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Abstract

Let p = (p(i) :i ^ 0) be a sequence of numbers satisfying 0 ^ p(i) < 1 for i = 0,1,2,...,
and let G be a random graph with vertex set Z = {..., — 1,0,1,...} and with edge set
denned as follows: for each pair i,j of vertices, where i < j , there is an edge joining i
and j with probability p(j — i), independently of the presence or absence of all other
edges. We explore the connectedness of G, showing that G is almost surely connected
if and only if I^pii) = oo and the (positive) greatest common divisor of the set
{i ^ 1 :p(i) > 0} equals 1; if one of these two conditions fails to hold then G is almost
surely disconnected. Corresponding results hold in higher dimensions, for random
graphs defined on the vertex sets Zd where d ^ 2.

1. Introduction

We shall consider a random graph on the vertex set 2 = {..., — 1,0,1,...} in which,
for pairs i,jeZ, the events {i ~j}, that vertices i andj are joined by an edge, are such
that

(i) the collection of events {i ~ j} for — o o < i ^ j < o o i s a family of independent
events;

(ii) the probability of {i ~ j} depends only on the distance \i — j \ between i a,ndj.
Let p = (p(i):i > 0) be a sequence of numbers satisfying p(0) = 0 and 0 < p(i) < 1
for i ^ l . Let Gbea random graph with vertex set Z and edge set defined as follows:
for each pair i,jeZ where i ^j, there is an edge between i and j with probability
p(j — i), independently of the presence or absence of all other edges. In this paper,
we ask ourselves whether or not G is a connected graph, and present a necessary and
sufficient condition, in terms of the probability sequence p, for G to be almost surely
(a.s.) connected; it turns out that if 2>iP(i) < oo then G is a.s. disconnected, whilst if
^iP(i) ~ °° a n ( i t n e (positive) greatest common divisor of the set {i ^ l:p(i) > 0}
equals 1, then G is a.s. connected. It is not surprising that we make some use of the
Borel-Cantelli lemmas; indeed our main results (Theorems 1 and 2) may be seen as
extensions of these lemmas. Corresponding results hold for random graphs in higher
dimensions, with vertex sets Zd where d > 2.

There are many types of random graph. Possibly the most studied has finite vertex
set {1,2,...,n}, where each pair of vertices is joined by an edge with probability p,
and p = p(n) is a parameter which depends on n alone. Many interesting questions
about such graphs deal with asymptotic properties as n -> oo (see Grimmett [3] for
a review). Our graphs differ in two important respects: they are infinite, and the
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probability that two given vertices are adjacent depends on the distance separating
them (we note here that we use the word 'adjacent' in its graph-theoretic sense only).
We are not the first to study such graphs and their connectedness. Holmes [4] has
made some progress with a related problem, and we believe that Erdos has posed the
question of ascertaining whether or not G is a.s. connected when p(i) = (i+ I)"1 for
alH ^ 1.

Our graph-theoretic terminology is fairly standard. All the graphs in this paper
are undirected without multiple edges; moreover, all our graphs a.s. contain no loops.
Two vertices (i,j say) are called adjacent (written i ~ j) if they are joined by an edge;
a vertex is isolated if it is adjacent to no other vertex. If i and j are distinct vertices of
the graph G, &path from i to j is an alternating sequence i = v1,e1,v2,e2, ...,en,vn+1 =j
of distinct vertices and edges of G such that ei joins vt to vi+l for 1 ^ i < n. A component
of G = (V, E) is a subgraph G' = (V, E') of G such that, for each distinct pair i,je V,
there exists a path in G' from i toj, and both V and E' are maximal with respect to
this property. We say that G is connected if its only component is G itself. If U is a sub-
set of vertices, then G(U) denotes the graph 'G restricted to U', being the subgraph
of G with vertex set U and maximal edge set. See Bollobas[l] for more facts about
graphs.

2. The results

Unless otherwise stated, p = {p(i):i ^ 0) is a given sequence of numbers satisfying
p(0) = 0 and 0 ^ p(i) < 1 for i > 1, and G is a random graph defined as in the Intro-
duction from the sequence p; we shall sometimes refer to p as the probability sequence
of G. The following type of result is standard.

LEMMA 1. Either G is a.s. connected or G is a.s. disconnected.
Before stating our principal result it is convenient to introduce a classification of

probability sequences.

Definition 1. For any probability sequence p, we define n(p) to be the (positive)
greatest common divisor of the set {i:p(i} > 0}. If n(p) = 1 then p is called aperiodic.

