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Nemhauser and Trotter [12] proposed a certain easily-solved linear program as a relaxation of the node packing problem. They 
showed that any variables receiving integer values in an optimal solution to this linear program also take on the same values in 
an optimal solution to the (integer) node packing problem. Let ~r be the property of graphs defined as follows: a graph G has 
property ~r if and only if there is a unique optimal solution to the linear-relaxation problem, and this solution is completely 
fractional. If a graph G has property rr then no information about the node packing problem on G is gained by solving the 
linear relaxation. We calculate the asymptotic probability that a certain type of 'sparse' random graph has property ~r, as the 
number of its nodes tends to infinity. Let m be a fixed positive integer, and consider the following random graph on the node 
set {1, 2 ..... n }. We join each node, j say, to exactly m other nodes chosen randomly with replacement, by edges oriented 
away from j ;  we denote by (7,, (m) the undirected graph obtained by deleting all orientations and allowing all parallel edges to 
coalesce. We show that, as n ~ oo, 

P(a,,(m) has property~r)--* {0  if m =1,  
1 if m > 3, 

and we conjecture that P(Gn(2) has property ~r) ~ (1 - 2 e ' 2 )  1/a. 

node packing* random graphs 

I. The node packing problem 

The node packing problem is the following. 
(NP) Given a graph G=(V, E), find a set 

S ~ V such that the following two conditions hold: 
(1.1) no two nodes of S are adjacent, 
(1.2) I SI is maximized subject to (1.1). 
Any set S satisfying (1.1) is called a (node) pack- 
ing (or a stable or independent set). The related 
weighted problem (WNP) arises when each node v 
of the graph has a real weight w(v) associated 
with it, and we seek a packing S for which 

w(S)= E w(v) 
yES 

is maximized, 

*Research supported in part by the Natural Sciences and 
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The problem WNP may be formulated natu- 
rally as an integer linear program (IP) as follows: 

(IP) 

Maximize E w(o)x(o), 

subject to 0 < X ( v ) < l ,  X(v) 
is an integer, for all nodes v ~ V, 

(1.3) 

x ( , ) + x ( o ) ~  1 
for all edges { u, v } E E. (1.4) 

If we assume that evergy node is incident with 
at least one edge, then the upper bounds in (1.3) 
are implied by (1.4) and can be omitted. The 
feasible solutions to IP are precisely the incidence 
vectors of the packings of G, and solving IP is 
equivalent to solving WNP. 
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If we remove the integrality condition from 
(1.3) we obtain a linear relaxation of the problem 
which has received some attention. It is well-known 
that if X is a basic solution to this relaxation then 
X(v)~  {0, ½, 1} for all v ~  V. Nemhauser and 
Trotter [12] showed that if an optimal solution to 
this relaxation has any integer components then 
these components may be 'fixed' at these values 
and the remaining smaller problem may be solved 
by some other means. 

Theorem 1 (Nemhauser and Trotter [12]). Let X* 
be a basic optimal solution to tire problem 

Maximize 

subject to 

E 
v~.V 

0<x(o)<l 
for all o ~ V, and 

/orall (u, v}eE. 

Let W =  { v ~ V:x*(v) equals either 0 or 1}. Then 
there exists an optimal solution ~( to IP such that 
~((o)=X*(V ) for all v ~  IV. 

Consequently, it is of interest to obtain a solu- 
tion to the relaxation having the minimum possi- 
ble number of fractional components, and, in ad- 
dition, to characterize those problems for which 
every optimal solution is completely fractional; it 
is for problems in the last class that the 
Nemhauser-Trotter approach provides no useful 
information. 

The first question was considered by Picard and 
Quryranne [13, 14] (as well as Pulleyblank [15]), 
where it was shown that a solution with a mini- 
mum cardinality set of fractional values can be 
obtained in polynominal time. The second ques- 
tion was considered in [15] for the special case 
when all weights equal 1, and so WNP reduces to 
NP. Before recalling the main result of [15] we 
need two definitions. A 2-matching of a graph 
G = (V, E)  is an assignment of the integers 0,1 
and 2 to the edgers of G in such a way that the 
sum of the integers over the edges incident with 
each node equals exactly 2. The graph G is bicriti- 
cal if 11/I > 1  and, for every node v ~ V ,  G \ v  
has a 2-matching (in [15] such graphs are called 
'2-bicritical'). 

Theorem 2 (Pulleyblank [15]). The following 
equivalent for a graph G = (V, E). 

