THE ASYMPTOTICS OF RANDOM SIEVES
G. R. GRIMMETT anp R. R. HALL

Abstract. Let &= (s, 5,,...) be a collection of relatively prime integers,
and suppose that #(n) =|#n{1,2,..., n}|is a regularly varying function with
index a satisfying 0<a <1. We investigate the ‘“‘stationary random sieve”
generated by ¥, proving that the number of integers less than k which escape
the action of the sieve has a probability mass function with approximate order
k~*/?in the limit as k - co. This result may be used to deduce certain asymptotic
properties of the set of integers which are divisible by no s € &, in that it gives
new information about the usual deterministic (that is, non-random) sieve.
This work extends previous results valid when s; = p7, the square of the ith
prime.

§1. Introduction. Let &¥=(s;, s,,...) be a sequence of relatively prime
positive integers satisfying 1 <s, <s,<.... Itis of great interest to understand
the statistics of the set U of “¥-free” integers, being those which are divisible
by no member of &. Of particular interest to number theorists is the case
when s; = p7, the ath power of the ith prime, for which U is the set of “a-free
numbers”.

It was shown in Grimmett (1991) that some asymptotic properties of U
may be investigated via a certain weak convergence result relating U to the
“random sieve generated by ¥, a random process defined as follows. Let
X,,X,,... be independent random variables, X; having probability mass
function

1/s, iflsr<g;,
0, otherwise,

P(X;= r)={

so that X, is equally likely to take any value in {1, 2, ..., s;}. (Throughout this
paper, P stands for probability and E for expectation.) Let ¥$={g,, g>,...}
be a set of distinct labels, and attach labels to integers in the following way.
For each m = 1, we label with g,, each member of the set {X,,, + ks,,,: 0 < k <00},
The outcome of this process is a random vector I'=(I";, I’,, ... ) of subsets of
%, T'; being the (random) set of labels of i. It is easy to see that the vectors
(ry,T,,...) and (I';,T;,...) have the same distributions, so that I" is a
stationary random process. Of especial interest in this general setup is the set
of integers with empty label sets. Writing I for the indicator function of the
event A, consider the stationary random sequence I =(I;r,_g:i=1) of 0’s
and 1’s. It is a simple matter to calculate the mean of the partial sum

k
%=X Iui-o) ={ie{1,2,...,k: T, =0}

[MATHEMATIKA, 38 (1991), 285-302]
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thus:

1
EC)=kPT,=2)=k [] (1 —;),
se¥
which is strictly positive, if, and only if]

1
Y —<co;
ses §

we shall assume always that this last sum converges. Of more interest are the
higher moments of X,, and particularly its variance. Hall (1982) proved that

var (Z) =02 Vk+ Okt »)  as k—> oo,

for some constant o and all £ >0, in the special case when s; = p?, the square
of the ith prime (see Hall (1989) for bounds on the higher moments of X,).

A subsidiary result of this paper will be that var (X,) is (in some suitable .

sense) approximately k” under the rather weak assumption that the *“distribu-
tion function” 7(n)=|¥n{1,2,..., n}| of & is regularly varying with index
o satisfying 0 < a <1 (that is, w(cn)/ w(n)-> c® as n> 00, for all ¢>0). Itis
most striking that var (Z,) does not have order k, an observation which reflects
the fact that the stationary sequence I has substantial correlations over
unbounded distances. That is to say,

_ N 1 1—(2/S))
PT=2.I' =02) SIEL(I s>ﬂ?(1—(1/s)

—> PT,=J)* as t — 00,

It is presumably the case that, possibly under mild extra conditions,
(2 — E(Z))/vvar X, converges in distribution as k- 00, and indeed that the
random process Y, (1) =Z 4, converges weakly as k- co, when suitably nor-
malized, to a limit process which is self-similar with index ;a. We are unable
to make any substantial progress towards this conjecture. Instead, we extend
in this paper the main conclusion of Grimmett (1991). It was shown there
that, for the case when s; = p?, the mass function of X, has approximately
order k™' as k00, in the sense that

M =sup {P(Zx=/)}
satisfies j
A<k'*M,<Blogk, (1.1)
for all k and some positive constants A and B. For general ¥ we have the

following result.

