whi
h shows the 
onvergen
e P-a.s. of ζn. It follows from above that

h(xen) = h
(
xdn kn) = h

(
en k−1

n (ζn, Id)kn

)
;

kn moving in the 
ompa
t set K and ζn 
onverging, the sequen
e k−1
n (ζn, I)kn has P-almost surely a 
onvergent sub-sequen
e. By lemma 24, we obtain ∀e ∈ G, h(xe) = h(e);this proves the D̃-left-invarian
e of h.3) Re
all that D = D̃A. We now show that h is D-left invariant, proving that it is A-leftinvariant. Set a = (0, A(t)) ∈ A. Given d = (ξ,N(x)) ∈ D̃, one has

ad =
(
0, A(t)

)(
ξ,N(x)

)
=
(
A(t)ξ,N(etx)

) (
0, A(t)

)
=: d′a,with d′ =

(
A(t)ξ,N(etx)

)
∈ D. So writing en = (ξn,N(xn)) (0, A(tn))kn ≡ d̃nankn ∈

D̃AK, the D̃-left invarian
e of h ( •=) enables to write
h(xen) = h(xd̃nankn) = h(d′

nxankn)
•
= h(xankn)

•
= h

(
d̃nxankn

)

= h
(
d̃nanknk

−1
n a−1

n xankn

)
= h

(
enk

−1
n a−1

n xankn

)
.As A is 
ommutative, a−1

n aan = a, and
h(ae) = h

(
enk

−1
n akn

)
.It remains to noti
e that sin
e the sequen
e {k−1

n xkn}n>0 has P-almost surely a 
onverging(random) subsequen
e, lemma 25 applies:
h(ae) = h(e), ∀ e ∈ G.4) We 
an now prove that h is 
onstant. Given e ∈ G, denote by π(e) the 
lass of e in

D\G. The appli
ation K → D\G, k 7→ π(k) is a di�eomorphism, whi
h identi�es K and
D\G. One 
an use it to de�ne from the DA-left invariant fun
tion h a 
ontinuous fun
tion
h in K, by the formula

h(k) = h(dak), ∀d ∈ N ,a ∈ A.
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(
≃ D\G

) and NA\SO0(1, d), the spa
e K appears as an SO0(1, d)-spa
e; for
k ∈ NA\SO0(1, d) and g ∈ SO0(1, d), write k.g the right a
tion of g ∈ SO0(1, d) on
k ∈ NA\SO0(1, d).Re
all we de�ned ν(.) = P(g1 ∈ .); using the ellipti
ity of Brownian motion {gs}s>0 on
SO0(1, d) it is not di�
ult to show that ν 
harges any open set of SO0(1, d). Now, theharmoni
ity of h be
omes for h:

∀k ∈ K, h(k) =

∫
h(k.g)ν(dg).Let k0 be a point of K where h rea
hes its maximum. Would h not be 
onstant we 
ould�nd some ε > 0 and some open set U su
h that one has

h(k) < h(k0) − ε, ∀k ∈ U .One 
ould then use the fa
t that the set V = {g ∈ SO0(1, d) ; k0.g ∈ U}, being open, hasa positive ν-measure to obtain a 
ontradi
tion:
h(k0) =

∫
h(k0.g)ν(dg) =

∫

V
h(k0.g)ν(dg) +

∫

Vc

h(k0.g)ν(dg)

< (h(k0) − ε)ν(V) + h(k0)ν(Vc)

< h(k0).

�3.5 Invariant σ-algebra of the relativisti
 di�usionNow that we have determined the invariant σ-algebra of the random walk {en}n>0, the des
rip-tion of the invariant σ-algebra of the relativisti
 di�usion is automati
: any bounded harmoni
fun
tion h for the relativisti
 di�usion extending on G as a harmoni
 fun
tion of the randomwalk, there exists a bounded Borel fun
tion H on D− su
h that
h
(
(ξ,g0)

)
= E

[
H(d−

∞(e, .))
]
,where e =

(
ξ, (g0,g1, ...,gd)

) is any point in G above (ξ,g0). Yet it would be more satisfa
toryto express d−
∞(e, .) as a fun
tional of the path {(ξs,g

0
s)
}

s>0
of the relativisti
 di�usion. Thisis what theorem 26 makes; its proof is given in Appendix. We shall write r∞ and x∞ insteadof r∞(e, ω) and x∞(e, ω). Re
all that we denote by (ρs, σs) ∈ R

∗
+ × S

d−1 polar 
oordinates of
g0

s ∈ H, and that ε0 is the �rst ve
tor of the 
anoni
al basis, generating the time axis.Theorem 26 (Asymptoti
 behaviour of the relativisti
 di�usion). Given any e ∈ G, one has
Pe-almost surely1. σ∞ ∈ S

d−1 is the stereographi
 proje
tion of x∞ ∈ R
d−1,2. lim

s→+∞
q(ξs, ε0 + σ∞) = r∞

1+|x∞|2 .To prove theorem 1 is now straightforward: reparametrizing ξs by its time 
oordinate t =∫ s(t)

0

hρr dr, and setting xt =

∫ s(t)

0
(shρr)σr dr, one has

dxt

dt
= (thρs(t))σs(t) → σ∞,from whi
h the statement of theorem 1 follows.
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etime boundaryIf theorem 22 is satisfying in that it enables to represent any bounded harmoni
 fun
tion on Gin terms of the G-spa
e D−, its geometri
 
ontent is not 
lear. In so far as the random walk was
onstru
ted in a 
anoni
al way from the metri
 de�ning Minkowski spa
e, it is natural to askif one 
an re
over this G-spa
e as a geometri
 obje
t a

essible to someone living in R1,d. Thepresent se
tion brings a positive answer.We assume throughout this se
tion that the reader is familiar with the basi
 notions ofLorentzian geometry. All that is really needed is just the notion of Lorentzian manifold, ofLorentzian (in�nitesimal) 
one, 
ausal, null and timelike paths, and geodesi
s, and 
onformalequivalen
e. All this 
an be found in the �rst pages of the book [O'N83℄ of O'Neill..4.1 A natural boundary to spa
etimeLeaving for a moment probabilities and relativisti
 di�usion, this subse
tion is dedi
ated toanswering this question: "How 
an one de�ne a boundary to spa
etime R
1,d?" From a pedestrianpoint of view the information whi
h is a