(i) G is bicritical. 
(ii) For each edge e ~ E, there exists a 2-matchi 

Ix of G for which #( e ) > O, and moreover ea 
component of G is non-bipartite. 

(iii) The unique optimal solution to tire linear pt 
granl 

Maximize ~ X (v) ,  
v~V 

.subject to 0 < X (v)  < 1 

for ally ~ V, and 

x(u)+x(o) l 
for all ( u, v } ~ E, 

is obtained by setting X (v) = ½ for all v ~ 1/. 

Henceforth we use the term 'bicritical' to d( 
scribe any graph for which part (iii) of Theorem 
holds. That is, G is bicritical if it possesses th 
property ~r described in the abstract. Various othc 
characterizations of bicritical graphs are knowr 
For any S c.c_ V, we define the neighbour set N(S  
by 

N( S ) = ( v ~ V \  S: v is adjacent to a node of S } 

Theorem 3 (Nemhauser and Trotter [12]). G i 
bicritical if  and only if IN(I )  I > l I[  for all non 
empty node packings I of G. 

A graph G is said to be regularizable if it i: 
possible to replace each edge with a positive (in 
tegral) number of copies of itself and thereb2 
obtain a regular graph. 

Theorem 4 (Berge [1]). G= (V, E)  is bicritical ij 
and only if  IV[ > 1, G is regularizable, and eact 
component of G is non-bipartite. 

Note that the question of determining whethel 
or not a graph is bicritical is polynomially verifi- 
able, since it reduces to solving a polynomial num- 
ber of 2-matching problems, each of which is 
equivalent to a bipartite matching problem. 

It is natural to pose the question of whether or 
not the property of bicriticality is common amongst 
graphs. We shall show in this paper that a graph G 
chosen randomly from a certain family of 'nearly 
regular' graphs is 'almost surely' bicritical so long 
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as the expected node degrees of G are at least 
(about) 6; that is to say, the probability that such 
a graph G is bicritical approaches 1 as the number 
of vertices of G tends to infinity. 

2. Random graphs 

Let p satisfy 0 < p < 1 and let G,,.p be a ran- 
dom graph on the nodes {1, 2 . . . . .  n} in which 
each edge is present with probability p, indepen- 
dently of the presence or absence of all other 
edges. The probability that G,,,p is bicritical satis- 
fies (see [15]) 

P(G,,.p is bicritical) - 1 as n --* oo. 

(If n---100 and p- -½ then the probability that 
G,,,p is not bicritical is less than 1.4 × 10-8.) Such 
random graphs are not attractive candidates as 
' typical' optimization problems, since they contain 
about ½pn 2 edges and have mean vertex degree 
p(n - 1); it is more interesting to consider another 
family of graphs which have much sparser edge 
sets and which are 'nearly regular'. 

For any fixed positive integer m we construct 
the random graph G,(m)  on the node set V,, = 
{1,2 . . . . .  n } as follows. For each node i, we per- 
form m independent trials, in each case choosing 
one of the other n - 1 nodes at random with equal 
probability (n - 1) - l .  We construct edges joining i 
to each node thus chosen, and think of these edges 
as emanating from i. We carry out this process for 
each initial node i, and refer to the ensuing graph 
as the original construction. We obtain G,(m)  by 
replacing each set of multiple edges by a single 
edge. 

The following theorem is our main result. 

Theorem 5. As n --* oo, we have that 
(a) P(G,,(1) is bicritical) ~ O, 
(b) lim sup,,_ oo P(G,(2) is bicritical)< 1, 
(c) /fro > 3 then P( G,,( m ) is bicritical) ~ 1. 

The method of proof of part (b) of this theorem 
may be extended to show that 

lim supP(G, (2 )  is bicritical) < (1 - 2e-Z) I/2, 
11...-4. OO 

and we have found reason to conjecture that, as 

e (c, ,  (2)  is bicrit ical)  --, (1 - 2e 

Easy calculations show that, in G,(m), 
(i) the expected number of edges is 

n - 1 I mn oo, 

(ii) the expected degree of node i is 

n -  1 - 2 m  

as  n ---~, oo,  

(iii) the degree D,,(i) of node i has asymptotic 
distribution, as n ~ oo, 

m k 

e - m _ _  P ( D , ( i ) = m + k ) - - *  kt 

for k = 0, 1, 2 . . . .  (2.1) 

To see (iii), note that D,,(i) comprises edges of the 
original construction which either emanate from i 
or which emanate from other nodes. The number 
of the latter is approximately binomially distrib- 
uted with parameters n and m / n ,  which ap- 
proaches the Poisson distribution of (2.1) as n 
oo. Furthermore, with probability 1 - o(1), no edge 
emanating from i is parallel to an edge emanating 
from some other node. 