THEOREM 1. G is a.s. connected if and only ifp satisfies the two following conditions:
(i) Zp(i) = co,

i

(ii) p is aperiodic.

Furthermore, if (i) does not hold then G a.s. contains infinitely many isolated vertices,
whilst if (i) holds but (ii) does not hold then G a.s. has exactly n(p) components with vertex
sets Zt = {i + nn(p): — oo < n < oo} as i ranges over {0,1, ...,n(p) — 1}.

Condition (i) is intuitively attractive, since the degree p(j) of each vertex j in G
satisfies

0 if T,p(i) < oo

1 if T,p(i) = oo.
P(p(j) = oo) = J

Condition (ii) is natural also. I t is quite easy to see that there is positive probability
that vertices i and j are joined by a path in G if and only if \i— j \ is a multiple of
77(p); thus, if ?r(p) > 1 then (for example) 0 and 1 are a.s. in different components of G.

The following theorem is of crucial importance in the proof of Theorem 1, and we
state it separately.
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THEOREM 2. Let G be the vertex set of the component of G containing 0. If Sfp(i) = oo
then

Ylp(\i\) = co a.s.

For simplicity of exposition we have not allowed any of the probabilities p(i) to
equal 1. However, it is fairly easy to see that in the case when^(t) = 1 for some i > 1,
then G is a.s. connected if and only if n(p) = 1.

A result similar to Theorem 1 holds in higher dimensions. Let d be a positive integer
and let (p(i): i e Zd) be a family of numbers satisfying

0 ^p(i) < l,p(i) =p(-i) forall ield,

and p(0) = 0, where 0 = (0,0,...,0). Let G(d) be a random graph with vertex set Zd

and edge set defined as follows: for each unordered pair i, j e Zd there is an edge between
i and j with probability p(] — i), independently of the presence or absence of all other
edges. Let J = {i: jp(i) > 0} and write

2 Aknk:nkeJ,Xke1 for 1 < k < ra, and m ^ 1}
fc=i )

for the abelian group of linear combinations of vectors in J. Note that the collection
Zd/K of cosets of K in Zd is finite if and only if J contains d linearly independent
vectors.

THEOREM 3. G(d) is a.s. connected if and only if the following two conditions hold:
(i) 2 P(i) = oo.

(ii) K = Zd.
Furthermore, if (i) fails to hold then G(d) a.s. contains infinitely many isolated vertices,

whilst if (i) holds but (ii) does not hold then G(d) a.s. contains \Zd/K\ components whose
vertex sets are the cosets of K in Zd.

Holmes [4] was interested in a problem which is related to ours. His results imply
that the graph G and probability sequence p satisfy

(a) if 2^ ( i ) < oo then G a.s. contains infinitely many isolated vertices,
(ft) if p(i) = a/i and a > 1 then G is a.s. connected.

Our proof of (a) differs from his. It is not too difficult to prove that (6) holds; the main
difficulty in proving Theorem 1 is to prove that, subject to aperiodicity, the condition
of (b) may be replaced by the condition that ^iP(i) — oo.

The rest of this paper contains the proofs of the results above. Theorem 2 is proved
in the next section, and Lemma 1 and Theorems 1 and 3 are proved in the final section.

3. Proof of Theorem 2
3-1. The binomial distribution

The proof of Theorem 2 proceeds by a series of lemmas, two of which are general
results about the binomial distribution. The first of these is an estimate of the tail
of the distribution; such estimates are standard but their form is of some importance
to us.

LEMMA 2. Suppose that Y is binomially distributed with parameters n and p.
(a) If 0 < a ^ | and 0 < p < -^ then

P(Y ^ pan) < 6exp( - \p a n ) .
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(b) Ifp = £ then

Proof. We prove (a) only; the proof of (b) is similar (see Marstrand [5], p. 4). Writing

aU) = I -fP'il ~P)n~K w e n a v e t n a t

(jl) w - j f? < np
= <

a(j) j + U-p j(l-p)'
and so, for all j > \pan, we have that

3-

We write [x] for the integer part of x, and set /? = [\pari], y = |j3aw], to obtain

P ( 7 ^ p«n) < 2 «(i) < S 0(7)3^ < 2a(y).

