
ADVANCED PROBABILITYSOLUTIONS FOR EXAMPLE SHEET 3I.F. BAILLEUL1. Set B̃t = tB1/t for t > 0 and B̃0 = 0. We know from proposition 94 that B̃ is aBrownian motion. Also, as F eB
0+ = T , Blumenthal's 0-1 law applied to B̃ shows that Tis made up of trivial events for P. (They might be non-trivial for a di�erent probability!)2. We pro
eed as in the proof of proposition 92, denoting by C the 
one. As the event

{τU = 0} ∈ F0+ , it su�
es to prove that P(τU = 0) > c for some positive 
onstant cto prove that it has probability 1, by Blumenthal's 0-1 law. Let ǫ > 0 be given. As
P(τU 6 ǫ) > P(Bǫ ∈ C) and the law of B is invariant by rotations, we have P(Bǫ ∈ C) =

|A|
(∫

e−r2/2ǫ

(2πǫ)d/2 1r6a rd−1dr
)

= |A|
(∫

1u6aǫ−1/2
2−u2/2

(2π)d/2 ud−1du
)

> c, where |A| is the surfa
eof A ⊂ Sd−1. Sending ǫ to 0 gives the 
on
lusion.3. We make the same reasonning as in exer
ise 10 in example sheet 2. Set T =
min{H−a, Hb} and write p for P(H−a < Hb). As the stopped pro
esses (Bt)t>T is abounded martingale, the optionnal stopping theorem gives us: 0 = p(−a) + (1 − p)b,hen
e the value of p. Use the martingale B2

t − t to 
ompute E[T ].4. b) Given 0 6 s < t and A ∈ Fs, we have E
[
eσBt−

σ2

2
t
1A

]
= E

[
eσBs−

σ2

2
s
1A

] forall σ. Expanding the exponential on both sides in power series of σ, use the fa
t that
E[B2k] =

∏k−1
p=0(2k−2p−1) (indu
tion) to justify the inter
hange of E and ∑

k. The term
E
[
(B2

t − t)1A

] appears as the 
oe�
ient of σ on the lhs and the term E
[
(B2

s − s)1A

] asthe 
oe�
ient of σ on the rhs. Their identi�
ation gives the martingale property of the�rst pro
ess as we 
an take any 0 6 s < t and A ∈ Fs. Look at the 
oe�
ients of σ2 and
σ3 to obtain the martingale property of the two other pro
esses.15. a) We need θ to satisfy λ − θc = θ2

2
, that is θ =

√
c2 + 2λ − c, sin
e it is positive.b) As the stopped martingale (

eθBc
t−λt

)
06t6T

is bounded, the optionnal stopping the-orem implies: 1 = E
[
eθx−λHc

x
], hen
e the formula. We 
he
k that this fun
tion of λ > 0
oin
ides with the Lapla
e transform of the given density. As the Lapla
e transform
hara
terizes the distribution Hc

x has the mentionned density/
) It su�
es to let λ de
rease to 0.6. b) Re
all the strong Markov property: Given any �nite stopping time T , the pro
ess
(BT+t −BT )t>0 is a Brownian motion independent of FT . Apply it to Ta for some a > 0.The fa
t that it is a Brownian motion says that if b > a then Tb − Ta is distributed asThese notes are intended for use by students of the Mathemati
al Tripos at the University of Cambridge.Copyright remains with the author. Please send 
orre
tions to i.bailleul�statslab.
am.a
.uk.1Note that I have not tried to work dire
tly with the 
onditionnal expe
tation identity E

[
e

σBt−
σ
2

2
t
∣∣Fs

]
=

e
σBs−

σ
2

2
s as this identity involves random variables de�ned only almost-surely, so it is not obvious howto di�erentiate with respe
t to σ in a mathemati
ally neat way.1
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Tb−a, giving the stationnarity of the pro
ess (Ta)a>0. The independen
e of the in
rements
omes from the se
ond pie
e of information provided by the strong Markov property:the independen
e of (BT+t − BT )t>0 with respe
t to FT . Given a1 < a2 < · · · < an, astraightforward indu
tion enables to prove that the in
rements Ta2

− Ta1
, . . . , Tan − Tan−1are independent. It is not a Lévy pro
ess though, as it is not 
àdlàg but 
ontinuous onthe left with right limits. Prove it!7. a) We have Ta 6 Sa and Sa = Ta + inf{t > 0 ; Bt+Ta − BTa > 0}. The strong Markovproperty gives Sa = Ta, almost-surely.
) Take for L the time in [0, 1] where Bt is maximum. Prove that it is almost-surely

