
ADVANCED PROBABILITYSOLUTIONS FOR EXAMPLE SHEET 2BATI SENGUL1. a) We need to prove that we have E
[

h(V )1A

]

= E[g(U)1A], for ea
h A ∈ σ(U); anysu
h event is by de�nition of the form 1B(U), for some measurable subset B of R. UsingFubini's theorem, we have
E
[

h(V )1B(U)
]

=

∫

R

∫

R

fU,V (u, v)h(v)1B(u) dudv =

∫

R

1B(u)

∫

R

fU,V (u, v)h(v) dvdu

=

∫

R

1B(u)g(u)fU(u) du = E
[

g(U)1B(u)
]

.b) Consider
X := V −

Cov(U, V )

V ar(U)
Uthen X is a 
entred Gaussian random variable, moreover

E[XU ] = E[UV ] −
Cov(U, V )

V ar(U)
E
[

U2
]

= E[UV ] − Cov(U, V ) = 0hen
e X is independent of U , so E[X|σ(U)] = 0. Now
E
[

V |σ(U)
]

= E

[Cov(U, V )

V ar(U)
U + X

∣

∣

∣
σ(U)

]

=
Cov(U, V )

V ar(U)
U.
) Let us prove more generally that any σ(U)-measurable almost-surely �nite randomvariable X is of the form f(U) for some measurable fun
tion f : R → R.Suppose �rst that X takes only �nitely many values x1, . . . , xn. As ea
h set Ai =

X−1
(

{xi}
) belongs to σ(U), it is of the form U−1(Bi) for some measurable Bi ⊂ R; the

Bi's are disjoint. Set f(x) = xi if x ∈ Bi for some i, and f(x) = 0 elsewhere. We 
he
kdire
tly that f(U) = X.For X > 0, we de�ne a σ(U)-measurable random variable setting
Xn =

n2n

∑

j=0

j

2n
1X∈(j2−n,(j+1)2−n].As it takes only �nitely many values, it is of the form fn(U). Note that Xn ↑ X almost-surely. Set f = lim fn and f = f1f<∞ and 
he
k that f(U) = X as X is almost-surely�nite.These notes are intended for use by students of the Mathemati
al Tripos at the University of Cambridge.Copyright remains with the author. Please send 
orre
tions to i.bailleul�statslab.
am.a
.uk.1



2 SOME SOLUTIONS FOR EXAMPLE SHEET 22. The trivial 
ase k = 1 is obvious. So suppose that the statement holds for k, i.e.
P(T > kN) 6 (1 − ǫ)k.Then by using P(T > n + N |Fn) 6 1 − ǫ and the fa
t {T > (k + 1)N} ⊂ {T > kN} wehave that1

E[1T>(k+1)N ] = E[E[1T>(k+1)N |FkN ]]

= E[E[1T>(k+1)N1T>kN |FkN ]]

= E[1T>kNE[1T>(k+1)N |FkN ]]

6 E[1T>kN(1 − ǫ)] 6 (1 − ǫ)k(1 − ǫ).3. a) Work with Ω = C
(

R+, R
), the 
oordinate pro
ess and its �ltration (Ft)t>0, and set

Gt = {∅, Ω} for t 6 1, and Gt = Ft−1 for t > 1. Look at the hitting time of some level.b) For any b 6 a we have by the 
ontinuity of ω

{γa 6 b} = {ω ∈ Ω ; ωt > 0 for all t ∈ (b, a]} =
⋂

t∈(b,a]∩Q

{ω ∈ Ω ; ωt > 0} ∈ Fa.Next we show that {γa < t} /∈ Ft for t < a. Intuitively this fails ultimately be
auseat time t < a we 
annot dedu
e if γa has happened or not, given the path up to time t.More rigorously
{γa < t} = {ωs 6= 0 ∀s ∈ [t, a]} = {ωs 6= 0 ∀s ∈ [t, a] ∩ Q} =