Moreover

as required, since a(ft) < 1 and y—fi> \pan— 1.1
LEMMA 3. Let XltX2,... be a sequence of random variables, each taking the values

0 or 1, and suppose that

P(Xi+1 = 11 Xi = xt for l^j^i)^p for all x = (xlt ...,xt) and i Js 0,

where p is a constant satisfying 0 < p ^ 1. TAew, /or all n,

P(XX + ... + Xn > m) < P( Y ^ m) /or 0 < m «S n

where Y is binomially distributed with parameters n and p.

Proof. Let Alt A2,... be independent Bernoulli variables with

P(Ai = 1) = 1 -P(Ai = 0)=p for all i.

Let B1,B2, ...,<?!,C2. ••• be random variables, each taking the values 0 or 1, whose
distributions are denned recursively as follows:
(3-1) the distribution of Bi depends only on {ApB^-.j < i},
(3-2) P(B1=l)=p-1P(X1=l),
(3-3) for j ^ 1 we have that

1 = 1\A, = ap B j = bi for l^j^i)
= p~lP(Xi+1 = 1 | Z , = atbt for l£j% i ) ,

(3-4) Ci = AiBifori ^ 1.
We claim that {Clt ...,Cn) and (Xlt ...,Xn) have the same joint distribution for all n,
and prove this by induction. The claim holds for n = 1 by (3-2) and (3-4). Suppose it
holds for n = i. Then

P ( C i + 1 = l,Cf = c t f o r l ^ j ^ i )

= P(Ci+i = 11 Cy = c,. for l^j^i) P(Cj = c,- for 1 sj j < i)

= P(Xi + 1 = 11X, = c, for 1 < j < i) P(X,- = cy for 1 < j < i)

= P(Xt+1 = 1, Zy = c3. for 1 < j < t)
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by (3-3), (3-4), and the induction hypothesis, and the claim has been justified. The
lemma now follows since Ct < At for all i and therefore, for all n,

i=l i=l

where the latter sum has the required binomial distribution. |

3-2. Trees and structures

The idea of the proof of Theorem 2 is to show that, with probability close to 1, for
all large M there exists a positive integer N = N(M) such that 'nearly all' the vertices
jel = {-N, -N+1,...,N] are such that

(3-5) S p(\i-j\)*M,
ieCUI)

where G(j, I) is the vertex set of the component of G(I) containing j . By considering
the vertex 0, it will follow that the probability that

is near 1, and the result will then follow by letting M -> oo. An intuitive reason why
(3-5) often holds is the following. Suppose that M is fixed and t h a t j e / and A £ /
are such that

then, by a previous choice of N large enough,

2 P(\i~j\)
ieI\A

may be made as large as we like, implying that it is very likely that,?' has a neighbour

The following lemma is fundamental. Suppose jeZ, £ c | and v(j, E) is the number
of vertices in E which are adjacent to j .

LEMMA 4. If jel, E c z and M is a positive integer such that

•Zp(\i-j\)>SM
iE

thenP(v(j,E) < M) < 4exp(-pf).
Proof. Without loss of generality we may assume that j = 0. We can partition E

into a disjoint union
E = E1[)E2\j ... [)EiM

such that
Si»(|*|) > 1 for 1 ̂  fc< 4M.
eEf

For each k,

\.
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Thus, by Lemma 3,

P(v(O, E) < M) «£ P(v(O, Ek) = 0 for at least 3M values of k)

where Y is binomially distributed with parameters 4M and \. The result now follows
from Lemma 2(6). |

Henceforth we assume that

(3-6) %p(i) = oo
X

and let 0 be the associated random graph. Let m be a positive integer (later we shall
take the limit as m ->• oo), M = m2, let N be a positive integer such that

(3-7) 2 P(i) > 9Jf,

and write I = { — N, —N+l N}. Until further notice we confine our attention to
the graph G(I), that is G restricted to / . For each jel we shall construct a spanning
tree of the component of G(I) containing j , and shall call this spanning tree the
structure at j . Each structure will be made up of smaller trees, and we begin by de-
scribing how to construct a new ' generation' of a tree, given the previous history. Let
J = {j(l),j(2), ...,j(q)} £ A £ / . Think of A as the set of vertices already dealt with,
and J as the current generation. We define disjoint sets A(s) £ / , s = 0,1, ...,q,
inductively as follows. .4(0) = <j>. Having defined A(0),A(l) A(s — 1), we write

and consider v(j(s), I\A*(s — 1)) = v, say. We distinguish between three cases, and
shall speak of the vertex j(s) as being ' treated' under the case which applies.