essible about a point ξ far away from us is its past: theset Past(ξ) = {ζ ∈ R

1,d ; q(ξ−ζ) > 0} of points from whi
h one 
an emit a "signal" propagatingin spa
etime at a speed less than (or equal to) the speed of light up to ξ16.We shall 
all a 
ausal path a C1 path γ : I → R
1,d, su
h that one has q(γ̇s) > 0 for all

s ∈ I; the path will be 
alled future oriented if its time 
omponent in
reases17; future oriented
ausal paths 
orrespond to the pre
eding "signals". By past of a set we shall mean the union ofthe past of its elements.Noting that points of R
1,d are 
hara
terized by their past18 it seems natural to say that twofuture-oriented 
ausal 
urves γ and γ′, leaving every 
ompa
t, 
onverge towards the same pointat in�nity if γs and γ′

s eventually have the "same" past:
γ ∼ γ′ if ⋃

s>0

Past(γs) =
⋃

s>0

Past(γ′
s).This equivalen
e relation de�nes the 
ausal boundary of R

1,d.If geometri
 intuition leads naturally to this notion of boundary, it is not that easy to formu-late 
orre
tly19, and 
ertainly not pra
ti
al at �rst sight. We are going to bypass this di�
ultyusing the fa
t that past 
ones used to de�ne that boundary are 
onformal obje
ts. This willallow us to embed (R1,d, q) 
onformally in a 
ompa
t Lorentzian manifold (Ein2+d, q̂ ) that weare going to introdu
e in subse
tion 4.1.1. This spa
e Ein2+d has the property that the topolog-i
al boundary R1,d\R1,d of R
1,d in Ein2+d 
an be identi�ed with its 
ausal boundary, as de�nedabove. The spa
e (Ein2+d, q̂ ) is 
alled Einstein universe. This spa
etime is a 
lassi
al andfundamental obje
t in relativity, for it plays in Lorentzian geometry the role that spheres playsin Riemannian geometry: any simply 
onne
ted 
onstant 
urvature Lorentzian manifold appearsas an open set of this spa
e. We des
ribe the 
lassi
al 
onstru
tion of Ein2+d and some of itselementary properties in the next subse
tion20; the 
onformal embedding of R

1,d in Ein2+d willbe expli
itely written in subse
tion 4.1.2.16The notation usually used for Past(ξ) is J−(ξ).17Remember the set {q > 0} has two 
omponents.18ξ = ξ′ i� Past(ξ) = Past(ξ′).19See [GKP72℄.20Consult for instan
e the arti
le [Hur85℄, or the book [BEE96℄ of Beem and Ehrli
h.
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Figure 2: Past of a path4.1.1 Einstein universea) Constru
tionDefinition 27. Endow R
2+(1+d) with the quadrati
 form

q2,1+d(x) = −2x0x2+d +
(
x1
)2 −

(
x2
)2 − · · · −

(
x1+d

)2
,expressed in the 
anoni
al basis (ε̃0, ε̃1, ..., ε̃1+d, ε̃2+d) of R

2+(1+d). Endowed with this quadrati
form, R
2+(1+d) will be denoted R

2,1+d. Denote by C2,1+d the light
one of R
2,1+d, made up ofall ve
tors with q2,1+d-null norm. C2,1+d\{0} is a smooth manifold. Its tangent spa
e at a point

v ∈ C2,1+d\{0} is denoted by TvC
2,1+d.Let π : C2,1+d → RP

2+d be the restri
tion to C2,1+d of the 
anoni
al proje
tion of R
2+(1+d)\{0}in RP

2+d. Write
Ein1+d ≡ π

(
C2,1+d

)
;this is a hypersurfa
e of RP

2+d. Let v ∈ C2,1+d and set p = π(v). The restri
tion of the quadrati
form q2,1+d to TvC
2,1+d has signature (0,+,−, · · · ,−), where 0 is for the v-dire
tion. Sin
e vis in the kernel of π, TpEin1+d bears a Lorentzian 
one, C̃(p), image of the light
one C(v) of

q2,1+d
|TvC2,1+d , by Tvπ. This 
one C̃(p) is well de�ned:

Tv′π
(
C(v′)

)
= Tvπ

(
C(v)

)
, if π(v′) = π(v).It depends smoothly on p. This smooth distribution of Lorentzian 
ones gives Ein1+d a natural
onformal Lorentzian stru
ture.Definition 28. Einstein universe is this Lorentzian manifold together with its 
onformalstru
ture: (

Ein1+d, {C̃(p)}p∈Ein1+d

)
.This 
onstru
tion of Ein1+d makes it 
lear that its group of 
onformal transforms 
ontains theproje
tive group PO(2, 1 + d) of q2,1+d-orthogonal transforms. The situation is 
lari�ed by thefollowing Liouville type theorem21.21See [Fra02℄ for a proof.



4 SPACETIME BOUNDARY 25Theorem 29 (Liouville). • PO(2, 1 + d) a
ts transitively on Ein1+d and respe
ts its 
on-formal stru
ture.
• PO(2, 1 + d) a
ts transitively on the bundle of lightlike dire
tions over Ein1+d.
• Any lo
al 
onformal transformation of Ein1+d is the restri
tion of the a
tion on Ein1+d ofa unique element of PO(2, 1 + d).a) Lightlike geodesi
s and light 
one of a point � In the framework of 
onformal Lorentziangeometry, the notion of geodesi
 is not well de�ned generally; yet, that of lightlike geodesi
 is awell de�ned geometri
 notion.Proposition 30. Let g0 be a Lorentzian metri
 on Ein1+d with the C̃(p)'s as null 
ones. Let

f : Ein1+d → R be a smooth map, and e2fg0 a 
onformal metri
 on Ein1+d. Any lightlike
g0-geodesi
 γ : I → Ein1+d 
an be reparametrised to give a (e2fg0)- lightlike geodesi
.

