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Abstract. Let wn denote a random graph with vertex set {1, 2, ...,n), such that each
edge is present with a prescribed probability p, independently of the presence or
absence of any other edges. We show that the number of vertices in the largest com-
plete subgraph of o>n is, with probability one,

.—--^- as n->co.

I t follows from this result that the chromatic number of u)n is, with probability one, at
least

we conjecture that this is also an upper bound. Finally, we study a particular graph
colouring algorithm and show that in probability it requires twice this number of
colours to colour the graph wn.

Introduction. We are concerned with colouring random graphs in which each pair of
vertices is joined by an edge with a prescribed probability. So far as we know, no
authors have attempted an analytic approach to this problem; but Matula, Marble and
Isaacson (5) have discussed the efficiency of certain graph colouring algorithms, and
Holgate(3) has established statistical bounds for the chromatic number of random
graphs by studying the colouring algorithms of Welsh and Powell (6), Wilf(7) and
others. Erdos and R£nyi referred briefly to random colouring problems at the end
of a very interesting paper (l) in which they describe the probable structure of large
random graphs. However, the probabilistic structure of their model differs from that
which we study here. They considered graphs on n labelled vertices with N(n) edges,

where N is a prescribed function and each iV-subset of the I I possible edges occurs

with equal probability. In this paper, we postulate that each edge occurs with a
prescribed probability p independently of the presence or absence of any other edges.
Thus, the number of edges in a random graph on n vertices is a random variable with
expectation \pn{n — 1), which further contrasts with (l) since Erdbs and Re"nyi con-
sidered only cases satisfying N(n) = o(n2). However, they note that for the problems
which they treat there is no essential difference between the two approaches when p is

set to p(n) = N(n)/©•
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The general theory of graph colouring is not only of interest to the graph theo-
retician. I t also has applications in such fields as operations research, since many
problems which may be formulated in terms of graphs have solutions which are
specified by a vertex colouring using as few colours as possible. In the literature (see for
example (5)), several algorithms are described which aim to colour an arbitrary
graph G with a number Y{G) of colours, so that T(G) is close to the chromatic number
X{G) whenever possible. I t is important to be able to calculate the average size of
F(G) — x(G) over, say, all graphs with n vertices, and it has been customary, though
not very satisfactory, to test algorithms on certain standard classes of graph or on a
set of pseudo-randomly generated graphs. Of course, for the simple Welsh-Powell
algorithm (6) there exist graphs for which Y — x is arbitrarily large, and this may be true
for other colouring techniques. A major difficulty in investigating the behaviour of
F — x empirically is the amount of computer time required to find the chromatic
number of a large graph, and little has been done in this direction save direct com-
parison of the numbers of colours used by the different algorithms. A large part of this
paper is devoted to a detailed analysis of the number of colours used by a very simple
method of colouring a random graph. We make a conjecture which, if its truth were
established, would imply that this algorithm usually uses about twice the minimum
number of colours required.

1. Definitions. A graph G = (V,E) is a non-empty set V of points or vertices,
together with a set E of distinct unordered pairs {u,v} with u,veV, M + D. Each
element {u, v} of E is an edge and joins u to v. The vertices of an edge are called its
endpoints. So, we are concerned with undirected graphs with neither loops nor multiple
edges. For the general theory of graphs see (2) or (8).

A graph G' = (V, E') is a subgraph of a graph G = (V, E) if V £ V and E' £ E. The
subgraph of G = (V, E) induced by the subset V of V is the graph G' = (V, E') where
E' is the set of all elements of E which join pairs of elements of V. Thus, the subgraph
of G induced by V is the largest subgraph of G with vertex set V. Unless we specify
otherwise, any subgraph referred to in this paper is the subgraph which is induced by
its vertex set.

The complementary graph G of G = (V, E) is the graph (V, E), where {u, v} e E if and
only if {u, v) $ E, for each u, v e V.