< 1. It follows that we have almost-surely SL > 1 and SL 6= TL.8. a) Set T0 = 0 and de�ne indu
tively Sn = inf{t > Tn−1 ; Bt ∈ D} and Tn = inf{t >

Sn ; Bt /∈ B(0, 2r)}. By the strong Markov property and the invarian
e of the law of Brow-nian motion by rotations, the random variables ∫ Tk

Sk
1D(Bs) ds are iid. As they have pos-itive mean, the strong law of large numbers gives ∫ ∞

0
1D(Bs) ds >

∑∞
n=0

∫ Tk

Sk
1D(Bs) ds =

∞, almost-surely.b) Denote by pt(x, y) the transition kernel of Brownian motion. By Fubini's theorem,we have Ex

[∫ ∞

0
f(Bt) dt

]
=

∫ (∫ ∞

0
pt(x, y)

)
f(y) dy, for any non-negative fun
tion f . Thetime integral equals |y − x|2−d up to a multipli
ative 
onstant C. (Do the 
omputation!We see why we need d > 3.) This fun
tion of y is lo
ally integrable with respe
t to y.29. We know from exer
ise 7 the distribution of T . As it is independent of B1, we have

E
[
f(B1

T )
]

=

∫ ∞

0

2−
1

2t

√
2πt3

f(B1
t ) dt =

∫
f(x)

(∫ ∞

0

2−
1

2t

√
2πt3

2−
x2

2t

√
2πt

dt
)

dx =

∫
f(x)

dx

π(1 + x2)
,for any bounded measurable fun
tion f : R → R. We read the distribution of B1

T above:it is a Cau
hy random variable.10. The pro
ess Mt = |Bt|2 − t d
(
=

∑d
i=1 |Bi

t|2 − t, sum of independent martingales)is a martingale. We would like to use the optionnal stopping theorem to the stoppedmartingale (Mt)t6T ; yet this pro
ess is not bounded, so it is 
onvenient ot repla
e �rst T by
T ∧n (rather than proving for instan
e that (Mt)t6T is uniformly integrable, whi
h 
an bedone). The new stopped martingale is bounded. So we have |x|2 = E

[
|BT∧n|2−d(T ∧n)

],that is E
[
T ∧ n

]
=

E

[
|BT∧n|

2

]
−|x|2

d
. Use monotone 
onvergen
e on the lhs, and dominated
onvergen
e on the rhs, to 
on
lude by sending n to in�nity.11. Suppose g has a maximum M at a point x0 inside O. As it has the mean valueproperty, g needs to be equal to M near x0; this shows that the 
losed set where g attainsits maximum is also open. As O is 
onne
ted, g is 
onstant, equal to its maximum, onthe whole of O.Would a given Diri
hlet problem have two solutions, their di�eren
e would be a solutionto the Diri
hlet problem with null boundary 
ondition, so would have a null maximum.As the opposite of this di�eren
e is also a solution, it would also have a null maximum,leading to the equality of the two fun
tions.2If x is not in the domain of integration, no problem; otherwise, use polar 
oordinates near x.



SOME SOLUTIONS FOR EXAMPLE SHEET 3 313. Let denote by (Nt)t>0 a Poisson pro
ess of intensity λ and jump measure J . Can yousee why it su�
es to 
onsider the 
ase where J(·) = δ1(·)? In that 
ase, we need to provethat given any n > 1, any times t1 < · · · < tn and any integers i1, . . . , in, we have
P
(
Nt2 − Nt1 = i1, . . . , Ntn − Ntn−1

= in−1

)
=

n−1∏

k=1

(
λ(tk − tk−1)

)ik

ik!
e−λ(tk−tk−1).We pro
eed by indu
tion on n > 1. The 
ase n = 1 is treated in exer
ise 12. To makethe indu
tion step, it su�
es to prove that(0.1) P

(
Ntn+1

−Ntn = in
∣∣Ntk−Ntk−1

= ik−1, for k = 1..n
)

=

(
λ(tn − tn−1)

)in

in!
e−λ(tn+1−tn)Set i = i1 + · · ·+ in−1, and denote by Hi the hitting time of {i} by the pro
ess N . Then,
onditionally on the event {Hi < tn−1 < Hi+Si}, the time Hi+Si−tn−1 to wait after tn−1before the next jump is exponentially distributed, with parameter λ, by the memorylessproperty of Si. Identity (0.1) follows as P

(
Ntn+1

− Ntn = in
∣∣Ntk − Ntk−1

= ik−1, for k =

1..n
)

= P
(
Ntn+1

− Ntn = in
∣∣Hi < tn−1 < Hi + Si

), by the strong Markov property of theMarkov 
hain (Nt)t>0.14. Denote by S1 the �rst holding time. The obvserver is proved wrong if at some time
t he observes that {Nt = Nt−S1