THEOREM 1. Suppose that w(n)=|#n{1,2,...,n}| is regularly varying
with index a satisfying 0<a <1, and let ¢>0. Then M, =sup,; {P(X, =j)}
satisfies

k—s < ka/szs ks’ (1.2)
Jor all large k.
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We recall that the function = is said to be regularly varying if

. w(en) -
He)=lim =)

exists for all ¢ > 0; if 7 is regularly varying then it is easily seen that I(c)=c”
for some a, called the index of the function. See Feller (1971, p.275) and
Bingham, Goldie and Teugels (1987).

The conclusion (1.2) of Theorem 1 is rather weaker than the special case
(1.1) of the squares of the primes; this is of course due to the weakness of the
assumption on ¥ in the general case. Rather more is provable for particular
choices of &. In the proof of this result, the full assumption of regular variation
is not used; slightly less suffices, but the gain in stating a marginally more
general conclusion subject to a very messy hypothesis seems insignificant.

In proving Theorem 1, we shall obtain slightly more than stated there.

THEOREM 2. Suppose that w(n)=|¥n{1,2,...,n}| is regularly varying
with index a satisfying 0<a <1. Then M, =sup, {P(Z, =j)} satisfies
A Bg, (k)

—=s=M,=

Ok V imksey KIS

where A and B are positive constants, oy, =var (2;), and g, (k) is given by

for all k, (1.3)

1, A if 0<a<j
2
1 k
g.(k)= {min 1+; Z; ,Viog k {loglog k}'** }, ifa=3 (1.4)
oy
viog k, ifi<a<l

where ¢ is an arbitrary positive constant.

The principal component of these results is the upper bound for M,, being
an upper bound of order (¥ ., k/s)”"/?; such sums are understood to be over
values of s in &. The logarithmic terms in the upper bound are of little
importance and may be improved with extra work, especially in the case a =3.
When ¥ is the set of ath powers of the primes, then @ =1/a and

_,E akl/a
ks (a—1logk’

se¥

so that Theorem 2 implies that

A log k
—=sM;,<B \/-—,
(24" k kl/a

which leads to (1.1) in the case a =2.

The above theorems may be applied, via the weak convergence theorem
of Grimmett (1991), to the usual (non-random) sieve generated by &. For
each m = 1, we label with g,, every multiple of s,,,. This resuits in a deterministic
sequence G =(G,, G,,...) of subsets of the label set ¢, G; being the set of
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labels of i. Of principal interest is the set U(G)={m: G, =J} of “¥-free”
integers. Let

S (m)=|U(G)n{m m+1,..., m+k—1}|
If 1/s; is summable then

pi(j)=lim {':; |{m €{1,2,...,n}: Si(m) =f}|}
exists and is given explicitly by p,(j) = P(2, =j). Information about the mass
function of X, may therefore be translated into information about the number
of ¥-free integers in a typical interval. If s is regularly varying with index a
satisfying a €(0, 1), then certainly 1/s; is summable, and it follows from
Theorem 1 that, for all £>0,

kK <k*?sup{p(j)}<k° for all large k. (1.5)
J

In proving the above theorems, there is a particular complication when
j<a<1. This difficulty arises from the fact that, if one throws b= B“ balls
independently at random into B boxes, then the number Y of boxes containing
two or more balls has order approximately b*/(2B)=4B**"", and this tends
to infinity as B - oo, if, and only if, @ >3. We resolve this difficulty by proving
a limit theorem for Y as B -0, together with an estimate of the rate of
convergence therein. Such results may be found in Section 2. Readers inter-
ested only in number theory may pass directly to Section 3, which contains
the proofs of Theorems 1 and 2.

§2. The occupancy problem. We shall use the result of this section in the
later proofs of Theorems 1 and 2.

The occupancy problem is one of the most elementary of probability theory.
We are provided with B boxes and b balls, and we allocate the balls one by
one to the boxes in such a way that each ball is equally likely to go into any
of the boxes, and different balls are allocated independently of each other.
Let X be the number of non-empty boxes. The asymptotic distribution of X
as b, B> o0, subject to b =f(B) for some given f, has been much studied (see
for example Kolchin, Sevastyanov, and Chistyakov (1978) or Chow and Teicher
(1978)).

Instead of working with X, we shall work with Y = b — X, the number of
balls which are allocated to already occupied boxes. It is not difficult to see
that A= E(Y) satisfies A =(1+0(1))b*/(2B) and also A 'var(Y)-1 as b,
B-> in such a way that b/B-0. This suggests a Poisson limit theorem
which, with an estimate of the rate of convergence, is the subject of the next
theorem.