� Let ∇ and ∇′ be the Levi-Civita 
onne
tion asso
iated with g0 and e2fg0 respe
tively.The statement is a dire
t 
onsequen
e of the following identity
∇′

V W = ∇V W + (V.f)W + (W.f)V − g0(V,W )∇f,holding for every ve
tor �elds V,W on Ein1+d, and where ∇f is the gradient of f withrespe
t to the metri
 g0. �This proposition justi�es that we should introdu
e theDefinition 31. A 1-dimensional manifold Γ ⊂ Ein1+d is said to be a lightlike geodesi
 if anypoint ξ of Γ has a neighbourhood U su
h that Γ∩U is of the form γ(I) for some (e2fg0

)-geodesi

γ : I → Ein1+d.Fortunately, the high homogeneity of the spa
e enables to give an elementary des
ription oflightlike geodesi
s, proved in Appendix.Proposition 32. Any lightlike geodesi
 running through the point π(v) is of the form π

(
〈v, v′〉∩

C2,1+d
), where v′ ∈ TvC

2,1+d is a null ve
tor. In other words, the non parametrized lightlikegeodesi
s are the proje
tions in Ein1+d of totally degenerated planes of R
2,1+d; they are topologi
al
ir
les.Definition 33. Given some point p in Ein1+d, the set of all lightlike geodesi
s running through

p is 
alled the light
one of p and denoted C(p).One dedu
es from the pre
eding proposition that if p = π(v) and v⊥ is the orthogonal of vwith respe
t to q2,1+d, then
C(p) = π

(
C2,1+d ∩ v⊥

)
.

C̃(p) is the in�nitesimal version of C(p). For example, if p = π(ε̃0),
C(p) = π

(
C2,1+d ∩ {x2+d = 0}

)
. (4.1)One sees on that formula that C(p) is a 
ompa
t subset of Einstein universe22 with a singularityat p, su
h that C(p)\{p} is a hypersurfa
e, di�eomorphi
 to R × S

d−1. Note that Ein1+d\C(p)is dense in Ein1+d and that C(p)\{p} is foliated by lightlike geodesi
s: any point of C(p)\{p}belongs to a unique lightlike geodesi
.22Einstein universe being a 
losed subset of the 
ompa
t manifold RP
2+d is 
ompa
t. C(p) is a 
losed subsetof Einstein universe.
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C

p

Figure 3: The light
one C(p) of p4.1.2 Where does Minkowski spa
e hide?Set p = π(ε̃0) ∈ Ein1+d. Re
all (ε0, ..., εd) denotes the 
anoni
al basis of R
1,d. The followingproposition provides an expli
it 
onformal embedding of R

1,d in Ein1+d. It is taken from [Fra02℄.Proposition 34. R
1,d is 
onformally equivalent to the dense open set Ein1+d\C(p). In thatsense, Ein1+d provides a 
ompa
ti�
ation of R

1,d in whi
h C(p) is its boundary.
� Let i : (R1,d, q) → (R2,1+d, q2,1+d) be the linear identi�
ation of R

1,d to 〈ε̃1, ..., ε̃1+d〉sending εi on ε̃i+1; this is an isometry. The map
j : x ∈ R

1,d 7→ q(x, x)ε̃0 + 2i(x) + ε̃2+d ∈ C2,1+d (4.2)is well de�ned and maps the light
one of R
1,d to the light
one of Tj(x)C

2,1+d. The map πbeing inje
tive on j(R1,d), the appli
ation π ◦ j is a 
onformal equivalen
e between R
1,d and

π ◦ j(R1,d) ⊂ Ein1+d; it is 
alled a stereographi
 proje
tion. To prove that π ◦ j
(
R

1,d
)is dense in Ein1+d, note that the only points of Ein1+d that are not in the image of π ◦ jare the proje
tion in Ein1+d of the points x of C2,1+d with x2+d = 0, i.e. C(p), as noti
edin (4.1). �From now on, we identify R

1,d and its stereographi
 proje
tion π ◦ j(R1,d) ⊂ Ein1+d. Weshall write C for C(p).4.1.3 Spa
etime boundary and bounded harmoni
 fun
tionsThe stereographi
 proje
tion is the adequate tool to identify the 
ausal boundary of R
1,d as theset C. The following theorem gives a mu
h more pre
ise des
ription saying among other thingsthat C\{p} 
an be identi�ed from the inside of R

1,d and 
ara
terizing 
onvergen
e towards somepoint of C\{p}. Although this theorem is essentially well known to spe
ialists, no proof beingavailable in the litterature, we prove it in Appendix.Theorem 35. 1. For any non lightlike geodesi
 ξ + R v of R
1,d, ξ + tv 
onverges to p as

t → +∞.2. Any point in C\{p} is the limit of a lightlike geodesi
 of R
1,n−1. More pre
isely,

• Let v ∈ R
1,d be an isotrope ve
tor. There is a lightlike geodesi
 ∆v of C su
h that forevery lightlike geodesi
 ξ + R v, with dire
tion v, ξ + tv 
onverges towards a point of

∆v\{p} as t → +∞. This lightlike geodesi
 of Ein1+d depends only on the dire
tion
Rv of v.



5 APPENDIX 27Identify the set of null dire
tions with S
d−1: say that the ve
tor v has dire
tion σ if R v =

R (ε0 + σ), σ ∈ S
d−1. Write ∆σfor ∆v if v has dire
tion σ.Now, given σ ∈ S
d−1 and a null ve
tor v = ε0 + σ ∈ R

1,d with dire
tion σ,
• two v-dire
ted geodesi
s ξ + R v and ξ′ + R v 
onverge to the same point i� ξ′ is in thea�ne hyperplane ξ + v⊥.The fun
tion q(v, .) is 
onstant on ξ + v⊥, note ℓ ∈ R this 
onstant. We note pσ(ℓ) ∈ ∆σthe limit of ξ + R v.
• Any point of ∆σ is the limit of a lightlike geodesi
 ξ + R (ε0 + σ), for some ξ ∈ R

1,d.3. A natural parametrization of C\{p} � The map
(σ, ℓ) ∈ S

d−1 × R 7→ pσ(ℓ) ∈ C\{p}is a di�eomorphism.4. (a) Every timelike path {γs}s∈I in R
1,d, future-oriented and inextensible23, 
onverges to-ward a point of C(b) Let σ ∈ S

d−1 and ℓ ∈ R.
γs −→

s→+∞
pσ(ℓ) i� q

(
γs, ε0 + σ

)
−→

s→+∞
ℓ.If no su
h σ and ℓ exist, then γs −→

s→+∞
p.(
) If γs → pσ(ℓ) then Past(γs) −→

s→+∞

{
ζ ∈ R

1,d ; q
(
ζ, ε0 + σ

)
6 ℓ

}; if γs → p, then
Past(γs) −→

s→+∞
R

1,d.So, we 
an identify C with the 
ausal boundary of R
1,d.Comparing assertion 4.(b) and theorem 1 brings an answer to geometer's question formulatedin the introdu
tion.Theorem 36. • The R