A graph is called complete if each and every pair of vertices is joined by an edge.
A null graph is the complementary graph of a complete graph; it has no edges.

A colouring of a graph is an assignment of colours to the vertices such that no two
vertices have the same colour if they are joined by an edge. So, a colouring of a graph
gives a partition of its vertex set such that each set in the partition induces a null
subgraph. A k-colouring is a colouring which uses k colours, and a graph is said to be
k-colourable if it has a ^-colouring. The chromatic number of a finite graph is the least
integer k for which the graph is ^-colourable. The edge chromatic number or chromatic
index of a finite graph is the least number of colours required in order to colour each
edge so that no two edges with a common end point have the same colour.

The degree of a vertex is the number of edges of which it is an end point.
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Let £2 be the set of all graphs with vertex set N = {1,2, 3,...}. By the following
routine argument, we will define a probability measure on a certain <r-field of subsets
of Q in such a way that the probability that an edge joins any two given vertices of a
randomly chosen graph is a fixed number p, independently of any set of information
about the presence or absence of other edges.

If a) e £2 and / c ftj, we write w(I) for the subgraph of o> induced by the vertices / .
If / = {1, 2,..., n} then we write a>n for &>(/).

For each finite subset I ^ N and each graph G with vertex set / , let

[6?: / ] = {we £2: o)(I) is G}.

That is, [G: I] is the subset of £2 consisting of all members of £2 which have G as their
subgraph induced by / . The set of finite-dimensional cylinders of £2 is the set of all such
[(?:/] as G ranges over all graphs on finite subsets I of N. We use ^ to denote the
smallest cr-field of subsets of £2 which contains all the finite-dimensional cylinders of £1.
Now, we are able to define a probability measure P on (£2, J5") by specifying its value on
each finite-dimensional cylinder as follows:

P([G: I]) = p*q®-,

where p is a prescribed number such that 0 < p = 1—q < 1, and v(= \I\) and e,
respectively, are the numbers of vertices and edges in the finite graph G. We ignore the
trivial cases p = 0,1.

For any real x, [x] and {a;} denote the greatest integer not greater than x and the
least integer not less than x respectively.

2. Largest complete subgraph. In this section we study the size of the largest subset
of {1,2,..., n} which induces a complete subgraph of a)n.

THEOREM 1. Let Kn((o) denote the size of the largest complete subgraph of con. The
sequence {Kn} of random variables satisfies

—— -> — -r- as n -> oo
log n log 1 ip

almost surely and in any mean.

In section 3, we use this theorem to derive information about the chromatic number
ofwn.

We require a lemma in order to prove the theorem. Let Nn(a>) denote the number of
complete subgraphs of the graph wn (n ^ k), which have exactly k vertices, and let
Qfc £ £2 be the event that wk is a complete graph.

LEMMA.

This was noted by Matula(4). We give a more direct proof.

Proof. Clearly

P(Kn > k) = P(some complete subgraph of wn has k vertices)
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Also E(Nt) = E(N*\Kn > k)P{Kn > k)

Note that E{N*) = (]*) I****"1*. (2-1)

where m = max (0, {k— \n}).

Proof of Theorem 1. First, we prove the almost sure convergence. Let

Then, by the lemma and (2-1),

P(Kn > k(n)) <

and let Tt(n) be given by

Then, by the lemma, (2-1) and (2-2)
L2«(n))

i=o /

()
because S T^n) > 1.

t=0

Now ! i L 7 l | _
Ti-1/ \ n-d+l

71

n

= o{n~i) for any integer i. (2-3)

Thus, by the Borel-Cantelli lemma

Km sup:—— < -——r-
n^logn logl/p

almost surely.
Now, let 0 < e < 1,

S2i(»)) -1 (2-4)
i=o /
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since (1 — x)n ^ 1 — nxand i—x < e~x < 1 — z + o(x%) forx > 0. Also

and we deduce that

Furthermore, for 2 ^ j ^ d(n),

A* 3 - 2

_ o^i-Je^ and so for sufficiently large n we have that

l, y=l,2, . . . ,d(n)). (2-6)