The graph G,,(m) is not regular, with probabil- 
ity 1 -  o(1), but it is 'near-regular' in the sense 
that each node degree satisfies (2.1). Such random 
graphs are very similar to those of Fenner and 
Frieze [6, 7] and Shamir and Upfal [18], who 
considered a random graph F,.(m) on V. with edge 
set as follows. For each node i, a set of m nodes is 
chosen randomly, without replacement, from the 
remaining n - 1 nodes, and edges are constructed 
between i and this set. F,l(m ) is obtained by 
allowing all parallel edges to coalesce as before. 
We believe that the global properties of G,,(m) 
and F,l(m) differ only in trivial respects (for exam- 
ple, the expected number of nodes in G.(2) and 
F,,,(2) which have degree 1 is approximately e -2 
and 0, respectively). In most interesting respects 
we expect that the properties of G,,(m) and F.(m),  
as n - ,  oo, are very much the same. Of course, 
G,,(1) and F,,1(1 ) have the same distribution, and 
are actually the graphs obtained in the random 
mapping problem in which a mapping f :  V,,--* V~ 
is chosen such that {f( i ) :  i ~  V,I ) is a family of 
independent random nodes, f,l(i) being uniformly 
distributed on V, I \ i. See Ross [16] for recent 
progress on this problem. 

171 



Volume 4, Number 4 OPERATIONS RESEARCH LETTERS December 1985 

Fenner and Frieze [6, 7] have shown that, as 
I I  " -~  00, 

e ( m )  is connected) --, if m > 1, 

and that P(F~(m) is Hamiltonian) ~ 1 if m > 23. 
It is currently an open problem to find the minimal 
value of m such that F.(m) (or G.(m)) is Ham- 
iltonian with probability 1 -  o(1). We note here 
that 

P(G.(2)  is Hamiltonian) ~ 0 as n --* 00, (2.2) 

since a standard application of Chebyshev's in- 
equality (following a suggestion of A.M. Frieze 
(personal communication)) shows that both F~(2) 
and G.(2) contain, with probability 1 -  o(1), a 
vertex with at least three neighbours having degree 
2. It is natural to conjecture that F.(3) and G,(3) 
are Hamiltonian with probability 1 -  o(1). See 
Bollob~ [4] and Fenner and Frieze [8] for related 
work. 

Shamir and Upfal [18] have shown that 
P(F2.(6 ) has a perfect matching)--) 1 as n ---, oo. 
(A perfect matching is a set of edges meeting each 
node exactly once.) It is currently an open prob- 
lem to find the minimal m such that F~(m) has a 
perfect matching with probability 1 - o(1). 

3.  P r o o f  o f  T h e o r e m  5 

Proof of (a). Let N(n) be the number of nodes 
of G~(1) with degree 1. Standard calculations give 
that 

Z ( N ( . ) )  - ,,e 

E(N(n)~) -n2e  -2, 

and hence, by Chebyshev's inequality, 

e(N(.y) 
e(N(.)) 

" 1  a s  n - -~  oo .  

If  we delete the neighbour of a degree 1 node, then 
clearly no 2-matching can exist, so graphs eontaift- 
hag nodes of degree 1 cannot be bicritical. 

Proof of (b). Let N(n) be the number of nodes 
of G.(2) with degree 1. Then 

E(N(n))=n--~(I 1 ) - - n - 1 12(n I) 

--'~e - 2  a s  n ----~ 00. 

Standard arguments may now be used to show 
that N(n) is asymptotically distributed with a 
Poisson distribution in that, for k = 0, 1, 2 . . . . .  

1 ,k  - x  
P ( l V ( n ) = k ) - *  ~ . ^ e  as n - * o o ,  

where ~ = e 2. We do not prove this in detail, but 
refer the reader to exactly similar proofs in ErdiSs 
and R6nyi [5, p. 27], Schiirger [17, p. 50], BollobM 
[2, p. 201] and Bollobhs [3, p. 92]. Using the argu- 
ment at the end of the proof of part (a), we find 
that 

P(G,(2)  is bicritical) < P(N(n)  = O) 

---,exp(-e -2) as n ~ o o .  