1,d-part {ξs}s>0 of the relativisti
 di�usion P(ξ,ξ̇)-
onverges almostsurely towards some random point ξ∞ of C\{p}, for any initial starting point (ξ, ξ̇).
• The σ-algebra generated by ξ∞ 
oin
ide with the tail σ-algebra of {ξs}s>0 up to P(ξ,ξ̇)-nullsets.The boundary C des
ribing the spa
e of lightlike geodesi
s, we shall resume this theorem asThe relativisti
 di�usion eventually behaves as a lightlike geodesi
,a good 
on
lusion where to stop.5 AppendixThis appendix 
ontains the di�erent proofs that were not written in the 
ore of the arti
le tomake it more readable. We prove proposition 8 
on
erning the properties of the jump law ofthe random walk, theorem 26 reformulating the algebrai
 result on the invariant σ-algebra ofthe relativisti
 di�usion in terms of spa
etime quantities, and theorem 35 identifying the 
ausalboundary of R

1,d.23That is, I is an interval of R, the time 
omponent γ0
t of γt in
reases, and γ : I → R

1,d has no proper C1extension.



5 APPENDIX 285.1 Proof of proposition 8 on the properties of the law of {es}s>0a) � 1. This point 
omes from the fa
t that the in�nitesimal generator L̃ of {es}s>0 is ahypoellipti
 di�erential operator: see [Bai08℄, proposition 10.2. We determine the support of the probability ps. Fix s > 0 and denote by δ any left-invariant distan
e on SO0(1, d).1) As the Brownian motion {gs}s>0 on SO0(1, d) is an ellipti
 di�usion, for any 
ontinuous(deterministi
) path {γr}06r6s in SO0(1, d) and any ε > 0 we have
Pg0

(
sup

06r6s
δ(gr , γr) 6 ε

)
> 0.So, the support of Ps

(
(g0, ξ0), .

) is the 
losure of the set of points (g, ζ) ∈ G of the form g = γsand ζ = ζ0 +
∫ s
0 γr dr for some 
ontinuous path {g

r
}r6s in SO0(1, d).2) Besides, as {gs}s>0 
an go from one open set of SO0(1, d) to any other one in an arbitrarilysmall amount of time with positive probability, we see that the heart of the proof is to show that{

1
s

∫ s
0 γ0

r dr ; γ : [0, s] → SO0(1, d), 
ontinuous} = ConvHull(H).3) Taking 
onstant γ's gives
ConvHull(H) ⊂

{
1

s

∫ s

0
γ0

r dr ; γ : [0, s]
C0

→ H

}4) Conversely, the 
onvexity of ConvHull(H) implies that for any n > 1,
1

n

n−1∑

j=0

γ0
js

n

∈ ConvHull(H),sin
e ea
h γ0
js

n

belongs to H ⊂ ConvHull(H). As 1
n

n−1∑

j=0

γ0
js

n

−→
n→+∞

1

s

∫ s

0
γ0

r dr, the result follows.3. A
tually we 
an prove a little more.Proposition 37. The probability ps(a)Haar(da) has moments of any order.
� We 
an take s = 1 without loss of generality, and write µ instead of p1(a)Haar(da).Let p > 1. Given any neighbourhood V of IdG, we need to show that the asso
iated gauge
fV is in L

p(µ). As they are all equivalent (proposition 13) we 
an 
hoose a parti
ular V .To des
ribe it, identify SO0(1, d) with the set of orthonormal frames on H. Set
Ṽ = {(g0,R) ∈ OH ; d(g0, ε0) < 1}(24);this open set of SO0(1, d) satis�es the identity
Ṽ n =

{
(g0,R) ∈ OH ; d(g0, ε0) < n

}
.De�ne V as the produ
t

V = Ṽ × B,where B is the unit Eu
lidean ball of R
1+d.24The notation (g0,R) ∈ OH means that g0 ∈ H and R is an orthonormal basis of Tg0H; d is the hyperboli
distan
e in H.



5 APPENDIX 29We shall prove that one has ∑

n>2

µ
(
(V n)c

)
np < +∞, (5.1)whi
h implies that

∫
fV (e)pµ(de) = µ(V ) +

∑

n>2

µ
(
V n\V n−1

)
np < ∞.The proof relies on the following elementary fa
t, whose proof is left to the reader.Lemma 38. Let q > 1, g ∈ Ṽ q. The set {gg ; g ∈ Ṽ 2q} 
ontains Ṽ q.Notations � We denote by [n

9

] the integer part of n
9 , and set qn =

[
n
9

]
− 1.Let n > 18. As the point

(g1, 0) · · · (gqn , 0)(gqn+1, ξ)(gqn+2, 0) · · · (g3qn , 0)(g3qn+1, ξ
′)(g3qn+2, 0) · · · (g9qn+3, 0),belongs to Ṽ n for any ξ, ξ′ ∈ B, and is equal to

(g1 · · · g9qn+3,g1 · · · gqnξ + g1 · · · gqngqn+1 · · · g3qnξ′),we 
on
lude from lemma 38 that
Ṽ 3qn+1 ×

(
Ṽ qn .B + Ṽ qn .B

)
⊂ V n(25).The in
lusion

Ṽ qn ×
(
Ṽ qn .B + Ṽ qn .B

)
⊂ V n,will be su�
ient to meet our purpose.So,

µ
(
(V n)c

)
6 µ

((
Ṽ qn ×

(
Ṽ qn .B + Ṽ qn .B

))c)
6 µ

((
Ṽ qn

)c × R
1,d
)
+µ
({

(g, ξ) ∈ G ; ξ /∈
(
Ṽ qn .B + Ṽ qn .B

)})(5.2)We majorize both terms of the right hand side of inequality (5.2) separately.a) The �rst one is equal to P

(
g1 /∈ Ṽ qn

). Noting (ρ1, θ1) the polar 
oordinates of g0
1,

P̃

(
g1 /∈ Ṽ qn

)
6 P (ρ1 > qn) 6 P

(
sup

s∈[0,1]
ρs > qn

)We estimate this probability using the 
omparison theorem on the equation
ρs = ws +

∫ s

0

d − 1

2

oth(ρr) dr,noting that 
oth(ρ) 6 2 as soon as ρ > 2. Pre
isely, if one notes w(d−1),2 a Brownian motionwith drift (d − 1), started from 2, one has

sup
s∈[0,1]

ρs 6 sup
s∈[0,1]

w(d−1),2
s . (5.3)25We write eV qn .B for {g(b) ∈ R

1,d ; g ∈ eV qn , b ∈ B}, and A + B = {a + b ; a ∈ A, b ∈ B}.