Case 1. v > M. We then define A(s) to be a set of M vertices in I\A*(s— 1), each of
which is adjacent to j(s); such a set exists by the definition of v, and we take A(s) to
be the set of such vertices which are least in the lexicographic ordering of I.

Case 2. v < M and Zie^«(s-i)2?(K-j(s)|) > M. We then define A(s) = 0.

Case 3. v < M and ^i5A*(s-i)P(\i-j{s)\) < M. Again we define A(s) = <f>, but we
note the separate case.

Thus the 'generation' J gives birth to the 'new generation' J* given by

(3-8) J* = U A(u),

and we assume that J* is given in increasing order. We call A(u) the family o£j(u).

LEMMA 5. Let J = {j(l) jig)} £ A <= / and let J* be given by the above procedure.
Let K(3) be the number of values of s {with 1 < s < q) such thatj(s) is treated under Case 3.
Then, ifm > 10,

P(/c(3) ^ m^q) < 6exp( -Jm-1?).

Proof. Let X8 be the indicator function of the event that j(s) is treated under Case 3.
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If the second inequality in the definition of Case 3 holds at the stage of treating
j(s+ 1), then

S p(\i-j(s+l)\)>SM,

by (3-7), and Lemma 4 implies that

P(XS+1 = 1 \Xt = xt for 1 < t s? s) < 4 e x p ( - p f )

<M~1

for all (xv ...,xs) and 0 < s < q. Now apply Lemma 3 to find that

P(Zi+... +Xg = «(3) > m~\) < P(Y > m-iq)

where Y is binomially distributed with parameters q and M~x. The result follows by an
application of Lemma 2 with a = \, p = M-1 and w = g>. |

Next we put our generations together to form a tree. Let,706^40 £ / . We define a
sequence of disjoint sets ('generations') Jo, Jlt ...,JW £ / inductively until the process
terminates.First,JQ = {jo}.Ifv(jo,I\Ao) ^ M = m2,thenwedenotebyJxthefirstm2ver-
tices of /\.4O (in the lexicographic ordering) which are adjacent to,;,,; if v(j0, I\A0) < m2

then the process terminates with W = 0. The subsequent stages in the construction are
slightly different. Suppose that we have constructed Jt = {jt{l),jt(2)> •••>Jt((It)} where
qt = mt+1, for 1 ̂  t ̂  v. We then construct a new generation with A = Ao U((Jt=ot't)>
q = qv, J = Jv, forming sets A(s) = Av+1(s), say, and A*(s) = A*+1(s), say, for
0 < s < qv. If there exist at least m~xqv = ra" values of s (such that 1 < s ̂  qv)
under Case 1, that is with

(3-9) v(jv(a),I\A*+1(8-l)) >M = m?,

then, denoting the first mv of these by Q, we define

Jv+i = U ^+i(*)>
seQ

this being a subset of the new generation J* defined in the manner of (3-8). Note that
\Q\ = mv and, for each seQ, |^e+i(s)| = m2. Hence

and we have defined Jv+i = {jv+1(l),---,jv+i(qv+1)}, assumed arranged in increasing
order.

If, however, (3-9) holds for fewer than m" values of s, then the process terminates
with W = v and Jw = Jv. The resulting set

w
(3-10) T(jo,Ao)= \JJV

v = 0

is called a tree. The vertex j 0 is called the root ofT(j0,A0).

LEMMA 6. Consider T(j0, Ao), given by (3-10), and let w be a positive integer. Let K(2)
be the number of vertices in Jw which, when applying the new generation procedure in the
attempt to form the next generation, are treated under Case 2. Then, ifm> 10,

P(W = W,K(2) < mw+1-2mw) ^ 6exp(-Jmu>).

Proof. If the tree terminates after the construction of </„, then there are fewer than
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mw vertices of the last generation Jw under Case 1, leaving at least mw+1 — mw vertices
under Cases 2 or 3. Thus

P(W =TW,K(2) < mw+1-2mw) ^ P{W = W,K(3) > mw)

where /c(3) is the number of vertices of Jw which are treated under Case 3. Now apply
Lemma 5 to find that

P(/c(3) > mw | W ^ w) < 6exp ( - \mw). \

We need a lemma to deal with the special case w = 0.

LEMMA 7. Consider T(jo,Ao), given by (3-10). / /

(3-11) Z,P(\i-jo\)<M,

then the probability that the tree terminates immediately at j0 satisfies

P(W = 0) <4exp(- |m2).

