ADVANCED PROBABILITY
SOLUTIONS FOR EXAMPLE SHEET 3

[.F. BAILLEUL

1. Set Et = 1By for t > 0 and EO = 0. We know from proposition 94 that Bis a

Brownian motion. Also, as FBo+ = 7, Blumenthal’s 0-1 law applied to B shows that T
is made up of trivial events for P. (They might be non-trivial for a different probability!)

2. We proceed as in the proof of proposition 92, denoting by C the cone. As the event
{my = 0} € Fo+, it suffices to prove that P(r; = 0) > ¢ for some positive constant ¢
to prove that it has probability 1, by Blumenthal’s 0-1 law. Let ¢ > 0 be given. As
P(ry < €) =2 P(B. € C) and the law of B is invariant by rotations, we have P(B, € C) =

22/ 2
’;H(f ﬁlréa Td_ldr) = ]A‘(f 1u<a671/2ﬁ ud_ldu) > ¢, where |A] is the surface

of A C S*!. Sending € to 0 gives the conclusion.

3. We make the same reasonning as in exercise 10 in example sheet 2. Set T =
min{H_,, Hy,} and write p for P(H_, < H,). As the stopped processes (Bi)i>r is a
bounded martingale, the optionnal stopping theorem gives us: 0 = p(—a) + (1 — p)b,
hence the value of p. Use the martingale B? — ¢ to compute E[T].

4. b) Given 0 < s < t and A € F,, we have E[e"Bi_TtlA} = E[e"BS_TslA] for
all 0. Expanding the exponential on both sides in power series of o, use the fact that
E[B*] = H’;;é(Qk —2p—1) (induction) to justify the interchange of E and )_,. The term

E[(B} — t)14] appears as the coefficient of o on the lhs and the term E[(B? — s)14] as
the coefficient of ¢ on the rhs. Their identification gives the martingale property of the
first process as we can take any 0 < s < t and A € F,. Look at the coefficients of 0% and
o to obtain the martingale property of the two other processes.'

5. a) We need 6 to satisfy A — fc = %, that is # = v/c? 4+ 2\ — ¢, since it is positive.

b) As the stopped martingale (eeBtC*)‘t> is bounded, the optionnal stopping the-
0<t<T

orem implies: 1 = E[e%_)‘Hg], hence the formula. We check that this function of A > 0
coincides with the Laplace transform of the given density. As the Laplace transform
characterizes the distribution HS has the mentionned density/

c) It suffices to let A decrease to 0.

6. b) Recall the strong Markov property: Given any finite stopping time T, the process
(Bryt — Br)i>0 is a Brownian motion independent of Fr. Apply it to T, for some a > 0.
The fact that it is a Brownian motion says that if b > a then T, — T, is distributed as
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o2
INote that I have not tried to work directly with the conditionnal expectation identity E[e”Bt-Tt‘fS] =

2
o . . . . . . . .
e?Bs =% % ag this identity involves random variables defined only almost-surely, so it is not obvious how

to differentiate with respect to o in a mathematically neat way.
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Ty—q, giving the stationnarity of the process (7,),>0. The independence of the increments
comes from the second piece of information provided by the strong Markov property:

the independence of (Bri: — Br)i>o with respect to Fr. Given a; < ag < -+ < ay, a
straightforward induction enables to prove that the increments T, —Ty,,..., T, — T, _,

are independent. It is not a Lévy process though, as it is not cadlag but continuous on
the left with right limits. Prove it!

7. a) We have T, < S, and S, = T, + inf{t > 0; B, 7, — By, > 0}. The strong Markov
property gives S, = T,, almost-surely.

c) Take for L the time in [0, 1] where B; is maximum. Prove that it is almost-surely
< 1. Tt follows that we have almost-surely S;, > 1 and Sy, # T},.

8. a) Set Ty = 0 and define inductively S, = inf{t > T,,_1; B, € D} and T,, = inf{t >
Sn; By ¢ B(0,2r)}. By the strong Markov property and the invariance of the law of Brow-

nian motion by rotations, the random variables fi’“ 1p(Bs)ds are iid. As they have pos-

itive mean, the strong law of large numbers gives [~ 1p(B)ds = > S 1p(Bs)ds =
00, almost-surely.

b) Denote by pi(x,y) the transition kernel of Brownian motion. By Fubini’s theorem,

we have E, [ [ f(By) dt] = f(fo pe(T,y ) f(y) dy, for any non-negative function f. The

time integral equals |y — z|>~¢ up to a multiplicative constant C. (Do the computation!
We see why we need d > 3.) This function of y is locally integrable with respect to y.?

9. We know from exercise 7 the distribution of 7. As it is independent of B!, we have

sisoh] = [~ 2o [ ([T )i [

for any bounded measurable function f: R — R. We read the distribution of B} above:
it is a Cauchy random variable.

10. The process M, = |B,[* —td (= Z?Zl |B{|? — t,sum of independent martingales)
is a martingale. We would like to use the optionnal stopping theorem to the stopped
martingale (M;),<7; yet this process is not bounded, so it is convenient ot replace first 7" by
T An (rather than proving for instance that (M,;),<r is uniformly integrable, which can be
done). The new stopped martingale is bounded. So we have |z|? = E[|Bya,|? —d(T An)],

. ]E B n2 - 2 .
that is E[T A n] = M Use monotone convergence on the lhs, and dominated

convergence on the rhs, to conclude by sending n to infinity.