⋂

s∈[t,a]∩Q

{ωs 6= 0}where we have used the 
ontinuity in the se
ond equality. Now the last part is not in Ftand hen
e {γa < t} /∈ Ft.4. b) Obviously we have that FS∧T ⊂ σ(FS,FT ). For the 
onverse noti
e �rst that
σ(FS, FT ) is generated by events in FS and FT , hen
e by the monotone 
lass theorem, itsu�
es to 
he
k that FS and FT are in
luded in FS∧T . Let A ∈ FS, then it su�
es toshow that A ∩ {S ∧ T > t} ∈ Ft for ea
h t > 0. Noti
e that

A ∩ {S ∧ T > t} = A ∩ {S > t} ∩ {T > t}.Now B := A ∩ {S > t} ∈ Ft, by de�nition of FS, and as T is a stopping time B ∩ {T >
t} ∈ Ft and hen
e A ∈ FS∧T . Similarly for A ∈ FT .5. Suppose that Xn → X in L1. Then by Markov's inequality Xn → X in probability:

P
(

|Xn − X| > ǫ
)

6 ǫ−1E
[

|Xn − X|
]

→ 0 as n → ∞.Fix ǫ > 0, then there exists an N ∈ N su
h that E
[

|Xn − X|
]

< ǫ for n > N . Thesequen
e X, X1, ..., XN is �nite and hen
e uniformly integrable, so there exists a K > 0su
h that E
[

|Xn|1|Xn|>K

]

< ǫ for all n 6 N and E
[

|X|1[X|>K

]

< ǫ. For n > N we have
E
[

|Xn|1|Xn|>K

]

6 E
[

|Xn − X|1|Xn|>K

]

+ E
[

|X|1|Xn|>K

]

< ǫ + E
[

|X|1|Xn|>K

]

.Then the se
ond term is small if P
(

|Xn| > K
) is small, uniformly in n. But then byMarkov's inequality and the fa
t that E[|Xn|] 6 E[|X|] + ǫ we have

P
(

|Xn| > K
)

6 K−1E
[

|Xn|
]

6 K−1(E
[

|X|
]

+ ǫ)whi
h 
an be made small by 
hoosing K large.1Here I will use the fa
t that 1T>(k+1)N1T>kN = 1T>(k+1)N .



SOME SOLUTIONS FOR EXAMPLE SHEET 2 3For the 
onverse suppose that Xn is UI and Xn → X in probability. Consider thefollowing approximation
E
[

|Xn−X|
]

6 E
[

|Xn−X|1|Xn−X|6K

]

+E
[

|Xn−X|1|Xn−X|>K

]

6 K+E
[

|Xn−X|1|Xn−X|>K

]

.Now by the uniform integrability the term on the RHS 
an be made small given that
P
(

|Xn − X| > K
) is small. Pi
k K = ǫ small and let n > N be su�
iently large su
hthat E

[

|Xn − X|1|Xn−X|>K

]

< ǫ.6. Suppose that P << Q then by the Radon-Nikodym theorem we have that P(A) =
EQ[X1A] where X ∈ L1(Q) and 0 6 X 6 1, so in parti
ular P(A) 6 Q(A).Conversely let Q(A) = 0, then for ea
h epsilon P(A) < ǫ, i.e. P(A) = 0.7. Suppose �rst that Q << P, then by the Radon-Nikodym theorem Q(A) = EP[X1A]for all A ∈ F with X ∈ L1(P) and 0 6 X 6 1. In parti
ular we have that Mn = E[X|Fn]and hen
e Mn is uniformly integrable.Suppose on the other hand that Mn is uniformly integrable (with respe
t to P), then
Mn 
onverges in L1(P) and a.s. to some M∞, so that Mn = E[M∞|Fn].8. The idea is to prove that T is independent of itself. To that end de�ne Fn :=
σ(Xk : k 6 n), then Fn is independent of σ(Xk : k > n) (as the random variables areindependent), and in parti
ular independent from T . This holds for all n ∈ N and hen
e
T is independent of F∞ :=

