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B denotes a real-valued or R

d-valued Brownian motion 
onstru
ted on some probabilityspa
e (Ω,F , P); the distribution of x + X is denoted by Px.1. Kolmogorov's 0 − 1 law. This exer
ise is the 
ompanion to exer
ise 8 of example sheet2. Let us work in R
d. De�ne the tail σ-algebra : T =

⋂

t>0 σ(Bs+t ; s > 0). Using theinversion property of Brownian motion and Blumenthal's 0 − 1 law, prove that all theevents of T are trivial under P.2. Let A be an open subset of the (d − 1)-dimensional sphere and U the 
one {ta ; a ∈
A, 0 6 t 6 ε} of vertex 0 (for some ε > 0). Prove that the hitting time τU = inf{t >

0 ; Bt ∈ U} of U for a Brownian motion starting from 0 is almost-surely equal to 0. Thisresult is useful to solve Diri
hlet problem by the probabilisti
 method in 
on
rete 
ases asit ensures that all points of the boundary of an open set O are regular if any point of ∂Ois the vertex of a 
one 
ontained in Oc.3. Using the martingale property of Brownian motion, prove that we have for any positive
a, b

P(H−a < Hb) =
b

b + a
and E[H−a ∧ Hb] = ab.4. Let B be a real-valued Brownian motion and σ ∈ R.a) Show that the pro
ess (

eσBt−σ2

2
t
)

t>0
is a martingale with respe
t to the �ltation of

B. b) Dedu
e, by di�erentiating with respe
t to σ, that the following pro
esses are alsomartingales: (

B2
t − t

)

t>0
,
(

B3
t − 3tBt

)

t>0
,
(

B4
t − 6tB2

t + 3t2
)

t>0
.5. Given c ∈ R, the pro
ess Bc

t = Bt + ct, is 
alled the Brownian motion with drift c. For�xed x > 0, set Hc
x = inf{t > 0 ; Bc

t = x}.a) Fix λ > 0. Under whi
h 
onditions on θ ∈ R+ is the pro
ess exp
(

θBc
t − λt

) amartingale?b) Supposing θ 
hosen appropriately, dedu
e from a) that
E
[

e−λHc
x
]

= exp
(

−x(
√

c2 + 2λ − c)
)

,and so, that the distribution of Hc
x has density x√

2πt3
exp

(

− (x−ct)2

2t

). Is it surprising?
) Con
lude that
P(Hc

x < ∞) = 1 if c > 0, and e−2|c|x if c < 0.6. a) Given a > 0, set Ha = inf{s > 0 ; Bs = a}. Prove that the distribution of Ha hasa density with respe
t to Lebesgue measure on R+, equal to a

(2πt3)1/2
exp

(

−a2

2t

).b) Prove that the pro
ess of hitting times (Ha)a>0 has stationnary independent in
re-ments. Is it a Lévy pro
ess?7. Given any a > 0, set Sa = inf{t > 0 ; Bt > a} and Ta = inf{t > 0 ; Bt > a}.a) Prove that Sa and Ta are almost-surely equal.b) Let L be a non-negative random time independent of the �ltration generated by
B. Prove that the event {TL 6= SL} is measurable and P(TL 6= SL) = 0.1
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) Find a random time L for whi
h P(TL = SL) = 0.8. O

upation time. Write D for B(0, r) ⊂ R
d.a) Prove that P

(∫ ∞
0

1D(Bt) dt = ∞
)

= 1, if d = 1 or 2.b) Let x ∈ R
d be any starting point. Prove that Ex

[∫ ∞
0

1D(Bt) dt
]

< ∞, for d > 3.9. Let B = (B1, B2) be a 2-dimensional Brownian motion starting from the point with
oordinates (0, 1). Setting T = inf{t > 0 ; B2
t = 0}, what is the law of B1

T ?10. Let B be here an R
d-valued Brownian motion, r > 0 and x ∈ R

d with ‖x‖ < r. Set
H = inf{s > 0 ; ‖Bs‖ = r}. Prove that Ex[T ] = r2−‖x‖2

d
.11. Uniqueness in Diri
hlet problem. Let O be a 
onne
ted and bounded open set and gbe a solution to Diri
hlet problem, with 
ontinuous boundary 
ondition f . Prove that

max
x∈O

g(x) = max
y∈∂O

g(y)
(

= max
y∈∂O

f(y)
)

.Con
lude that the Diri
hlet problem has at most one solution.12. Let N be a Poisson pro
ess of intensity λ. Prove that the number of jumps of N bytime t > 0 is a Poisson random variable with parameter λt.13. Prove that a Poisson pro
ess is a Lévy pro
ess.14. A Poisson pro
ess of rate λ is observed by someone who believes that the �rst holdingtime if longer than all the other holding times. How long on average will it take beforethe observer is proved wrong?15. Let N be a Poisson pro
ess of intensity λ. Given any time t > 0, denote by Tt =
inf{s > t ; Ns 6= Nt} the next jump time after time t.a) Prove that we have almost-surely Tt > t.b) Prove that Tt − t is exponentially distributed, with parameter λ. This is surprisingas the interval [t, Tt − t] is 
ontained in one of the intervals between jumps, all of whi
hare exponentially distributed, with parameter λ(!). Can you explain that paradox?16. Is the sum of two Lévy pro
esses always a Lévy pro
ess?17. Can a pro
ess with stationnary and independent in
rements not be a Lévy pro
ess?18. Given a Lévy pro
ess X, set ∆Xt := Xt − Xt−. Prove that we have almost-surely
∆Xt = 0 for any �xed t > 0, so Lévy pro
esses do not have jumps at �xed times. Thisresult generalizes the 
orresonding result for Poisson pro
esses proved in question a) inexer
ise 15.19. Let X be a Lévy pro
ess with jump measure ΛX of �nite mass.a) Prove that X has almost-surely �nitely many jumps in any bounded interval oftime.b) Denote by (∆X)n the nth jump of X, and let (ǫn)n>1 a 
olle
tion of independentBernoulli random variables , with parameter p ∈ (0, 1), independent of X. Let Y be thepro
ess obtained from X by removing from X all the jumps of X for whi
h ǫn = 0, at the2
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ur: If X has made nt jumps by time t we have Yt = Xt −
∑nt

j=1(1 −
ǫj)(∆X)j . The pro
ess Y is 
àdlàg . Prove that Y is a Lévy pro
ess and �nd its jumpmeasure ΛY .20. Using the same method as was used for Brownian motion in the 
ourse, state andprove the strong Markov property for a Lévy pro
ess.21. Using the same method as in exer
ise 19 in example sheet 2, prove that the �ltrationgenerated by a Lévy pro
ess, 
ompleted with null sets, is 
ontinuous on the right.22. a) Prove that one 
an always asso
iate to a given Lévy pro
ess an independent 
opywhi
h 
an be de
omposed as the sum of two independent Lévy pro
esses.b) Dedu
e from a) and exer
ise 17 that a Lévy pro
ess is almost-surely 
ontinuous i�it is a Brownian motion with drift.
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