I t is easy to check that T2(n) = o(n~^), and therefore

P(Z n < d(n)) ^ T0(n) + Tx{n) - 1 + d(n) T2{n)

= o(»-»), (2-7)

by (2-4), (2-5) and (2-6). By the Borel-Cantelli lemma

liminfi ^ 2

logn ^ logl/j)

almost surely, and we have shown the almost sure convergence of Theorem 1. Con-
vergence in any mean now follows easily from (2-3) and (2-7), since 0 < Kn < n.

3. Chromatic Number. Several authors (see (l), (3), (5)) have investigated properties
of the chromatic number of a random graph. In this section we present results which
partially describe its asymptotic limit for large graphs.

We deduce the following from Theorem 1.

COROLLARY 2. Let In(co) denote the size of the largest null subgraph of the graph o)n. Then
the sequence {/„} satisfies

41 2

2 a s «->oologl/g
almost surely and in any mean.

Proof. Since each edge of co e Q. is absent with probability q, Theorem 1 holds with
Kn and p replaced by In and q.

COROLLARY 3. Let xJS0) denote the chromatic number of the graph o)n. Then the sequence
{%„} satisfies

almost surely.
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Proof. Since each colour set in a colouring of wn contains at most In(<o) vertices, we
have that #„(&>) In(cj) ^ n. Hence

P(liminf(xn

= 0
by Corollary 2.

Some authors (for example (5)) have used the size of the largest complete subgraph
of a graph as a lower bound for its chromatic number. I t is obvious from Corollary 3
and Theorem 1 that, for random graphs, Xn^-n ^ n provides a much better lower bound
than Xn ^ K-n> when n is large.

In section 4, we show that

>1 as w->oo (3-1)

for any e > 0, but we are unable to improve this upper bound for the limit of the
sequence {xn(^°Snln)}- Indeed we cannot show that the sequence converges at all.
However, if E is the event that it converges, then the probability of E is either zero or
one. For, E is in the cr-field of events generated by the sequence (X\> x& • • •) a n d is clearly
independent of any finite subsequence. The assertion follows by a zero-one law. We
make the following conjecture about the sequence.

Conjecture. The sequence {xn} satisfies

l/ as n-^co.

We have made little progress towards establishing the truth of this conjecture, but
we see the next two theorems as evidence to support it.

THEOREM 4. Let C*(w) denote the number of different k-colourings of the graph wn. Then,
setting k(n) = [a log \fq (w/logn)], we have that, asn-+co,

(0 if a s s i
\
[oo if a > \.

THEOREM 5. For any positive integer r let /£(«) denote the number of vertices in the
largest r-colourable subgraph of o>n. Then the sequence {Ir

n} satisfies

In 2r
> a s n -> oolog n logl/g

almost surely and in any mean.

I t would be valuable to know the behaviour of Ir
n when r increases with n. Certainly,

a result similar to Theorem 5 holds so long as logr = o(logn), but what happens if

r = 1«logwj
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Proof of Theorem 4. Let k(n) = [alog 1/g {n/logn)]. Given a collection of k colours,
there are kn different ways of assigning a colour to each point of {1,2,..., n}. Let s/ be
such an assignment and let Pt (1 ^ i < k) be the number of points coloured with the ith
colour. The probability that stf is a (proper) colouring of wn is

by the root mean square inequality. Hence

E(C*) <

exp in log k - U °%n + \n log \.\q\

-> 0 if a
I t is easy to construct a second proof of Corollary 3 from this result.