5 APPENDIX 30Denote by P
(d−1)
2 the law of w(d−1),2. One 
an use formula 1.1.4, in [BS02℄, p.197, to
on
lude from (5.3) that

P

(
sup

s∈[0,1]
ρs > qn

)
6 P

(d−1)
2

(
sup

s∈[0,1]
w(d−1),2

s > qn

)
6

1

2
f

(
qn − d − 1√

2

)
+

1

2
e(d−1)(qn−2)f

(
qn − 3 + d√

2

)
,with f(x) = e−x2

√
πx

. The 
onvergen
e
∑

n>2

P

(
g1 /∈ Ṽ qn

)
np < ∞, (5.4)follows.b) The se
ond term of the right member of inequality (5.2) is equal to P

(
ξ1 /∈ Ṽ qn .B + Ṽ qn .B

).To deal with it, we use the following two lemmas; the proof of the �rst one is elementary.Write BH(ε0, R) = {g0 ∈ H ; d(ε0,g
0) 6 R}, where d denotes the hyperboli
 distan
e in H.Lemma 39. Let R > 0. For any 
ontinuous path {g0

s}s∈[0,1] 
ontained in BH(ε0, R), onehas ∫ 1

0
g0

s ds ∈ ConvHull
(
BH(ε0, R)

)
⊂ R

1,d.Lemma 40. ConvHull
(
BH(ε0, qn)

)
⊂ Ṽ qn .B + Ṽ qn .B

# In dimension d = 1, we see on �gure 4 that the in
lusion of the statement holds:A point of H in BH(ε0, qn) being of the form g(ε0) for some g ∈ Ṽ qn , any point inthe 
onvex hull in R
1,d of BH(ε0, qn) 
an be written as g(ε0) + g′(sε0), where g′ is thehyperboli
 roation of angle −qn and s ∈ [0, 1].In bigger dimension, any point ξ of ConvHull

(
BH(ε0, qn)

) is in the plane 〈ε0, ξ〉, wherethe 2-dimensional result applies.
ConvHull

`

BH(ε0, qn)
´Figure 4: The dashed zone is in Ṽ qn .B + Ṽ qn .B

#One dedu
es from lemmas 39 and 40 that
µ
({

(g, ξ) ∈ G ; ξ /∈ Ṽ qn .B + Ṽ qn .B
)

6 P

(
sup

s∈[0,1]
ρs > qn

)
.It remains to use formula 1.1.4 of [BS02℄ to obtain

∑

n>2

P

(
ξ1 /∈ Ṽ qn .B + Ṽ qn .B

)
np < ∞.



5 APPENDIX 31Together with (5.4) and (5.2), this inequality proves (5.1). �5.2 Proof of theorem 26 on the asymptoti
 behaviour of the relativisti
 dif-fusion1. We �rst show that the asymptoti
 dire
tion σs of the speed g0
s of the relativisti
 di�usion isthe stereographi
 proje
tion of the ve
tor x∞ ∈ R

d−1 appearing in d−
∞.On the one hand, the expression

g0
s = gsε0 = N(xs)A(ts)Ksε0 = N(xs)A(ts)ε0 = N(xs)




h tssh ts
(0)


gives the 
oordinates of g0

s in the 
anoni
al basis:
g0

s =




1
2(|xs|2 + 1)e−ts + ets

2
|xs|2−1

2 e−ts + ets

2
e−tsxs


 .On the other hand,

g0
s = (
hρs)ε0 + (shρs)σs.Comparing these two expressions, we obtain

σ∞ = lim
s→+∞

|xs|2 − 1 + e2ts

|xs|2 + 1 + e2ts
ε1 +

2xs

|xs|2 + 1 + e2ts
=

|x∞|2 − 1

|x∞|2 + 1
ε1 +

2x∞
|x∞|2 + 1

.This is the analyti
al expression of the stereographi
 proje
tion of x∞ ∈ R
d−1 ⊂ 〈ε2, ..., εd〉 on

S
d−1 ⊂ 〈ε1, ..., εd〉.2. We are now going to prove that lim

s→+∞
q(ξs, ε0+σ∞) = r∞

1+|x∞|2 . We shall 
onsider S
d−1 as asubset of 〈ε1, ..., εd〉 and identify R

d−1 to 〈ε2, ..., εd〉. We use the notation 〈., .〉 for the Eu
lideans
alar produ
t in R
1+d.a) • We �rst give in the forth
oming identity (5.6) an expression of rn involving only xn ∈

R
d−1 and ξn ∈ R

1,d.Use the fa
t that N(xn)(ε0 + ε1) = ε0 + ε1 to re-write the de
omposition
en = (ξn,gn) =

(
ξn, N(xn)A(tn)Kn

)

=
(〈

N(xn)−1ξn, ε0 + ε1

〉
(ε0 + ε1), N(xn)

)(
N(−xn) ξn − 〈N(−xn) ξn, ε0 + ε1〉(ε0 + ε1), A(tn)Kn

)
,(5.5)whi
h proves that the D−-
omponent of en is

(〈
N(−xn)ξn, ε0 + ε1

〉
(ε0 + ε1),N(xn)

)
.Sin
e

tN(xn)−1(ε0 + ε1) = (|xn|2 + 1)ε0 + (1 − |xn|2)ε1 − 2xn,



5 APPENDIX 32we obtain
rn =

〈
ξn,t N(xn)−1(ε0 + ε1)

〉
= (|xn|2 + 1)

〈
ε0−

( |xn|2 − 1

|xn|2 + 1
ε1 +

2xn

|xn|2 + 1

)
, ξn

〉

= (|xn|2 + 1)q

(
ε0+

( |xn|2 − 1

|xn|2 + 1
ε1 +

2xn

|xn|2 + 1

)
, ξn

)
.