∨

n>1 Fn. However T ⊂ F∞ and hen
e T is independent ofitself. Now for any A ∈ T , we have that P(A) = P(A ∩ A) = P(A)P(A) so P(A) is either
0 or 1.The trivial 
ounterexample to when Xi are not independent is by 
onsidering Xi = Xfor some non-trivial random variable, then T = σ(X) whi
h is non-trivial.9. a) Let X ∈ F∞ be bounded, then Xn := E[X|Fn] makes sense and is bounded by thesame bound. Then by the martingale 
onvergen
e Xn → X in L1 and hen
e the result.b) By part a), the bounded elements of L1(F∞) are limit points of E[·|Fn] ∈

⋃

k>0 Fk.Now if X ∈ L1(F∞) is not bounded, then it 
an be approximated by bounded fun
tions.
) Kolmogorov's 0-1 Law: We have that for any A ∈ T

E[1A|Fn] → 1Aso as before A is independent of Fn, hen
e E[1A|Fn] = P(A).d) In the 
ase Fn is �nite, then
E[X|Fn] =

∑ E[X1An
]

P(An)
1Anwhi
h is 
omputable. So then the limits also may be 
omputed expli
itly.(i) Suppose that the measure spa
e is separable. First note that L1(Fn) has 
ountablymany simple fun
tions with rational 
oe�
ients and they are dense. Now ⋃L1(Fn) has a
ountable dense subset. By using double approximation, this set is also dense in L1(F∞).10. a) Noti
e that Sn is a submartingale and STab

n is bounded and hen
e by the optionalstopping theorem
E[S0] = 0 6 E[STab

] = a P(Ta 6 Tb) + b P(Tb < Ta).



4 SOME SOLUTIONS FOR EXAMPLE SHEET 2The equation above gives a lower bound
P(Tb < Ta) >

−a

b − a
.Now as a → −∞, Ta → ∞ and the right hand side 
onverges to 1, whi
h gives that

P(Tb < ∞) > 1. From this it follows that both Tb and Tab are �nite.(i) Dire
t 
omputation shows that
E

[

(

q

p

)Sn

−

(

q

p

)Sn−1

|Fn−1

]

= E

[

(

q

p

)Sn−1

(

(

q

p

)Xn

− 1

)

|Fn−1

]

=

(

q

p

)Sn−1

(

E

(

q

p

)Xn

− 1

)

.It su�
es to 
he
k that E[(q/p)Xn] = 1:
E[(q/p)Xn] = p

q

p
+ q

p

q
= p + q = 1.The martingale Xn := (q/p)Sn is bounded by 1, hen
e we may apply the optional stoppingtheorem to obtain

E[X0] = 1 = E[XTab
] = (q/p)aP(Ta < Tb) + (q/p)bP(Tb < Ta).Rearranging the above gives that

P(STab
= a) = P(Ta < Tb) =

1 − (q/p)b

(q/p)a − (q/p)b
.(ii) Let Xn : Sn − n(p − q), then Xn is a martingale. Noti
e that XTab is bounded by

−a ∨ b, so by the optional stopping theorem
E[X0] = 0 = E[XTab

] = E[STab
] − (p − q)E[Tab].11. a) Let Xn

i be i.i.d Bernoulli {0, 2} with equal probability and Fn := σ(Xk
i : i >

1, k 6 n) then Zn :=
∑Zn−1

i=1 Xn
i . Then E[Zn|Fn−1] = Zn−1E[Xn

1 ] = Zn−1 so Zn is amartingale. The martingale Zn is positive so by the martingale 
onvergen
e theorem it
onverges to some Z∞ a.s. Now we show that the limit must be 0. For any k > 0 we havethat P(Zn+1 = k|Zn = k) = 1/2 and so
P(Zn = k; ...; Zn+N = k) 6 2−N .But now P(lim Zn = k) 6 2−N for ea
h N ∈ N.(ii) The 
onvergen
e again follows from non-negative martingale 
onvergen
e. First
onsider the 
ase µ < 1. Then we have that E[Zn] = µn and so