THEOREM 3. There exist positive constants C, and C, such that, whenever
1<2Blog B<b’ and b=< C,B, then ‘

< Cz
T VB{1+(jB/b)}

P(Y =j)— Ne™ 2.1)
j!

forj=0,1,2,....
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THE ASYMPTOTICS OF RANDOM SIEVES 289

There is a corresponding result for the total variation distance between Y
and the Poisson distribution,

dry(Y, ) =sup {|P(Y e A) - P(Il € A)]}, (2.2)
A

where II is a random variable having the Poisson distribution with mean A,
and the supremum is taken over all subsets A of Z={0,1,2,...}. Indeed it
is straightforward to deduce from the arguments of Barbour and Holst (1989)
that

var(Y)

dr (Y, I)=1- E(Y)’

(2.3)

and a calculation of an elementary nature then implies that there exists a
constant C such that

b
dry(Y, M) < Cp. (2.4)

One must work a little harder for the ““local” estimate of (2.1), and we shall
make use of Theorem I1.Q of Barbour, Holst, and Janson (1991) in order to
establish this.

The main purpose of Theorem 3 is to establish an error estimate. The
condition that b°=2B log B may be weakened by a closer look at the proofs.
More careful asymptotic analysis than that presented here would yield esti-
mates for the constants in (2.1) and (2.4).

Proof of Theorem 3. Suppose that 1<2Blog B<b”and 6<b<1}B.
First we estimate the mean and variance of Y. Clearly

b
E(Y)=b—E(X)=b—B{1~—(l—;l§) } (2.5)

since each box is empty with probability (1~B™')>. A similar elementary
calculation (or see Kolchin et al. (1978, p. 5)) shows that

var (Y)=var (X)

2\* 1\ , 112
=B(B—1)<l-—-§) +B(1—§) -B (1—5) . (2.6)

It is clear from (2.5) that A (= E(Y)) is given by

—b—l b (__l)H-l
_El (i+1> B

b b3 b 1 bz( b)
— — + 27
<28 ,Zm 2B\b B (2.7)

and hence

/\__

b2
, 2B

As for the variance, a careful expansion of A —var (Y) yields

vomen = (1) 52,0050 £ () 5
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290 G. R. GRIMMETT AND R. R. HALL

With some care, one may deduce the existence of a positive constant y, such
that
3 b4 )
/\—var(Y)~§2%2- <‘y1§5. (2.8)
We denote the balls by B(1),B8(2),...,B(b) and the boxes by
(1), 7(2), ..., 7(B). We may assume without loss of generality that B(1) is
allocated to 7(1); otherwise we relabel the boxes. The remaining balls are
allocated to boxes one by one in a random order. Let 7= (m,, m,..., m)
be a random permutation of (2,3,...,b), and let g} =B(1), Bi=B(m) for
2=<i=b; we place the balls into boxes in the order B}, B3,...,B5. Let
Z,,2Z5,...,2Z, be independent random variables each being uniformly dis-
tributed on {1,2,..., B}; for i=2, we place 8] in the box 7(Z;). For each
i=2, we call B(mr;) =B an intruder if it is placed into a box which is already
occupied, that is, if Bje 7(Z;) for some j<i Writing I, for the indicator
function of the event that 8(i) is an intruder, we have that

and hence by symmetry
E(Ii)=;))‘—1 for 2=<isbh (2.9)
Inherent in the Stein-Chen approach to Poisson convergence is the idea
of a “good coupling” of Y to a copy of Y conditioned on the event {I,=1}.
To this end, we introduce new random variables Z5, Z4, ..., Z}, as follows.
If B;=B(ar;) is an intruder, we define Z|= Z,. If on the other hand B/ is not
an intruder, then we let Z; be chosen uniformly at random from the set of
indices of those boxes which are occupied just prior to the allocation of B;.
Fix k such that 2< k=<, and consider the following revised scheme of
allocation. Let I=7""(k) be the unique ! such that ;= k; thus g8]=B(k).
We allocate B! to 7(Z;) when i# [ and to 7(Z}) when i=1 Let J, be the
indicator function of the event that, in this new scheme, B(i) is allocated to
a box which is already occupied, and define
Wi= ¥ Ja.
itiztk
A little thought leads to the following observations.
(a) W, +1 has the same distribution as Y conditioned on the event that
B(k) is an intruder.
(b) Ju<I fori#k
(¢) Ju=0and I, =1 where i # k, if and only if 8(k) is not an intruder and
furthermore B(i) is the next ball to be allocated to the box containing
B(k).
(d) By observation (¢), Y~1=s W, <Y.
Using (a) and (b), we have from Theorems 2.1 and 2.3 of Barbour and
Holst (1989) that