Proof. If (3-11) holds then, by (3-7),

S p{\i-jo\) > SM

and Lemma 4 gives the result. |
We are now ready to put such trees together to form structures. Let j el and define

an infinite sequence To, Tlt... of (possibly empty) trees as follows. To = T(jo,{jo}).
Suppose that T0,Tlt ...,TV ^ I have been constructed. We set Ty+1 = <j> if either
Ty = <f> or there is no pair k, I of adjacent vertices of G such that

keSv = T0[)T1v...(j Ty,leI\Sy.

If Ty =f= ^ and there exists such a pair k, I, then let j be the least vertex in I\Sy which is
adjacent to some k e Sy and define Ty+1 = T(j, {j} u Sy). We write Z = min {y: Ty+1 = 0}
and denote by S(j) the rooted spanning tree oiC(j,I), having rootj, vertex set

to Z

ur,= u Tr,
r=0 r=0

and edge set containing exactly those edges (and no others) of G(I) which were utilized
in the construction of the sets TO,TV ...,TZ. We call S(j) the structure of G(I) &t j .
We shall regard S(j) as either a spanning tree or a set of vertices, depending on the
context, and will make use of the representation

(3-12) S(j) = U Tr
r=0

when thinking of 8(j) as a set. Care is needed here, since there will generally be pairs
x,yel for which S(x) and S(y) are the same sets of vertices but are different structures.

We make two remarks concerning independence. First, at every stage in the con-
struction of S(j) we examine new pairs of vertices and ask whether or not they are
connected; at no stage do we consider a pair which we have considered before. Secondly,
for all x, y, jel,
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and, conditional on S(j), the events {x ~ y) for x,y$S(j) are independent. In fact, a
type of Markov property holds in that, however far one has gone with the construc-
tion of some structure (in the manner of this section), the rules governing future
construction remain unchanged (given the current state).

3-3. Density points

We recall that each vertex keS(j) either belongs to a unique family A of a unique
generation of a unique tree T of S(j), or is the root of a unique tree of S(j). We denote
by Sk(j) the set of vertices of S(j) which were constructed prior to the construction of
the family A (or prior to the construction of k itself, if k is the root of a tree).

Definition 2. ~LetjeI and consider S(j). We call a vertex keS(j) a density point of

(3-13)

We define the property of being a density point in terms of the substructure Sk(j)
in order to preserve the Markov property which was formulated loosely at the end of
the last section.

We aim to show that, with probability close to 1, 'nearly all' vertices in / are
density points of some structure. We shall require a classification of trees also.

Definition 3. Fix jel and consider S(j) = \J?={iTr given bY (3-12)- F o r O ^ r ^ Z w e
have from (3-10) that

w
Tr= U Jv;

r=0

we call W the height of Tr. If W = 0 then we call Tr thin if the single vertex of Tr is
not a density point of S(j). If W > 0 then we call Tr thin if it contains not more than
mw+i _ 2mw density points of S(j). A tree which is not thin is called thick. All empty
trees Tr, where r > Z, are defined to be thick.

LEMMA 8. Fix jel and consider S(j), given by (3-12). Let w and r be non-negative
integers. Ifm> 10 then

P{Tr is thin and has height w) < 6 exp ( - |TO<«)+1)'2).

Proof. We may suppose that Tr + </>, since if Tr = <f> then it is trivially thick. We
write W for the height of Tr and k for the root of Tr. If w = 0 then

(3-14) P(Tr is thin, W = 0 | TT * 0, Sk{j)) < P( W = 0 | Tr * </>, Sk(j),

k is not a density point of S(j))

< 4 exp ( - \m?)

< 6 exp (— \mfr)
by Lemma 7. Next suppose that w > 0.

(3-15) P(Tristhin, W = w\ Tr 4= <f>,8k(j)) ^ P(W = W,K(2)

<6exp(-£m<«'+1)'2)
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by Lemma 6, where /c(2) is the number of vertices in the final generation Jw of Tr which
are treated under Case 2. The result follows immediately. |

Next we estimate the number of thin trees in the structure S(j), and use this esti-
mate to show that, with probability close to 1, 'nearly all' vertices in S(j) are density
points of S(j).

LEMMA 9. Fix j el and consider S(j), given by (3-12). Let w and q be non-negative
integers, and let 6(w, q) be the number of trees Tr such that 0 < r < q, and such that Tr is
thin and has height w. Then, ifm> 104

P(6(w,q) > qS(w)i) <£ min (q8(w),8(w,q))

where 8(w) = 6 exp ( - £TO«C+1>/2) and S(w, q) = 6 exp ( - \q8{w)i).