11. Suppose ¢ has a maximum M at a point zy inside O. As it has the mean value
property, g needs to be equal to M near xq; this shows that the closed set where g attains
its maximum is also open. As O is connected, g is constant, equal to its maximum, on
the whole of O.

Would a given Dirichlet problem have two solutions, their difference would be a solution
to the Dirichlet problem with null boundary condition, so would have a null maximum.
As the opposite of this difference is also a solution, it would also have a null maximum,
leading to the equality of the two functions.

’If x is not in the domain of integration, no problem; otherwise, use polar coordinates near x.
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13. Let denote by (N;):>o a Poisson process of intensity A and jump measure .J. Can you
see why it suffices to consider the case where J(-) = d;(-)7 In that case, we need to prove
that given any n > 1, any times ¢; < --- < t,, and any integers i1, ...,%,, we have

n—1 . i
]P)(NtQ =Ny =i1,.. Ny = Ny, = /l.nfl) = H ()\(tk ; t,kl» e Atk t),
k=1 ke

We proceed by induction on n > 1. The case n = 1 is treated in exercise 12. To make
the induction step, it suffices to prove that

(/\(tn — tn_1))ln o~ Altn+1—tn)
!

(0.1) P(Ny, ., — Ny, = in|Ney— Ny, = i1, for k=1.n) =

Set i =iy + - -+ in_1, and denote by H; the hitting time of {i} by the process N. Then,
conditionally on the event {H; < t,,_1 < H;+S;}, the time H;+S; —t,_ to wait after ¢, ;
before the next jump is exponentially distributed, with parameter A\, by the memoryless
property of S;. Identity (0.1) follows as IP’(Ntn+1 — Ny, = in}Ntk — Ny, | = ip-1, for k =
1..n) = IP’(Ntn+1 - N, = in}Hi <tp_1 < H; + Si), by the strong Markov property of the
Markov chain (N;)s>o.

14. Denote by 5] the first holding time. The obvserver is proved wrong if at some time
t he observes that {N; = N;_g, }. Given s > 0, let define the stopping time T, = inf{t >
s; Ny = Ny_s}  with respect to which filtration? Then, conditionning on the first jump,
the strong Markov property gives

E[T,] = se™ ™ + / (a + E[T3]) Ae " da,
0

SO E[Ts} = GAS;\’l. The mean time until one sees a holding time bigger than S is thus

/OO (s +E[T3]) Ae ™™ ds = o0.

15. a) It suffices to prove, for all n > 1, that Sy +--- 4.5, is almost-surely different from
t. (Can you see why?) This follows from the fact that the random variable Sy +---+ S,
has a density with respect to Lebesgue measure on R,.

b) Note that

P(T,>t+s) =Y PN, =k Ny,=k)=> PN, =k Ny, — N, =0)

k=1 k=1

(0.2) - o
=Y P(N;=k)P(Nips = N, =0) = > PN, =k)e ™ =e .
k=1 k=1

So T; — t is exponentially distributed, with parameter \.

16. It’s even worse! The sum of two Brownian motions can be non-Brownian! To see that,
let us work on the subset Q of C(R,,R?) made up of paths starting from 0, equipped with
its Borel o-algebra. Let X be the coordinate process X;(w) = w(t) = (w1 (t),wq(t)) € R?,
for w € €2, and let P be Wiener measure. Let P’ be the measure on (2, F) under which X
is a Wiener measure with correlation —1. Let Q = PJ“TP/. I let you prove that the processes
wy and wy are Wiener processes under Q. Can you prove by a simple calculation that the
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continuous process wy + wy is not Gaussian? As Brownian motion with dift (a Gaussian
process!) is the only continuous Lévy process (see exercise 21), this proves the claim.

17. Let® Q be an arbitrary space and F be the trivial o-algebra over it. (We work
with deterministic processes!). Let also (z,), be a Hamel basis of Haar over the rational
numbers. For every t > 0, let X; be the sum of the coordinates of ¢ in the Hamel basis. As
Xirs = Xy + X, the process X has stationnary independent increments. As X is highly
discontinuous (it takes values in Q!), it does not have a modification which is cadlag .

18. For s < t, we have E[e?X=X)] = (=N Senging s 1 ¢ we conclude that
E[ei)‘mxt)} = 1, so AX; has the same fistribution as the constant 0, that is AX; is
almost-surely null.

19. a) We know, from the general construction of Lévy processes given in the course,
that X has the same law as the sum of a difted Brownian motion, an independent Poisson
process with finite intensity, and a infinite sum of independent compensated Poisson
processes. (This sum takes care of the fact that the jump measure can have an infinite
mass.) In the case of a finite jump measure, only the first two termsare needed; as Poisson
processes have almost-surely finitely many jumps in any finite time interval, we are done.

b) We can forget the continuous part (drifted Brownian motion) and work only with the
Poisson process. Let S;, J; be the successive holding and jump times of the process; they
are all independent. By construction, the process Y is constructed out of the sequence
of jump times ((51 4+ 4 Si)]‘ei:1>i>1 and the corresponding jumps. The time between
two jumps will have the same law as S+ -+ Sy, where N is a geometrical random
variable with parameter p. A straightforward computation shows that this random sum
with exponentially distributed, with parameter pA. So Y is a Lévy process with jump
measure pAx.

20 - 21. Copy word by word what has been done previously elsewhere.
22. See for instance theorem (28.12), p. 76, in Rogers and Williams’ book.
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