(2.10)

1 0 1 b
drv(Y,I)<— ¥ E(L)E|Y-W|=1-~var(Y)<7y,—,
Az A B
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THE ASYMPTOTICS OF RANDOM SIEVES 291

for some y,>>0, by (2.7) and (2.8), where II has the Poisson distribution with
mean A. This confirms (2.4) under the assumptions that 1=<2B log B=< b” and
6<b=1iB; it may easily be seen that these assumptions are not essential
for (2.4).

Before moving on, we note from (2.9), (2.10), and the fact that the sum-
mands in (2.10) are constant for 2< k< b (the sequence of pairs (I;, W,) is of
course exchangeable), that, for 2<k=<b,

1
E|Y - Wk|=1—xvar(Y). (2.11)

We shall make use of Theorem 11.Q of Barbour, Holst, and Janson (1991)
in order to obtain the pointwise estimate of the theorem. In order to verify
the hypotheses of Theorem II1.Q, it suffices to prove that there exist positive
constants C, (< 1) and 7; such that, for 2< k=<b and b/ B=< C,, the following
four equations are valid:

P(lY-W|>1)=0, (2.12)
P(Y>6/\)s% E|lY - W, (2.13)
P(Wk;r;:l‘l/::m)sw for 1=sm=6A, (2.14)
73(1 —%var(Y)) sji. (2.15)

Equation (2.12) is an immediate consequence of observation (d) above.
For (2.13), we use the fact that P(Y = y) < P(T = y) where T has the binomial
distribution with parameters b and b/B. This is intuitively clear, since the
probability that B; is an intruder is no larger than b/ B, for all i and whatever
the boxes to which 81, B3, ..., Bi-1 have been allocated; in a more rigorous
argument, one may show that Y may be coupled to a copy of T in such a
way that Y<T. Now E(T)=b%/B, and A<b?/B=<3\ by (2.7) so long as
b/B=<}. Hence, if b/B<}, then

2 b b b
P(Y>6/\)$P(T>2E(T))Se"2"’/B(l——§+§ e') for t>0,
by Markov’s inequality (see for example Grimmett and Stirzaker (1982,
p. 181)). We set e¢' =2 and find that
P(Y=6A)<(ie)®”?
Therefore, by (2.10) and (2.8),

P(Y=6A) A

= P(Y=6A)<2vB (de)*/5,
E|lY-W| A-var(Y) ( )<2VB Ge)

VX

if b/ B is sufficiently small, say b/ B < y, where 0< y,<}. Now b’=2B log B,
and (2.13) follows so long as b/B=<1y,.
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For (2.14) we argue as follows. From observations (c) and (d) above, it
is the case that W, =Y —1, if, and only if, either (i) B(k) is an intruder or
(ii) B(k) is not an intruder but some later ball is allocated to the same box
as B(k). Hence the number of values of k for which W, = Y —1 is no greater
than twice the number of intruders, and therefore

b
Y P(We=m~1|Y=m)<2E(Y|Y=m)=2m.
k=2

By symmetry, if m <64,

2m 12A
= — = = ——
P(W,=m—1|Y=m) 5_1~b_1
whence
P(Wk=m—1\Y=m)< 1247
E|Y - W, T (b=1{r—var(Y)}

Using (2.7) and (2.8) again, we find that the last term is smaller than some
constant y, so long as b/ B is sufficiently small, say b/ B < y; where y,> 0.
Having picked vy; such that (2.14) holds, we have then that

1 - b

’Ys(l _Xvar ( Y)) = 73')’2§

by (2.10), and this is smaller than §, if b/B<(4vy;y,)"". We set

C,=min {y,, vs, (4y;¥,) "'}, and this is the first constant in the statement

of the theorem.

Suppose that b/ B=< C,. The hypotheses of Theorem I1.Q of Barbour et

al. (1991) having been verified (see (2.12)-(2.15)), we deduce from that theorem
that there exists a constant vy, such that

'

/ oL e A—var(Y)
|P(Y =j) P(H—J)l\vs——“ﬁ(A+j) ,

and the result follows by (2.7) and (2.10).

for jeZ,

§3. Proofs of Theorems 1 and 2. The general plan of the proofs resembles
closely that of Grimmett (1991). We suppose that ¥ = (s, s,,...) is a strictly
increasing sequence of coprime integers such that w(n)=|¥n{1,2,..., n}|is
regularly varying with index a € (0, 1).