Proof. First note that

P(d(w, q) > 0) = P ( V {Tr is thin with height w}\
\r=0 /

3-1
^ 2 P(Tr is thin with height w)

< qS(w)

by Lemma 8. To see the other part, let X{ be the indicator function of the event that
Tt is thin with height w. From equations (3-14) and (3-15), we have that

P{Xt = 1 | Xk = xk for 0 s; k < i- 1) < 8(w) for all (x0 , . . . ,x^) and i > 0.

We apply Lemma 3 to deduce that

P(d(w,q) > qS(w)i) ^ P(Y > qd(w)i)

where Y is binomially distributed with parameters q and S(w); the result now follows
by an application of Lemma 2 (a) with a = J, n = q, p = S(w), noting that d(w) < 10~2

for all w ^ Oifw > 104. |

Definition 4. For 0 < v < 1, we call the structure S(j) v-dense if it contains at least
7/|/S(j)| density points.

LEMMA 10. Let e > 0. For all sufficiently large m = m(e) and for alljel

P(S(j) is not (l-e)-dense) < e.

Proof. In the notation of Lemma 9, for all large m we have that

P(3 q, w > 0 such that d{w, q) > qS(w)±)

^ 2 ( S ?#(w) + 2 S(w, q)) where Q = 8{w)~^
w=Q q<Q

10=0

GO

< 2 (8(w)i + 24:8(w)~iexp(-^8(w)~^t)) since l — e~x^ \x for small a;
to=0

oo

< 400 2 8(w)^ since e~v < y~i for large y

< e.
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Thus, the event F that 6{w, q) ^ q$(w)t for all w, q ^ 0 has probability satisfying
P(F) > 1 - e . Let Y = min{r: Tr = <j>}\ on I*1 we have that

(3-16) 6{w, Y) < Y8(w)t for all u> > 0.

We wish to estimate the number of non-density points in 8(j), on F. Let U be the set
of vertices in S(j) which are not density points of S(j); we may partition U into the
disjoint union U = [^ u U2 where Ux is the set of vertices of S(j) which are not density
points of S(j) and which lie in some thin tree of S(j), and U2 is the remainder of U.
On F, we have from (3-16) that

(3-17) \Ut\^ 2 \T\
thin trees

T

for all large m, since trees with height w have 1 + m2 + m3 + ... + mw+1 < 2mw+1 vertices,
and Y < \S(j)\. Finally, let T be a non-empty thick tree of S(j) and let W be its height.
By definition, T contains fewer than 2mw vertices of S(j) which are not density points
of 8(j). For all large m and all possible values of W

2mw ^ \emw+l < \e\T\
and thus
(3-18) \ \ \

thick trees
T

We conclude from (3*17) and (3-18) that, on F, the number of non-density points
satisfies

\U\ <e\S(j)\,

giving that 8(j) is (1 — e)-dense, and the lemma is proved. |
So far we have considered the structure S(j) associated with a single progenitor

jsl, and shown that, with large probability, S(j) is (1 — e)-dense. Next we show that,
with large probability, the same holds simultaneously for ' nearly all' j e / . Remember
that J7| = 2N+1.

LEMMA 11. Let e > 0. For all sufficiently large m = m(e), the number Y of vertices
jel such that S(j) is not (l—e)-dense satisfies

P(Y

Proof. For jel, let X} be the indicator function of the event that 8(j) is not (1 -e ) -
dense. Then

P(Y > (2N+l)e*) < ((2iV+l)e*)-1
JB(7)

= ((2tf+l)e*)-i S E(Xt)

by Lemma 10. |
6 psp 96
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Definition 5. The vertex j eZ is called an M-density point of G if

S p(\i-j\)>M

where C(j) is the component of O which contains J.

LEMMA 12. If e > 0 then for all sufficiently large M = M(e)

P(0 is an M-density point of G) > 1 — 3e^.