A similar argument is easily seen to work for 
F~(2), by considering the number of pairs A = 
{i, j }  of nodes of F~(2) with the property that i 
and j are not adjacent in F.(2) but IN(A) I < 2. 

Proof of (c). Suppose m > 3. By Theorem 3, if 
G,(m) is not bicritical then there exist sets S, T of 
nodes such that 

SNT=~J,  I < I S I = I T I ,  (3.1) 

and such that no two nodes in T are adjacent and 
N(T) c_ S. Thus, the probability 

I I .  (m)  = P (G. (m)  is not bicritical) 

satisfies 

n , ( m )  ~ Z P(ECS, T)), 
S , T  

where the summation is over all pairs S, T satisfy- 
ing (3.1) and E(S, T) is the event that, in the 
original construction, all edges emanating from T 
go into S and no edge emanating from V# \ (S tJ 
T) goes into T. Thus 

I.  k I mk 

- n-------~ " ( 3 . 2 )  

Let the sequence {a(n)} of integers be given by 

a ( n )  = [log n],  (3.3) 

and divide the summation in (3.2) into three parts, 
dealing, respectively, with the ranges 1 < k < a( n ), 
a(n) < k < ½n - a(n), ½n - a(n) < k < ½n. The 
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first of these satisfies 

n k "ink" 1 __ m(n-2k) 

o(o) 

< E1 (k!) 2 k " - 1 ]  

< 
- ~ n - l ]  1 - 1  

- ) 0  as n - ) o o  (3.4) 

by (3.3). To deal with the second summation we 
use the following consequence of Stirling's for- 
mula: if {3,(n)} is a sequence satisfying 3'(n)-) oo 
as n -) oo, then for all large n and all fl such that 
fin is integer and "r(n)< fin < n -  "y(n) it is the 
case that 

1 ( 
( f in)< ~/(2nfl(1-fl)) f l a ( 1 - f l )  ' - a  

Make the change of variable k = fin and ap- 
proximate by an integral to find that, for all large 
/7, 

ln-a(n) ,.k 
z 

a(n) 

X(I  n £ )m(n-2k)l 

f(1-2~,(,01.)12 1 (g(fl)) 'dfl,(3.5) 
~- "<,(.)1. M ( 1  - 2f l )  

where 

fl(,._2)#( 1 _ fl)m(l-2fl) 1 

g(fl) = (1 - 2fl) '-2~ for 0 < fl < ~-, 

~ f l a ( ( 1 - f l ) 3 / 1 / 2 ~ l  2fl ] 

Note that 

1 B ~ 1 < f l < _  < 1  if -~ 2 

since m > 3. 

(1 - 2 f l )  1-2fl 

and 

(1 __fl)3 1 
" l - 2 f l  < 1  if 0 < f l <  ( 3 - v ~ ' ) ,  

giving that for any V satisfying 0 < "t < ] there 
exists 8 = 8('t) such that 0 < 8 < 1 and 

1 g(fl)<_8 for V_<fl<~- .  

Furthermore, for values of fl which are small and 
positive it is the case that 

g(fl)_< l - t +  o( f l ) ;  

we choose ), < } such that 

g ( f l ) < l - ½ f l  for 0 < f l < V .  

For all large n, the integral in (3.5) is at most 

v n 1 )" 
A L(,  )/,~ a "(-n ) ( 1 -  ~ fl . d fl 

8" 
+ BL1/2f ~/(1 - 2fl) dfl 

2,4 (1 a(n) ),,+1 

- ) 0  as n - ) o o ,  by(3.3) ,  

where A and B are constants. Thus the summation 
in (3.5) tends to 0 as n --* oo. Finally, 

i n __ mk 

z 
]n--a(n)+ l 

(1 - k ] ' t " - 2 k )  × 
t .--:i- j 

<_ tr( n ) 2 n n 2 a ( n } ( 1 )  m(n-2e ' ( ' ) , /2  

"-")0 as n - )  oo 

by (3.3) and the fact that m > 3. We have shown 
that the summation in (3.2) tends to 0 as n -)  oo, 
thus completing the proof of the theorem. 
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Note added in proof 

Since the writing of this paper, two of the 
problems mentioned herein have been solved. 
Frieze [9] has proved that P(F2,(2 ) has a perfect 
matching)-) 1 as n - )oo.  One of the current 
authors (Grimmett [11]) has verified the conjecture 
mentioned in the abstract. 
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