It is an elementary consequence of the assumption of regular variation
(see Feller (1971, p.277)) that

Ve>0,3N suchthat n* *<am(n)<n®" forall n=N. (3.1)

Here is a preliminary lemma. Products and summations over the variable
s are understood to be over all se ¥.
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LemMMA 1. Let e>0. Then

Y al_s =00, Z——al;—e<oo. (3.2)
s S 3s
If B> a then
n“ P ¥y s—15< n*"B*¢  for all large n. (3.3)
s>n
Proof. We have
1 w(x)
§SV=ny7+l dx,

and we substitute y = a —¢, y=a + ¢ in turn, in each case applying (3.1) with
¢ replaced by 3e. This proves (3.2). Next

I —17;‘= Jl(-x—))c—;:?@dx, (3.4)

n

and we insert the upper bound from (3.1), again with & replaced by 3e. For
sufficiently large n, the right-hand side of (3.4) does not exceed

@

B J‘ xa—ﬁ—-l-#iedx:

n

na—ﬁ+§e,

S
B—-a-1ic

a—B+e

provided £ <2(B — «). For large n, the right-hand side is smaller than n
We also have, from (3.4),

J W—(il—;gﬁﬂdxzﬂ(l—f")(l—e) J' :—g’%dx, (3.5)

2n 2
for large n, since by hypothesis = is regularly varying with index . We apply
(3.1); if n is sufficiently large, this yields
1 a a—B-1-}¢ a—B-&
—=B(1-27")1-¢) | x dx>n .

2n

)
>n S

5

This proves (3.3).
The lower bound for M, will follow by Chebyshev’s inequality
(1+40)M, = P(|S, - E(Ek), <20) =3,

where o? =var (3,). Hence

3/4

M, =—1"—
1440’
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294 G. R. GRIMMETT AND R. R. HALL

which gives the lower bound of Theorem 2. The corresponding bound of
Theorem 1 is a consequence of the following inequality for o.

LEMMA 2. For £>0, o3 <k**® for all large k.

Before proving this, we note that it is also the case that o3 = k*~* for all
£>0 and all large k. There are at least two ways of proving this, the shorter
being to note that it is an immediate consequence of (1.2) and (1.3). A more
primitive argument is available, using the forthcoming technique developed
to establish the upper bound for M;; we sketch this at the end of this section.

Proof. We follow Hall (1982) initially. Suppose for convenience that
s, > 2; we shall consider the case s, =2 later. As in Hall (1982),

ol=kZ,—(kZ,)*+22Z, :z:l g(d){EkBJ —% [SJ([—SJ + 1>} (3.6)

where
z.~=r1(1—;’) (3.7)
and
1, ifd=1,
J s,
g(d)=¢I1 "2, ifd=s;8,...5, where i, <i,<...<ij, (3.8)
=18~
0, otherwise;

as usual, | x| denotes the integer part of x. Now

s 8d)_ 1 ,
dgl d* _ISI(IWLS“"I(s—Z))<°O if B>e (3.9)

by (3.2), and

Hence

-z 3 sofi-pala] -G )

-z dil g(d){k/d}1—{k/d}),

where {k/d}=k/d—|k/d]. For Be(a,1],
iz § 5O
s d

k\* = g(d
+2, 3 g@)(5) <zw I 52

and the claim of the lemma follows by (3.9).
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Finally suppose that s, = 2, so that X € {1, 2}. Numbers of the form X, +2r,
for r=0, cannot contribute to X,, which may therefore be expressed as

s - {ZI(F)’ with probability %,}
=

2'({1,2,...,k}\F),  with probability 3, (3.10)

where F={2,4,6,...,2|3k]|} and 3'(G) is the number of members of a set
G which escape the action of s,, 55, .... With alittle thought and computation,
it may be seen that 2'(F) and 2'({1, 2, ..., k}\ F) have the same distributions
as X{r and X}_ g respectively, where X; denotes 2'({1,2,..., r}). It follows
from (3.10) that

oy =3(var (Z{p) +var (Zi_p)) +3(EC{r) — EChr))’

{a;f/z, if k is even,
1 2 2 2 . .
5(0’2k+,)/2+0'2k_,)/2)+Z1, if k is Odd,

where /> =var (2!). The result follows from the previous calculation.