Proof. Clearly, for each j e 1, every density point of S( j) is an .M-density point of (?.
From Lemma 11, with probability at least 1 — e* it is the case that the set A of vertices
jel such that S(j) is (1 -e)-dense satisfies |A| > (2N + 1) (1 -e*). But for eachjeA,
S(j) contains at least (1 — e) \S(j)\ ilf-density points of G, and the sets {S(j):jsA}
form a partition of UJE&C(J,I) = D, say, where A £ D. Thus D contains at least
(1 — e)\D\ ^ (1 — e) | A| M-density points of G, giving that the number X of M-density
points of G in / satisfies

with probability at least 1 — e^.
Finally, by the translation invariance of the probability measure, PO'is an if-density

point of G) is constant for aWjeZ, and hence
N

(2N+ 1)P(O is an M-density point) = 2 P(j is an il/-density point)

= E(X)
S? (2iV+l)(l-2e*)P(Z>

and the lemma is proved. |
We are now ready to prove Theorem 2.
Proof of Theorem 2. In the conclusion of Lemma 12, let M -> oo and e -> 0 in that

order to obtain that
S 1»(|»|) = « a.s.

)as required. |
4. The remaining proofs

We write Ec for the complement of an event E, and 1(E) for the indicator function
ofE.

Proof of Lemma 1. Lemma 1 is actually a consequence of Theorem 1, but we include
another demonstration which is based upon the general theory of stationary random
processes. Let Xt = {l(i ~ j):j > i}. The sequence X = {...,X^,Xo,Xv...} is a se-
quence of independent identically distributed families of random variables. The event
that G is connected is defined in terms of X and is invariant under the shift Xs -> Xs+1.
Following Doob([2], pp. 458-60), the event that G is connected is contained in the
trivial tail cr-field of an independent sequence, and thus has probability either 0 or 1. |

Proof of Theorem 1. First we prove that G is a.s. connected if (i) and (ii) hold. Suppose
then that 2i^)(i) = oo and p is aperiodic, and let E(i,j) denote the event that i and,?
are in the same component of G. We shall show that

(4-1)
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To see that this is sufficient for G to be a.s. connected, note that (4-1) implies, by
translation in variance, that

P(E(i,i+ 1)) = P(E(0,1)) = 1 for all i,
giving that

p( n tf(»\»+i)) = i.
\i=-00 /

To prove (41) we proceed as follows. By the aperiodicity of p, there exist non-zero
integers Alt A2 Am and distinct positive integers nx,n2,...,nm such that

m
(4-2) S Xknk = 1

fe=i
and
(4-3) p(nk) > 0 for 1 ^ k ^ m.

We write lk = sign (Afc), and use the A's and n's to construct a sequence 8(0) = (r0, rv

..., rs) of vertices as follows:
(a) r0 = 0 is the first vertex of S(0),
(b) the next |AX| vertices of 8(0) are

(c) the next |A2| vertices of S(0) are

**Ĵ iI+l = A i W j - l - ^ ^ , *"|A1|+2 =

and so on,
m m

(d) s= 2 |AA| and rs = £ Afc% = 1 by (4-2).

More formally, r0 = 0 and for 0 ^ i < s we have that

t-\ t
r — V —L. # *M IT \ ^ I Ji I ^" A ^* X 1 I A I

2+1 "~~ i i^ £ t ^ J I fcI ^ ^ J r « r I '

where an empty summation is interpreted as 0. We may assume that the A's and n's
were chosen in such a way that no vertex appears more than once in S(0), since if
some vertex, v say, appears twice then the ' loop' in 8(0) between these two appearances
of v may be removed to obtain a shorter sequence S(0) joining 0 to 1; that is, we assume
that ri #= rt ifi 4= j . I t is an immediate consequence of this and (4-3) that the probability
that 5(0) is the vertex set, in the correct sequence, of a path in G between 0 and 1
satisfies

(4-4) P(S(0) is a path in G) = p(n1)^ ... p(nm)lAm^ > 0,

and we shall use this fact later. Another useful fact to be used later is the following.
Let p ' = (p'(i): i > 0) be the probability sequence defined by

(0 if i — nk for some 1 < k < m

lp(i) otherwise.
Then
(4-6) %p'(i) = oo.

i

6-2
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We shall think of the edge set of G as being constructed in three independent stages.
Let E = {(i,j): * < j}, the set of possible edges of G, and partition E into three disjoint
sets as follows: " -— _

E = E1 U E2 U E3

where
E1 = {(i,j):i <j and j — i = nk for some 1 ^ k ^ m},

^2 = {(*,j):i <j,i = lorj= l}\Elt

E3 = E\{E1 u E2).