Now let d(n) = \njk{n)]. Then led ^ n ^ k(d +1), and C£(w) is at least the number of
fc-colourings of a>n for which the sets in the corresponding partitions of {1,2,..., n} each
have size d or d + 1. Hence

E(C*) > N(n)qikd<d+1\

where N(n) is the number of partitions of {1,2 n} into k sets each of size d or d +1.
But then N(n) is at least the number of partitions of {1,2,..., kd} into k sets each of
size d, and so

Hence

->oo as w->oo if a. > \,

using Stirling's approximation for factorials. This completes the proof of Theorem 4.

Proof of Theorem 5. This follows from Corollary 2 on choosing r disjoint subsets of
the vertex set {1,2,..., n}, each of cardinality \njr\.

Finally, we consider briefly the chromatic index of a random graph. This is
straightforward.

THEOREM 6. Let ^(w) denote the chromatic index of wn. Then the sequence {Xn} satisfies

v'
— ->p as n -¥• oo
n

almost surely and in any mean.

Proof. Let An(w) denote the maximum degree of the vertices of wn. By Vizing's
theorem (see (8) for example), 0 < x'n — Are ^ 1 for all n and w. Thus it is sufficient to
show that

—- -*• p as n -> co
n
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almost surely and in any mean. To see this, define f(x, y) by

Then f(x, x) = 1 and it is easy to check that/(x, y) < 1 for x 4= y. Choose e such that
0 < e < min{p, q}, and let wi = m(n) = {n(p + e)}. The degree of each vertex of u)n is a
binomial random variable with expectation less than m. Hence

P(An ^ m) ^ n P(degree of vertex 1 is at least m)
.{n\

)n(l+o(l)),

where A is a positive constant and we have used Stirling's approximation. Similarly,
writing r = r(n) = [n(p — e)],

P(An ^ r) < BnHf(p,p-e))n(l+o(l)),

where S > 0 is constant; and the almost sure convergence of the theorem follows from
the Borel-Cantelli lemma. It is easy to show convergence in any mean since 0 ^ An < n
for all n and w.

4. A Colouring Algorithm. Next, we describe a simple graph colouring algorithm and
study the number of colours which it uses to colour the vertices of a random graph.

Let G be any graph with vertex set {1,2, ...,n] and suppose that the available colours
are {cv c2, c3,...}. We colour vertex 1 with clf and then proceed to colour the remaining
vertices in increasing order, using Cj to colour vertex i (2 ^ i < n) where j is the least
positive integer such that no vertex already coloured c} is joined (in G) to i. In the
literature (see (5), (6), (7)) several authors describe similar algorithms which colour the
vertices of a graph in an order which depends upon prior information about the
degrees of the vertices. For example, Matula and others (5) made computer simulations
using four different criteria for ordering the vertices of a pseudo-random graph. In
general, of course, one would expect these techniques to require fewer colours than the
algorithm which we have described above. Nevertheless, we are forced by considera-
tions of independence to use this latter technique.

First, we consider the set of vertices of wn which are coloured cv Certainly vertex 1
belongs to this set and further vertices are admitted in increasing order, vertex i being
included if and only if it is joined to no '̂ (< i) which is already a member. Obviously
this set induces a null subgraph of con.

THEOREM 7. Let o~n(w) denote the number of vertices of con which are coloured with the first
colour. Then the sequence {crn} satisfies

log n logl/g

almost surely and in any mean.

as n-> oo
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This should be compared with Corollary 2. We will use this to prove the main result of
this section.

THEOREM 8. Let Fn(w) denote the number of colours required by the algorithm to colour
o)n. Then the sequence {Tn} satisfies

_, logTO , ,
1 n — -—> log ijq as n -> oo

h

in mean, and hence in probability. Furthermore

almost surely.
Note that, as with the conjecture in section 3, application of a zero-one law shows

that the convergence in Theorem 8 holds with probability zero or one.
Since xn ^ ^n, we deduce immediately that (3-1) holds.