During the calculations which follow, it is useful to remember that, as a
consequence of (3.3), ¥ .., k/s is approximately of order k*.

Turning to the upper bound for M,, we shall prove the bounds of Theorem
2; the corresponding bound of Theorem 1 will follow by an application of
Lemma 1. We divide & into two parts: ¥ =4 U N where

M={se P sk}, N=F\M.

Let T be the set of integers i€ {1,2,..., k} such that g, T, for all s,, € 4.
Certainly |T|=X,. Let ¢ be such that 0< ¢ < Z,; then

« var (2
P(|T|=< k)< P(Eksgk)s——————(zl _2)’;3{2, (3.11)
by Chebyshev’s inequality. Hence
1+o(1
P(T|< k)< Z( ) as k— o, (3.12)

by Lemma 2. This probability is insignificant compared to the claimed upper
bound for M,, and therefore we need only deal with the case when (k<t<k.

Assume henceforth that (k<t<k Let N be the number of times that
some g; (with 5;e ¥ ) belongs to some I'; (with i€ T), and let us estimate the
mean and variance of N. As in Grimmett (1991),

t t £
E'(N)= Y -, var' (N)= Y -— ¥ —, (3.13)
s>k § s>k 8§ s>k §
where E', var', and later P, denote expectation, variance, and probability,
conditional on the event that | T| =t For large k, the (conditional) mean and
variance of N have the same order of magnitude, as indicated by the next
lemma.
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296 G. R. GRIMMETT AND R. R. HALL
LeMMA 3. There exists C €(0, 1) and an integer K such that
var' (N)= CE'(N),
forall 0<tskand k=K.
Proof. 1t suffices to deal with the case t =k, since if t = vk where 0<v=<1

then E'(N)=vE¥*(N) and var’ (N)= v var* (N) by (3.13).
For ¢>1, define

h(c) =l+; (1-—-2—)(2c—c°‘ -1).

It is easily checked that h(c)~>1 and h'(c)-> -1 as ¢ | 1; we pick ¢>1 such
that h(c) <1. With this choice of ¢, we find K such that

%(c“+l)$m—)~s%(3c“—l) for all n=K. (3.14)
w(n)

Now
k k1 k 1 1 k
4= F == —- =. 3.15

Furthermore, if k= K,

Zk<ssck k/S< W(Ck)_’n'(k)
York/s Yoo ¢ I (m(ke™ )~ (k™))
- 3(c* —1)
S e ey Y O
=32¢c—c"-1).
Hence
K
Y = <h(c) Z -~
s>k S s>k §

by (3.15), and the result follows from (3.13) and the fact that h(c) <1.
It is a consequence of the Berry-Esséen bounds that there exist positive
constants vy, and y, such that
E'(N) + Y2
ar' (N)? " yar' (N)’

for all te (¢k, k] and i, as in equation (3.15) of Grimmett (1990). Now

P(N=i)<y> (3.16)

CE'(N)=<var' (N)< E'(N), for all ¢ and all large k, (3.17)

by (3.13) and Lemma 3, implying that there exists a constant v, such that

Y3

P! (N—l)<—\/.:k_—-z——) for all |,

(k<tsk and all large k. (3.18)
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THE ASYMPTOTICS OF RANDOM SIEVES 297
We have by Chebyshev’s inequality that
var’ (N) __4
E'(N)* " E'(N)
4
$ —_—
E*(N)’

P'((N-E'(N)|=3E‘(N))<4
if t> ¢k,

4
=§—E—,W')‘, by (3.13). (3.19)
In the limit as k- oo, the last term has smaller order of magnitude than the
claimed upper bound of Theorem 2; we may therefore restrict our attention
to the case when [N — E‘(N)|<3E‘(N).

Let R be the number of distinct integers i lying in T such that g;eT’; for
some s;€ #. Then

4
P(R=r)s————+ P'(R=r|N=i)P'(N=i) 3.20)
E'(N) rsi<§z1::"(N) | (

by (3.19). We may think of R as the number of occupied boxes when N balls
are distributed randomly into |T| boxes. Writing Y= N —R for the number
of “wasted” balls, that is, balls which are allocated to boxes which are already
occupied, we have from (2.7) and (2.8) that E‘(Y|N =1i)= A, where

2

Ae=— (1+0(1)), (3.21)
2t
and furthermore

var'(Y|N=i)=%(l+o(1)); (3.22)

here and later, the o(1) terms refer to the limit as k- o0 and are uniform in
te(¢k, k] and ie GE'(N),3E'(N)).