(5.6)Remark that
(thρs)σs =

|xs|2 − 1 + e2ts

|xs|2 + 1 + e2ts
ε1 +

2xs

|xs|2 + 1 + e2ts
,is almost equal to ( |xs|2−1

|xs|2+1ε1 + 2xs

|xs|2+1

).
• We now show that q

(
ε0+

(
|xn|2−1
|xn|2+1

ε1 + 2xn

|xn|2+1

)
, ξn

) and q(ε0 +σn, ξn) have the same limit.We 
an do this in two steps:1. q
(
ε0+

(
|xn|2−1
|xn|2+1ε1 + 2xn

|xn|2+1

)
, ξn

)
− q(ε0 + (thρn)σn, ξn) = o(1),2. q(ε0 + (thρn)σn, ξn) − q(ε0 + σn, ξn) = o(1).1. Is a 
onsequen
e of the following easily established estimates:

• ∀ ε > 0, |ξn| 6 O
(
e(1+ε)d−1

2
n
)(26),

•
∣∣∣ |xn|2−1+e2tn

|xn|2+1+e2tn
− |xn|2−1

|xn|2+1

∣∣∣ = O
(
e2tn

),
•
∣∣∣ 1
|xn|2+1+e2tn

− 1
|xn|2+1

∣∣∣ = O
(
e2tn

).2. Sin
e
q(ε0 + (thρn)σn, ξn) − q(ε0 + σn, ξn) = q

(
(1 − thρn)σn, ξn

)
6 O

(
e−2ρn

)
O
(
e(1+ε)d−1

2
n
)

,the se
ond point is a dire
t 
onsequen
e of the estimate ρn

n → d−1
2 of proposition 7. As a
onsequen
e, we have

(1 + |xn|2)q(ε0 + σn, ξn) → r∞. (5.7)b) It remains to prove that q
(
(1, σn), ξn

) and q
(
(1, σ∞), ξn

) have the same limit.Denote by (. , .) Eu
lidean s
alar produ
t in R
d. For σ ∈ S

d−1,
q
(
ε0 + σ, ξn

)
= q
(
ε0 + σ, ξ0

)
+

∫ n

0

hρs ds −

∫ n

0
(shρs)(σs, σ) ds

= q
(
ε0 + σ, ξ0

)
+

∫ n

0
(
hρs − shρs) ds +

∫ n

0
(shρs)

(
1 − (σs, σ)

)
ds.So,

q
(
ε0 + σn, ξn

)
− q
(
ε0 + σ∞, ξn

)
= q
(
ε0 + σn, ξ0

)
− q
(
ε0 + σ∞, ξ0

)
+

∫ n

0
(shρs)

{(
1 − (σs, σn)

)
−
(
1 − (σs, σ∞)

)}
ds

= o(1) +

∫ ∞

0
(shρs)

{(
1 − (σs, σn)

)
−
(
1 − (σs, σ∞)

)}
1s6n ds.(5.8)26|ξn| is the (d − 1)-Eu
lidean norm of ξs ∈ R

1+d.



5 APPENDIX 33We want to apply the dominated 
onvergen
e theorem to show that the integral tends to 0. Inorder to do this, we need to majorize {(1 − (σs, σn)
)
−
(
1 − (σs, σ∞)

)}
1s6n by some fun
tion

f(s) independent of n and su
h that ∫∞
0 (shρs)f(s) ds < ∞.Denote by ds,n the spheri
al distan
e between σs and σn, and ds,∞ the spheri
al distan
ebetween σs and σ∞. Sin
e

1 − (σs, σn) =
d2

s,n

2
+ o(d2

s,n),

1 − (σs, σn) =
d2

s,∞
2

+ o(d2
s,∞),

(5.9)we estimate ds,n and ds,∞.As σs = Σ (Ts), where Σ is a Brownian motion on S
d−1 and Ts a 
onverging random time
hange independent of Σ, we 
an use estimates on the 
ontinuity modulus of Σ to majorize ds,nand ds,∞. In their arti
le [BCM87℄, P.Baldi and M.Chaleyat-Maurel showed that Lévy's estimateon the 
ontinuity modulus of real Brownian motion has an analogous for ellipti
 di�usions,provided one repla
es Eu
lidean geometry of R by the Riemannian geometry asso
iated withthe di�usion. For Brownian motion Σ on S

d−1, this geometry is the usual geometry indu
ed bythe ambient Eu
lidean spa
e. So, if os
(Σ;u, v) denotes the os
illation of Σ on the time interval
[u, v], one has almost surely os
(Σ;u, v) 6

√
3(v − u) log

1

v − u
,provided (v − u) is small enough (and [u, v] is in a �xed interval). Sin
e

ds,n and ds,∞ 6 os
(Σ;Ts, T∞)we have
d2

d,n + d2
s,∞ 6 2 os
(Σ;Ts, T∞)2 6 6(T∞ − Ts) log

1

T∞ − Ts
.for s large enough.As T∞ − Ts =

∫ ∞

s

drsh2ρr
6

∫ ∞

s

4 dr

(eρr − 1)2
, and the fun
tion ε 7→ ε log 1

ε in
reases on ]0, 1
e [,

d2
d,n + d2

s,∞ 6 24

(∫ ∞

s

dr

(eρr − 1)2

)
log

(∫ ∞

s

dr

(eρr − 1)2

)−1

,for s large enough.Let ε > 0. We saw in proposition 7 that the inequalities d − 1

2 + ε
r 6 ρr 6

d − 1

2 − ε
r, hold for rlarge enough; so, a majoration of the form

d2
d,n + d2

s,∞ 6 Ce
−2 d−1

2+ ε
2

s
,holds for s large enough. It follows from (5.9) that the same kind of majoration holds for

{(
1 − (σs, σn)

)
−
(
1 − (σs, σ∞)

)}
1s6n,independently of n, for s large. As we eventually have shρs 6 e

d−1

2−ε
s,

(shρs)
{(

1 − (σs, σn)
)
−
(
1 − (σs, σ∞)

)}
1s6n 6 C exp

(
−(d − 1)

(
2

2 + ε
2

− 1

2 − ε

)
s

)
.