Proof of Theorem 7. Let coeCl, and pf Q -> {0,1,2,...} (i = 0,1,2,...) be given by

: o-n(co) = i} for i ^ 1.

= pi+1—Pi (i = 0,1,2,...) defines a sequence of independent random variables
with So = 1 and the ^ (i > 1) distributed geometrically as

P(*t=j) = g"(i-?*)'-1, 0" = i.2,3, ...)• (4-i)

Furthermore p- = 2 St, (j = 1, 2, 3,...). (4-2)
i=0

Now let e > 0 and r be a positive integer. Choose m = m(e) such that em(e) > r. Then,
writing

we have

P(an > k(n)) ^ P(pk < n)

Si^n, for each i = 0,1, ...,k- 1)

n ( ( ? ) )
t=0

by (4-1) and (4-2). Now, &(?i) > m for all sufficiently large n, and so

{l~{l-qk-m)n)m

(W2f c-m)m

n~emq~mt

(4-3)
PSP77
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since (l—x)n ^ 1 — nx for 0 ^ x < 1. By the Borel-Cantelli lemma

| = 1.

Next, we show that the reverse inequality holds. Let e > 0 and

Then
P(crn < d(n)) = P(Pd > n)

• < P(St > n/d, for some i = 0 ,1 , ...,d— 1)

t=0

= S ( i -

(4-4)

since 1 — a; ^ e"2. Once again we use the Borel-Cantelli lemma and deduce that

P (liminfr^- > log 1/^ = 1,\ n^ logn 6 'V

which completes the proof of almost sure convergence.
It is easy to show convergence in any mean by noting that 0 < an ^ n and using

(4-3).

Proof of Theorem 8. We show first that

P(liminf ( r n ^ p ) > logl/g) = 1. (4-5)
\ n->-<B \ n / I

Let cr\ (i = 1,2,..., n) be the number of vertices of wn which are coloured c€. Then

J

cr\ = crn. Let e > 0 and

Then

Pio-%, ^ n/d, for some i = 1,2, ...,d)

2 P(o-i > n/d)

-n > nfd)
= o{n~r)

for any positive integer r by (4-3), and (4-5) follows from the Borel-Cantelli lemma.
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To prove convergence in mean, it is now sufficient to show that

where yn = ETn, because Tn > 0 and (4-5) holds.
Let e > 0, and let N be a positive integer such that, whenever n ^ N, we have

- ( 4 6 )

Obviously yn ^ (1 + e) n | ° g ^ g + JV (4-7)

for all n ^ 2V. Suppose that m > N and (4-7) holds for all n < m.Then

m

7m = 1 +
i

by the induction hypothesis and the concavity of n/log n. This latter condition also
implies that, for 1 ^ x ^ n — 2,

n (n — x) x(log n — 1)
log n log (n — x) •" (logw)2

Hence ym =

by (4-6), and the induction step is completed. Therefore (4-7) holds for all n, and

limsup(yn—— I ^ 1+e

for any e > 0. The result of Theorem 8 follows.

Conclusion. There remain many open problems in this field. First, there are two
questions which arise directly from this paper; the' more important of these is to
establish the truth or falsity of the conjecture in section 3. Also, we have been unable to
prove any stronger form of convergence in Theorem 8.

There appears to be interesting work to be done in certain areas related to those
which have concerned us. The theorems of this paper are all of an asymptotic nature,
and are of limited practical use. For example, in section 3 we assert that n\In is a better
lower bound than Kn for the chromatic number of o)n, when n is large. Apart from one ex-
ceptional graph, this is never true for n ^ 6, and Table V of (4) suggests that it is false
for n less than 100 when# = \. Our results would be of more use if they included some
measure of the rates of convergence of the random variables in question. Finally, to
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what degree is it possible to describe the limiting distributions of these random
variables when they are normalized by suitable functions ? In general, this would seem
to be very difficult, although we are able to do it (see (9)) for the variables {<rn}.
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