P(Zn > 0) =
∑

k>1

P(Zn = k) 6
∑

k>1

kP(Zn = k) = µn.By taking n → ∞ we see that Zn = 0 a.s.Now for the 
ase µ = 1 we ignore the 
ase P(Z1 = 1) = 1 otherwise the result doesnot hold, nor do we have any interesting a
tivities. So then p := P(Z1 = 0) > 0 as theexpe
tation is 1. Following the idea as above, let k > 0, then we have instead
P(Zn = k; ...; Zn+N = k) 6 (1 − p)Nand hen
e P(lim Zn = k) whi
h is the union of events of the form {∀n > N, Zn = k} iszero.



SOME SOLUTIONS FOR EXAMPLE SHEET 2 5(iii) Let p = P(M∞ = 0). There are a possible number of 
ases to 
onsider. If p = 0or 1, then the result follows easily. If 0 < p < 1 then on the set {M∞ = 0}, Zn → 0and hen
e pZn → 1. On the set {M∞ > 0} we have that as µ > 1, Zn → ∞, now as
p < 1 this implies that pZn → 0. Thus pZn → 1M∞=0. Zn roughly behaves like M∞µnasymptoti
ally.
) First by the tower law

V ar[Zn] = E
[

V ar[Z2
n|Zn−1]

]

= E[Zn−1σ
2] = µn−1σ2so then V ar(Mn) = µ−n−1σ2 whi
h shows the bound in L2. An appli
ation of Cau
hy-S
hwartz gives that E[Zn1Zn>0]

2 6 P(Zn > 0)E[Z2
n] so that

P(Zn > 0) >
E[Zn]2

E[Z2
n]

=
µ2n

µn−1σ2 + µ2n
>

1

1 + σ2
> 0.Thus the probability of survival is stri
tly positive.12. Take {Xi}i>1 to be i.i.d. Bernoulli {0, 2}, i.e. P(Xi = 0) = P(Xi = 2) = 1/2.Consider Mn :=

∏n
i=1 Xi, then we have that

E[Mn − Mn−1|Fn−1] = E
[

(Xn − 1)Mn−1|Fn

]

=
(

E[Xn] − 1
)

Mn−1 = 0so Mn is a martingale. Next noti
e that E[Mn] = 1 by the independen
e of the Xi, sothat Mn 
annot 
onverge in L1 to 0. On the other hand observe that
P(Mn 6= 0) =

n
∏

i=1

P(Xi 6= 0) =
1

2nand hen
e by Borel-Cantelli Mn → 0 a.s.13. First as M is bounded in L1, it 
onverges in L1 to M∞. On the event {T = ∞},
MT = M∞ ∈ L1, and on the event {T < ∞}, by dominated 
onvergen
e E

[

|MT |
]

=

limt→∞ E
[

|MT∧t|
] and as |M | is a submartingale E

[

|MT∧t|
]

6 E
[

|Mt|
]

6 E
[

|M∞|
].For the 
ounterexample take Mt = Bt a standard Brownian motion and T := inf{t >