At this point we need to treat the cases @ <3, @ =3, and a >3 separately.
Suppose for the moment that 0 <« <3. Using (3.21), (3.22), and (3.13), we
find that, if te(¢k k] and ie GE'(N),3E'(N)), it is the case that A, and
var' (Y| N =i) are no larger than

9E'(N)? <213"(N)2

for all large k Following Grimmett (1991), we obtain by Chebyshev’s
inequality that
P(R=r|[N=i)<P'(Y=i—r|N=i)

var' (Y|N =i)
s—_——-——-—
(i_"_/\ir)2

(3.23)

if i—r> A (3.24)

Hence the summation in (3.20) is no larger than
{2+2_Ek_(11)j+ Z W

: 2
gk rhpg+1=i<3E'(N) (i—r—m)

}su_p{P‘(N= i}, (3.25)
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298 G. R. GRIMMETT AND R. R. HALL

where u,=2E*(N)?/(¢k). Using (3.18) and (3.23), we see that the last
expression is no larger than

6Ek(N)2} Y3
) 3.26
{2+ Lk VE*(N) (3.26)

Therefore, as in (3.10) of Grimmett (1991),

PC=j)<P(|T|<s¢k)+ ;{k P'(R=t-j)P(|T|=1)

1o (PR=1)
k O<r=<t
tk<isk
_l+o(1) 4 6E"(N)2} V3
== +{E"(N)+{2+ K N 3.27)

by (3.12), for all large k. If 0<a <3, then k'E*(N)*>0 by (3.13) and
Lemma 1, thus implying the appropriate part of (1.3).

Suppose next that 3 < a <1; the argument is slightly more complicated in
this case, and it is here that we shall appeal to Theorem 3. Now P'(R=r|N =1)
is the probability that i balls, allocated one by one and independently to ¢
boxes, occupy exactly r boxes. With Y= N — R, we have as in (3.20)

P'(R=r)<

+ y P (Y=i—-r|N=i)P'(N=i) (3.28)
EI(N) 1E' (N)<i<3E'(N)

(note that the summand is 0 if i <r). We may assume as before that (k<t=<k
In the notation of Theorem 3, we have from Lemma 1 and (3.13) that

GE'(N))’=2tlogt, 3E(N)sCyt for (k<t<k  (3.29)
for all large k, and hence
P(Y=i-r|N=i)

&

7 for 1E'(N)<i<3E'(N), relZ,

SP(H,,=l—r)+

by Theorem 3, where IT;, is a random variable having the Poisson distribution
with mean A, satisfying (3.21). The summation in (3.28) is therefore no larger
than S,+ S,+ S5, where the S,’s are the following sums over the variable i:

Sy = z P(II,=i—r)P'(N =i);
li—r—Aul=cE ' (NWi logt
LEY(N)<i<3E'(N)
S,= » P(Il, = i—-r)P'(N = i);
limr—xy|>cE (Nt logt
LE'(N)<i<3E'(N)

Ss:Z%Pt(N=i)$%, for tk<t<k; (3.30)
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THE ASYMPTOTICS OF RANDOM SIEVES 299

and c is a constant to be picked soon. To bound S, we use the facts that

P(II;,=j)< for all Js

ﬁl

and

for 3E‘(N)<i<3E'(N) and all large k,
(3.31)

t 2 t 2
E'(N) < .I$2E (N)
9t ) t

by (3.21). Hence, for all large k,

9
where Q is the number of integers i for which |i —r—A,|<cE’'(N) vt 'logt.
Using (3.21) and a little calculus, one finds that Q<4c¢E'(N) vt 'log ¢t for
all large k, uniformly in i and . Hence

log k
<4 —_— .
Sl Cys Ek(N)a (3 32)
for all large k, where we have used (3.18).
As for S,,

n,‘ - A, 1 t
S,<  sup P(i M= Aal pony /128 )
LEY(N)<i<3E'(N) VA A
Ck<t=k

Now II,, is approximately distributed as the sum of A;, independent summands,
each having the Poisson distribution with mean 1. For the specified ranges of
i and 1, it is the case that cE'(N) vlog t/(tA;,) = 0o(vA;,) as k- . Hence, by
large-deviation theory (see for example Feller (1971, p. 553)), there exists 7 >0
such that

log t
S, = sup {cxp (—nczE‘(N)zﬁ—-)},

LET(N)<i<3E'(N) tAir
Sk<i1=k

which, by (3.31), is no larger than ({k)_"cz/2 for all large k. Picking ¢ such
that nc’> 2a, say, we find that