5 APPENDIX 34The majorant being integrable for ε > 0 small enough, we 
an use the dominated 
onvergen
etheorem in (5.8), and 
on
lude that
q(ε0 + σn, ξn) − q(ε0 + σ∞, ξn) = o(1). (5.10)Now, (5.6), (5.7) and (5.10) prove that

lim
n→+∞

q(ε0 + σ∞, ξn) =
r∞

|x∞|2 + 1
.It remains to remark that the fun
tion s 7→ q(ε0 + σ∞, ξs) in
reases to �nally obtain

lim
s→+∞

q(ε0 + σ∞, ξs) =
r∞

|x∞|2 + 1
.5.3 Proof of theorem 35 on 
ausal boundary of R1,dRe
all that (ε̃0, ..., ε̃2+d) is the 
anoni
al basis of R

2,1+d, that (ε0, ..., εn−1) is the 
anoni
al basisof R
1,d, and that the map i : R

1,d → 〈ε̃1, . . . , ε̃1+d〉 is the linear identi�
ation of R
1,d with

〈ε̃1, . . . , ε̃n〉 sending εj on ε̃j+1.First, we show that the lightlike geodesi
s of Einstein universe have the simple des
riptiongiven in proposition 32. The proof makes use of the 
onformal embedding of R
1,d in Ein1+d asa dense subset, with boundary C. We identify R

1,d with its stereographi
 proje
tion.Proposition 41. The lightlike geodesi
s of Ein1+d are the proje
tions in Ein1+d of totallyisotrope planes of R
2,1+d.

� Using the transitive a
tion of PO(2, 1 + d) on the bundle of lightlike geode
is over
Ein1+d, we are brought ba
k to show that the lightlike geodesi
 γ : t ∈ R 7→ t(ε0 + ε1),(lo
ally) embeds into the proje
tion of a totally degenerated plane of R

2,1+d. We see onformula (4.2) de�ning j that this is indeed the 
ase: j
(
γ(R)

)
= π

(
〈ε̃d+2, ε̃1 + ε̃2〉

). �Proof of theorem 35 � Given v ∈ R
1,d, de�ne the geodesi
 γs = a + s v ∈ R

1,d, s ∈ R. Theimage of γ by j is the 
urve of C2,1+d

j(γs) = s2q(v) ε̃0 + 2 s
(
q(a, v) ε̃0 + i(v)

)
+ 2i(a) + q(a) ε̃0 + ε̃d+2. (5.11)1. We �rst show that if v is not a null ve
tor γ 
onverges to p. For su
h a ve
tor v, q(v) 6= 0and

lim
s→+∞

π
(
j(γs)

)
= lim

s→+∞
π
(
s2q(v) ε̃0 + 2 s

(
q(a, v) ε̃0 + i(v)

)
+ 2i(a) + q(a) ε̃0 + ε̃d+2

)

= lim
s→+∞

π
(
ε̃0 + o(s−1)

)
= π(ε̃0) = p.

(5.12)2. We now des
ribe what happens to lightlike geodesi
s of R
1,d. We just need two ingredientsto obtain the des
ription given in point 2 of theorem 35. The �rst one is that for a null ve
tor

v ∈ R
1,d and an asso
iated lightlike geodesi
 γs = a + s v,

lim
s→+∞

π
(
j(γs)

)
= π

(
q(a, v) ε̃0 + i(v)

)
. (5.13)



5 APPENDIX 35The other one is the remark that C\{p} is foliated by lightlike geodesi
s27:
C\{p} =

∐

σ∈Sd−1

π
(

Rε̃0 + i
(
ε0 + σ

))
=

∐

σ∈Sd−1

∆σ\{p}. (5.14)All the results stated in point 2 
an be read dire
tly on formula (5.13).3. Parametrization of C\{p} � Re
all pσ(ℓ) is the limit of any lightlike geodesi
 {a +
t(ε0 + σ)}t∈R su
h that q(a, ε0 + σ) = ℓ. The inje
tivity of (σ, ℓ) ∈ S

d−1 × R 7→ pσ(ℓ) ∈ C\{p}reads dire
tly on formula (5.13). To prove that it is a di�eomorphism, de�ne
ϕ : S

d−1 → C\{p}, σ 7→ pσ(0) = π
(
i
(
ε0 + σ

))

ϕ is easily seen to be a di�eomorphism from S
d−1 to ϕ

(
S

d−1
).Introdu
e the family ϕ(t, .) of translations of R

1,d

ϕ(t, .) : R
1,d → R

1,d, ζ 7→ ζ + tε0.The element of O(2, 1+d) whose a
tion on Ein1+d indu
es ϕ(t, .) on R
1,d ⊂ Ein1+d has matrix28




1 t 0 · · · 0 t2

1 0 · · · 0 2t. . . ... 0

(0)
. . . 0

...
1 0

1




.

We see on this expression that one 
an extend this smooth �ow of translations to a smooth �owof transforms of PO(2, 1 + d) a
ting on Ein1+d, say φ(t, .).Lemma 42. The �ow {φ(t, .)}t∈R preserves ea
h lightlike geodesi
 of C, and is transitive onea
h ∆σ\{p}.
� Sin
e a point pσ(ℓ) is the limit of a lightlike geodesi
 {γs}s>0 = {a+ s(ε0 +σ)}s>0, with
ℓ = q

(
a, ε0 + σ

)

φ
(
t, pσ(ℓ)

)
= lim

s→+∞
φ(t, γs).As φ(t, γs) = π ◦ j(γs + tε0), the formulas for j and π give

φ
(
t, pσ(ℓ)

)
= lim

s→+∞
φ(t, γs) = π

(
q
(
a + tε0, ε0 + σ

)
ε0 + i(ε0 + σ)

)

= π
(
(ℓ + t)ε0 + i(ε0 + σ)

)
= pσ(ℓ + t).

(5.15)So, the �ow preserves ea
h geodesi
 ∆σ of C; transitiveness of the a
tion reads on formulas(5.15) and (5.14). �27This 
omes from the des
ription of the lightlike geodesi
s of Ein1+d and from the de�nition of C.28This matrix belongs to O(2, 1 + d). Che
k that it has the good a
tion on R
1,d, i.e. look at 
oordinates 1 to

1 + d. As Liouville theorem asserts the existen
e of a unique su
h transform, this one is the good one.