0 : Bt = 1}, then E[BT ] = 1 6= 0 = E[B0].14. Let Fn := σ([a, b) : a, b ∈ Dn), then Fn in
reases to F∞ whi
h is the Borelsigma-algebra. With this set up Mn is nothing but the proje
tion of f ′ on to Fn, i.e.
Mn = E[f ′|Fn]. Indeed for any [a, b) being a basi
 set in Fn, we have that ∫ b

a
f ′

n(x)dx =
∫ b

a
f ′(x)dx. So now by Lévy's upward theorem Mn → E[f ′|F∞] = f ′ a.s and in L1 as f ′is 
ontinuous and hen
e Borel measurable.15. Let en be an orthonormal basis of H , we wish to show that ∑n

k=1 hkGk → Xh in L2and a.s., where Gk are i.i.d. normal and h =
∑

hnen. We have seen before that Xh ∈ L2.Let Fn := σ(G1, ..., Gn), then 
onsider the martingale Mn := E[Xh|Fn] =
∑n

k=1 hkGk.Now by theorem 72, the 
onvergen
e is a.s. as well.16. The Borel σ-algebra of C
(

[0, 1], R
) is generated by the 
oordinate pro
ess, withelementary events {Xt1 ∈ B1, . . . , Xtn ∈ Bn}, for 0 6 t1 < · · · < tn 6 1 and Bi mea-surable subsets of R. It is also generated by the events of the form A = {Xt1 − X0 ∈

C1 Xt2 − Xt1 ∈ C2, . . . , Xtn − Xtn−1
∈ Cn}, for Ci measurable subsets of R. Can youprove it? To prove that P1 is absolutely 
ontinuous with respe
t to P and �nd its Radon-Nikodym derivative, it su�
es then to 
ompare P1(A) and P(A). Using the indepen-den
e of the in
rements and their Gaussian nature, you 
an easily see that P1(A) =



6 SOME SOLUTIONS FOR EXAMPLE SHEET 2
E
[

e−aXtn−
a
2

t
2
n

2 1A

]

= E
[

e−aX1−
a
2

2 1A

], sin
e the pro
ess (e−aXt−
a
2

t
2

2

)

06t61
is a martingale.It follows that dP1

dP
= e−aX1−

a
2

2 .17. This is pretty mu
h the same argument as Corollary 79. Let P be the uniformmeasure on Gn, X be the 
oordinate map and Fk := σ(X1, ..., Xk). Then we are doneif we 
an estimate ∣∣E[f |Fk+1] − E[f |Fk]
∣

∣. Noti
e that E[f |Fk] is the average of f on
{σ : σi = xi, i 6 k} so that moving between the two averages, the fun
tion f 
ould thenat most di�er by one 
hange of 
oordinate, and hen
e ∣∣E[f |Fk+1] − E[f |Fk]

∣

∣ 6 1 as f isa 
ontra
tion. Hen
e by the Theorem 78, the result follows.18. The idea is to 
onstru
t a set whi
h 
an be determined by f(t) for any t > 0. So take
{f : inf{t > 0 : f(t) 6= f(0)} = 0}. Noti
e that

{f : inf
{

t > 0 : f(t) 6= f(0)
}

= 0} =
⋂

t>0

{

f : f(t) 6= f(0)
}

∈ Ftfor any t > 0. However this set 
annot be in F0 as this 
annot be determined by sets ofthe form {

f : f(0) ∈ A
}.19.a) Take A ∈ ∩n>1σ(G,Gn, ...) and 
onsider X := 1A − E[1A|G]. Now as E[X|G] = 0,

X is independent of G. By de�nition X ∈ σ(G,Gn, ...) for ea
h n > 1 and hen
e X ∈
σ(Gn, ...), therefore X ∈ ∩n>1σ(Gn, ...).2Then Kolmogorov's 0-1 law gives that X is 
onstant, but E[X] = 0, so X = 0 a.s. Inother words 1A = E[1A|G], i.e. there exists a set B ∈ G su
h that 1A = 1B a.s.b) By the independen
e of the in
rements Tn := σ

(

Bt+1/n − Bt+ 1

n+1

) are independentfrom ea
h other and from Gt. Then as Gt+ = ∩n>1σ
(

Gt, Tn, ...
) from the previous partwe have that Gt and Gt+ 
oin
ide up to null events. The result now follows as they both
ontain all the null events.

2This is true as the L
2 is the sum of orthogonal 
omponents.