Thus Ex contains all pairs (i,j) whose separating distance equals some nk, and E2 is
the set of all remaining pairs which use vertex 1. Let G3 (respectively G23) be the sub-
graph of G obtained by deleting all edges of G which belong to E1 u E2 (respectively E^);
clearly G3 is a subgraph of (r23. Let C3 (respectively C23) be the vertex set of the com-
ponent of G3 (respectively G23) which contains 0, and define the events A1 and A2 by

(4-7) ^ i = {S3»(|*|)<oo},
ieCa

(4-8) A2 = {Xp(\i\ ) = oo}.
ieCa

We shall show that

(4-9) P(E(O,l)oAi) = P(Ai) for * = 1,2.

Equation (4-1) is an immediate consequence of (4-9) since if the latter holds then
P(E(0, i)) = 2 ^ ( 0 , i) n At) =

i i

and it remains to prove (4-9). Consider Ax first. G23 is a random graph with probability
sequence p ' given by (4-5), and Theorem 2 and (4-6) imply that

(4-10) 2 p(\i\) = oo a.s.

Compare this with the definition of -^ to see that, on Ax, E(0,1) occurs except on some
null event (since if 0 and 1 are not in the same component of (r23 then C3 = C23, and the
infinite sum of (4-10) and the finite sum of (4-7) contradict each other); thus (4-9)
holds for i = 1. Suppose next that A2 occurs. On A2, we have by definition

and so, by the second Borel-Cantelli lemma, on almost all of A2 (that is, on all except
a null subset of ̂ 42) there exist infinitely many pairs (i,i + 1) satisfying ieC3,1 ~ (i + 1)-
Therefore, on almost all of A2 there exist infinitely many pairs (ip if + 1) for̂ " = 1,2,...
such that ijSOg, 1 ~ (ij+ 1) and

m
(4-11) * m ^ » i + 2 S |A*|nfc + 2.

Next we consider the edges of G lying in Ex; these edges are present or absent inde-
pendently of G3 and G23. Writing S(l) = Z + <!?(0) for the sequence (I = I + r0,1 + rx

l + ra = l-V 1), we have from (4-4) that

P(S(l) is a path in 0) = P(S(0) is a path in O) > 0.
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Furthermore, S(ij) D S(ik) = <j> if j =(= k, by (4-11). Thus, on almost all of A2, infinitely
many of the paths {S(ij) :j ^ 1} occur, and therefore at least one such path, S(iK) say,
occurs. Consequently, on almost all of A2, 0 and 1 are in the same component of G,
since iKeC3, 1 ~ (iK+ 1), and the path S(iK) exists. Thus (4-9) holds for i = 2 and the
first half of the proof is complete.

If (i) of Theorem 1 fails then, for each i e Z,

a = P(i is isolated in G) = f[ (1 -p(j)f > 0.

By the ergodic theorem, the number In of isolated vertices in {1,2,..., n} satisfies

- / „ - » / a.s. and in L1, as n -» oo,
7b

where E(I) = a and 0 < / ^ 1. Actually I = a a.s.; this is a consequence of the fact
that the probability measure is ergodic, but a more elementary way to prove it is to
estimate the variance of n~xIn. A simple calculation shows that

var
/I \ 1 n

( - / „ ) = -jj 2 cov(l(i isolated), l(j isolated))
1 / n \

= -51 2 P{i and i isolated) I - a2

^ | x
n n2

 k=1l-p(k)
Now p(k) -> 0 as k -» oo, and hence (1 -^(fc))-1 = 1 +?(&) where g(i) ^ 0 and
as k -> oo. Thus

v a r I - J

->• 0 as n -> oo.

But E(n-xIn) = a for all w, and hence

- /re -> a in 2/2,
ft

showing that / = a a.s. as was claimed. It is an immediate consequence that In -> oo a.s.
as n -> oo.

Finally, suppose that (i) of Theorem 1 holds but (ii) does not hold. Clearly a.s. no
pair xeZ{, ye Zj of vertices of G is joined by an edge of G if i 4= j . Furthermore, the
probability sequence p" = (p"(i) = p(in(p)):i ^ 0) is aperiodic and

i) = co,
i

implying by the first part of Theorem 1 that the graph of G restricted to Zi is a.s.
connected for each 0 < i < n(p). |

Proof of Theorem 3. The proof of Theorem-2 is easily adapted to higher dimensions,
giving that if Sj^(i) = oo then

2 p(i) = oo a.s.
ieC(d)

where C(d) is the vertex set of the component of G(d) containing 0. It is now straight-
forward to deduce the result as in the previous proof. |
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