S,=(Zk)™* for all large k, (3.33)
which, by Lemma 1, is smaller in order than {E*(N)}""2
Combining these inequalities for S;, S, and S;, we deduce from (3.28)

and Lemma 1 that
log k
P (R=r)}< —_—
sup {P'(R=r)} 74\/Ek(N),

Ck<i=k
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300 G. R. GRIMMETT AND R. R. HALL

for some constant y, and all large k, whence the conclusion of the theorem
follows as in (3.27).

There remains only the case @ =3. In the light of (3.27), which is valid
when a =13, it will suffice to show that, for 0<e <1, there exists a constant
vs such that

Viog k {log log k}'**
VE¥*(N)

Returning to (3.20), we suppose that {(k <t=<k, and we split the summation
into two parts depending on whether i* < 2t log ¢ or i*=2t log t. The contribu-
tion from values of i satisfying i*=2tlog ¢t may be dealt with in the same
manner as was the case 3< a < 1, whence it follows that

log k
» P(R=r|N=i)P(N=i)<ys \/%—) (3.35)

1E'(N)<i<3EYN)
i2=21logt

PZi=j)<vs forall large k. (3.34)

for some constant vy, and all large k.
Turning to the remainder of the sum (for i* <2t log t), we have that

P(R=r|N=D<sP'(lY-AJ|=li—r—A,||N=1)
E'G(Y-MD[N=1)
g(|i—r—)t.-,|)

(3.36)

by Markov’s inequality (see for example Grimmett and Stirzaker (1982, p. 186))
where g(x) = x{log (1+x)}'*°. There exists a positive integer S such that, for
all 0< e <1, h(x) = g(v'x) is concave on [S, ©); hence Z = S+|Y —,] is such
that

E'(g(|Y=A)IN=i)<E'(g(Z)|N=i)=E'(h(Z*)|N =)

<h(E'(Z’|N=i))=g(VE'(Z*}|N=i)), (337)

by Jensen’s inequality (see for example Grimmett and Stirzaker (1982, p. 216)).
Now

E'(Z*|N=i)=8>+2SE'(|Y = A,|| N =i)+var (Y|N =i)
< S§?+28Vvar' (Y|N=i)+var' (Y|N=i)<1y,logk,

for some constant vy, and all large k, by (3.22), the Cauchy-Schwarz inequality,
and the assumption that i*< 2t log t. It follows from (3.36) that

1
Y P (R=r|N=i)<2g(Vy,logk){1+ 5 . S
r<i<3E"(N) it glli—r—Ay))
i’<2tlogt r+A,+1=<i<2rlogt

With the aid of a change of variables and the fact that Aivi— Ay < i/t it may
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THE ASYMPTOTICS OF RANDOM SIEVES 301

be seen that the last sum is bounded uniformly in k and r, whence

Y P (R=r|N=i)P'(N=i)
r<i<3E'(N)
i2<2tlogt

< yzVlog k {log log k}' ™ sup {P'(N =)},
for some constant y; and all large k. We combine this with (3.35), in a way
similar to that used in (3.27), to find that
. 1+0(1 Viogk {log log k}'**
PEi=Jj)=< )+79 £ {‘kg =
k VE*(N)

for some constant y; and all large k. This implies (3.34), and the proof is
complete.

We presented earlier a proof that o =var (Z;) satisfies o2=k*™° for
all £>0 and all large k; see the remark after the statement of Lemma 2.
The same conclusion may be reached without appealing directly to
Theorem 1. The argument is roughly as follows. The number k — X, of integers
“hit” by & in {1,2,...,k} may be expressed as the sum M+R,
where M =|{1,2,...,k}\T| is the number of integers hit by members of
M={seF:s<k}, and R is the number of integers in T which are hit by
members of N ={seP:s>k}. Therefore o2 =var(M+R). The random
variables M and R are not independent, but nevertheless it may be shown
that the ‘“‘degree of uncertainty” of 3, is at least as great as that of R; when
correctly phrased, this implies that o cannot be smaller in order than
var (R). Typically, R differs only little from N, which has variance of order
equal to its mean, which in turn is around k°.
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