5 APPENDIX 36Sin
e ϕ(σ) = pσ(0), formula (5.15) reads
φ(ℓ, σ) = pσ(ℓ),The �ow property of φ and the fa
t that σ 7→ pσ(0) is a di�eomorphism prove that the appli
ation

(σ, ℓ) 7→ pσ(ℓ) is indeed a parametrization of C\{p}.4. Causal boundary of R
1,d � To prepare the proof of point 4 we need an intermediateresult des
ribing the past of a point pσ(ℓ) in R

1,d. A point ξ ∈ R
1,d being given, de�ne itslight
one as the set

C0(ξ) = {ζ ∈ R
1,d ; q(ζ − ξ) = 0},and its future as

C>0(ξ) = {ζ ∈ R
1,d ; q(ζ − ξ) > 0, ζ0 − ξ0

> 0}.These are subsets of Ein1+d. Future 
ones and null 
ones are linked by the relation
C>0(ξ) =

⋃

t>0

C0(ξ + tε0).It is a dire
t 
onsequen
e of the result of point 3 that
• C0(ξ) ∩ C =

{
pσ

(
q(ε0 + σ, ξ)

)
; σ ∈ S

d−1
} is di�eomorphi
 to S

d−1,
• C>0(ξ) ∩

(
C\{p}

)
=
{
pσ(ℓ) ; ℓ > q(ε0 + σ, ξ)

}.De�ne nowPast(pσ(ℓ), R1,d
)

=
{
ζ ∈ R

1,d ; ∃ γ : R
>0 → R

1,d, is future-oriented, 
ausal, and γ0 = ζ, lim
s→+∞

γs = pσ(ℓ)
}

.It is straighforward that one 
an also write Past (pσ(ℓ), R1,d
) as

{
ζ ∈ R

1,d ; pσ(ℓ) ∈ C>0(ζ)
}
.For example, Past(p, R1,d) = R

1,d.Remark � Let us insist on the fa
t that we look at the past of pσ(ℓ) in R
1,d: the past of

pσ(ℓ) is Einstein universe is the whole spa
e. Indeed, let us prove this fa
t for the point 0; thehomogeneity of the spa
e 
onfering the same property to all the other points.Choose σ ∈ S
d−1 and 
all Γ : R → R

1,d ⊂ Ein1+d the geodesi
 s 7→ s(ε0 + σ). One reads onformula (5.12) that Γ(s) 
onverges towards pσ(0) as s → +∞ and s → −∞. This implies thatthe half-geodesi
 Γ
(
(−∞, 0]

) is in the future of pσ(0), and, as su
h, is also in the future of 0; thepoint 0 is thus in its own future and in its own past.Lemma 43. Past(pσ(ℓ), R1,d) =
{
ζ ∈ R

1,d ; q(ζ, ε0 + σ) 6 ℓ
}.Past(pσ(ℓ), R1,d) ∩C = {pσ(r), , r 6 ℓ}.

� We show the �rst point, the se
ond being a dire
t 
onsequen
e of it. Given ζ0 ∈ R
1,dwith q

(
ζ0, ε0 + σ

)
6 ℓ, �nd a timelike path from ζ0 to the hyperplane {q(., ε0 + σ

)
= ℓ
}.It hits the hyperplane at ζ1. Then, follow the unique lightlike geodesi
 with dire
tion σ,passing through ζ1. The 
on
atenation of the two paths is a 
ausal path from ζ to pσ(ℓ).So, {q(., ε0 + σ

)
6 ℓ
}
⊂ Past(pσ(ℓ), R1,d

).On the other side, if q
(
ζ0, ε0 + σ

)
> ℓ, then pσ(ℓ) 
annot be in C>0(ζ0) ∩

(
C\{p}

), sin
e
C>0(ζ0) ∩

(
C\{p}

)
=
{
pσ(ℓ) ; ℓ > q

(
ε0 + σ, ζ0

)}
.

�



5 APPENDIX 37The proof of the point 4.(a) relies on an algebrai
 lemma.Lemma 44. PO(2, 1 + d) a
ts transitively on the pairs of points of Ein1+d that are not on thesame lightlike geodesi
.
� Sin
e any pair of points of Ein1+d that are not on the same lightlike geodesi
 is of theform (

π(u), π(v)
), with u and v null ve
tors, not orthogonal, we are brought ba
k to showthat O(2, 1 + d) a
ts transitively on the set of su
h pairs (u, v), that is, O(2, 1 + d) a
tstransitively on the set of planes of signature (+,−). This is a well known (elementary) fa
t.

�Given ξ ∈ R
1,d, de�ne C>0(ξ) as the inside of the future C>0(ξ) of ξ, and for ζ in Ein-stein universe, de�ne C<0(ζ) as the inside of its past Past(ζ, R1,d

) in R
1,d. For example, sin
ePast(p, R1,d) = R

1,d, any timelike path γ is in C<0(p).Let {γs}s>0 be a timelike path in R
1,d, future-oriented and inextensible. The points γ0 and

p not being on the same lightlike geodesi
 of Ein1+d, we 
an �nd an element T of PO(2, 1 + d)that maps γ0 and p to −ε0 and ε0 respe
tively. We prove the statement 4.(a) for the path T ◦γ,with T (C) instead of C; this implies the original statement. We shall still denote by γ the path
T ◦ γ. The path γ being timelike it remains in the diamond D ≡ C>0(−ε0) ∩ C<0(ε0) ⊂ R

1,d.
−

       pσ(ℓ)

ε0

−ε0

γs

The following lemma is an easily proved and useful fa
t.Lemma 45. The family {C>0(m − tε0) ∩ C<0(m + tε0) ; m ∈ R
1,d , t > 0

} is a basis of thetopology of R
1,d(29).Definition 46. We 
all a neighbourhood of m of the form C>0(m − tε0) ∩ C60(m + tε0) adiamond neighbourhood of m, written D(m, t).Denote by Cl(γ) the set of points of the past light
one of ε0 that are in the 
losure of γ,and suppose that Cl(γ) 
ontains two distin
t points p1 and p2. Let D(p1, t1) and D(p2, t2) twodiamond neighbourhoods of p1 and p2, respe
tively, that do not interse
t.Sin
e γ is a timelike path, and p1 ∈ Cl(γ), for any s > 0, the point γs ∈ C<0(p1). All themore, sin
e p1 ∈ Cl(γ), the path γ enters D(p1, t1) at some time ; in parti
ular, there is a time

s1 su
h that γs1
∈ C>0(p1 − t1ε0). No timelike path started from a point of C>0(p1 − t1ε0) 
anexit from this set. So, γ remains in C>0(p1 − t1ε0) ∩ C60(p1) ⊂ D(p1, t1), from that time on.But sin
e D(p1, t1) and D(p2, t2) do not interse
t, p2 
annot belong to Cl(γ), 
ontradi
ting thehypothesis.We denote by γ∞ the unique point of C in Cl(γ).4.(b) i) Let σ ∈ S

d−1 and ℓ ∈ R be given, and let {γs}s>0 be a timelike path su
h that
q(γs, ε0 + σ) −→

s→+∞
ℓ.29The statement is true in a mu
h greater generality.
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