}. Given s > 0, let de�ne the stopping time Ts = inf{t >

s ; Nt = Nt−s} � with respe
t to whi
h �ltration? Then, 
onditionning on the �rst jump,the strong Markov property gives
E
[
Ts

]
= se−λs +

∫ s

0

(
a + E[Ts]

)
λe−λa da,so E

[
Ts

]
= eλS1−1

λ
. The mean time until one sees a holding time bigger than S1 is thus

∫ ∞

0

(
s + E[Ts]

)
λe−λs ds = ∞.15. a) It su�
es to prove, for all n > 1, that S1 + · · ·+Sn is almost-surely di�erent from

t. (Can you see why?) This follows from the fa
t that the random variable S1 + · · ·+ Snhas a density with respe
t to Lebesgue measure on R+.b) Note that
P(Tt > t + s) =

∞∑

k=1

P(Nt = k, Nt+s = k) =
∞∑

k=1

P(Nt = k, Nt+s − Nt = 0)

=
∞∑

k=1

P(Nt = k) P(, Nt+s − Nt = 0) =
∞∑

k=1

P(Nt = k) e−λs = e−λs.

(0.2)So Tt − t is exponentially distributed, with parameter λ.16. It's even worse! The sum of two Brownian motions 
an be non-Brownian! To see that,let us work on the subset Ω of C(R+, R2) made up of paths starting from 0, equipped withits Borel σ-algebra. Let X be the 
oordinate pro
ess Xt(ω) = ω(t) = (ω1(t), ω2(t)) ∈ R2,for ω ∈ Ω, and let P be Wiener measure. Let P′ be the measure on (Ω,F) under whi
h Xis a Wiener measure with 
orrelation −1. Let Q = P+P
′

2
. I let you prove that the pro
esses

ω1 and ω2 are Wiener pro
esses under Q. Can you prove by a simple 
al
ulation that the
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ontinuous pro
ess ω1 + ω2 is not Gaussian? As Brownian motion with dift (a Gaussianpro
ess!) is the only 
ontinuous Lévy pro
ess (see exer
ise 21), this proves the 
laim.17. Let3 Ω be an arbitrary spa
e and F be the trivial σ-algebra over it. (We workwith deterministi
 pro
esses!). Let also (xα)α be a Hamel basis of Haar over the rationalnumbers. For every t > 0, let Xt be the sum of the 
oordinates of t in the Hamel basis. As
Xt+s = Xt + Xs, the pro
ess X has stationnary independent in
rements. As X is highlydis
ontinuous (it takes values in Q!), it does not have a modi�
ation whi
h is 
àdlàg .18. For s < t, we have E

[
eiλ(Xt−Xs)

]
= e(t−s)g(λ). Senging s ↑ t we 
on
lude that

E
[
eiλ(∆Xt)

]
= 1, so ∆Xt has the same �stribution as the 
onstant 0, that is ∆Xt isalmost-surely null.19. a) We know, from the general 
onstru
tion of Lévy pro
esses given in the 
ourse,that X has the same law as the sum of a difted Brownian motion, an independent Poissonpro
ess with �nite intensity, and a in�nite sum of independent 
ompensated Poissonpro
esses. (This sum takes 
are of the fa
t that the jump measure 
an have an in�nitemass.) In the 
ase of a �nite jump measure, only the �rst two termsare needed; as Poissonpro
esses have almost-surely �nitely many jumps in any �nite time interval, we are done.b)We 
an forget the 
ontinuous part (drifted Brownian motion) and work only with thePoisson pro
ess. Let Si, Ji be the su

essive holding and jump times of the pro
ess; theyare all independent. By 
onstru
tion, the pro
ess Y is 
onstru
ted out of the sequen
eof jump times (

(S1 + · · · + Si)1ǫi=1

)
i>1

and the 
orresponding jumps. The time betweentwo jumps will have the same law as S1 + · · · + SN , where N is a geometri
al randomvariable with parameter p. A straightforward 
omputation shows that this random sumwith exponentially distributed, with parameter pλ. So Y is a Lévy pro
ess with jumpmeasure pΛX .20 - 21. Copy word by word what has been done previously elsewhere.22. See for instan
e theorem (28.12), p. 76, in Rogers and Williams' book.Referen
es[Med07℄ P. Medvegyev. Sto
hasti
 integration theory, volume 14 of Oxford Graduate Texts in Mathemat-i
s. Oxford University Press, Oxford, 2007.

3This solution is taken from the ex
ellent book [Med07℄ by P. Medvegyev.


