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Random Cantor sets are constructions which generalize the classical Cantor set, 
"middle third deletion" being replaced by a random substitution in an arbitrary 
number of dimensions. Two results are presented here. (a) We establish a 
necessary and sufficient condition for the projection of a d-dimensional random 
Cantor set in [0, 1] d onto an e-dimensional coordinate subspace to contain an 
e-dimensional ball with positive probability. The same condition applies to the 
event that the projection is the entire e-dimensional unit cube [0, !] ~. This 
answers a question of Dekking and Meester/9) (b) The special case of "fractal 
percolation" arises when the substitution is as follows: The cube [0, 1] d is 
divided into M e subcubes of side-length M -1, and each such cube is retained 
with probability p independently of all other subcubes. We show that the critical 
value pc(M, d) of p, marking the existence of crossings of [0, 1] a contained in 
the limit set, satisfies pc(M, d ) ~  pc(d) as M ~ 0% where pc(d) is the critical 
probability of site percolation on a lattice [k J obtained by adding certain edges 
to the hypercubic lattice Y ~. This result generalizes in an unexpected way a 
finding of Chayes and Chayes,/4) who studied the special case when d=2.  

KEY WORDS: Random Cantor sets; fractal percolation; critical probability. 

1. I N T R O D U C T I O N  

The  classical  C a n t o r  set is o b t a i n e d  f rom the  u n i t  in t e rva l  by  the successive 

"de le t ion  of midd le  thi rds ."  In  genera l iz ing  this cons t ruc t i on ,  one  m a y  w o r k  
wi th  the  un i t  cube  [0, 1]  d in  d d imens ions ,  a n d  replace m i d d l e - t h i r d  

de le t ion  by  some  fixed r a n d o m  s u b s t i t u t i o n  of smal le r  cubes.  The  e n s u i n g  

r a n d o m  sets m a y  be t e rmed  " r a n d o m  C a n t o r  sets," a n d  several  a u t h o r s  
have  s tud ied  their  geomet r i ca l  p roper t i e s  (see Fa l cone r ,  m )  C h a p t e r  13, a n d  

the references below).  P a r t i c u l a r  a t t e n t i o n  has been  pa id  to p roper t i e s  of 
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the projection of such a set onto a subspace of lower dimension, and to the 
existence of long paths in the set, particularly paths which traverse the unit 
cube [0, 1] d. 

Let d~> 1, M~>2, and write Co for the unit cube [0, 1] d of ~a. We 
construct a "random fractal" C in Co in the following way. Let 
J =  {0, 1,..., M -  1 }, with jd  = {0, 1,..., M -  | }d, the set of d-vectors having 
entries 0, 1,..., M - 1 .  Let # be a probability measure on the set )r of 
subsets of jd. The pair ( J , / z )  generates a subset C~ of Co given by 

where 

C1 = U c(i) 

c/i _ ir§ i = ( i l ,  i2 , - . . ,  ia) ~ ja 

and X is a subset of jd  chosen at random according to the measure #. Now 
C1 is the union of IXI cubes having side-lengths M 1. We iterate the above 
random substitution on each of these cubes, each iteration being indepen- 
dent of all previous steps. That is to say, let Y(i), i eX ,  be independent 
random subsets of j a  having measure /z, and independent of X. The next 
set C2 in the construction is given as 

where 

c2= U U 
i ~ X  j~ Y(i) 

-- ~ V i r Jr ir +Jr + 17 c(i,J)-= I -g -j 

and we have written i = (il, i:,---, id), J = (Ji, J~,..-, Ja) as usual. Continuing 
ad infinitum, we obtain a decreasing sequence C o ~ C 1 ~ C 2  ~ _ . . .  of 
random compact subsets of Co, with limit 

C = ~ C ,  
n=O 

and it is with the geometry of the compact set C that we are concerned. 
As detailed in Dekking and Grimmett, ~8) several authors have studied 

the Hausdorff dimension dim(C) of C, showing that 

dim(C) logElJf l  a.s. on { C ~ }  
log M 
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where E denotes expectation (and, later, P will denote probability). The 
exact measure function of C has been established by Graf, Mauldin, 
and Williams. (12) Dekking and Grimmett, (8) as well as Falconer (1~ and 
Kesten, (~7) have studied the set ~e C obtained by projecting C onto the first 
e coordinates of Nd, where 1 ~< e < d. Chayes, Chayes, and Durrett  (s) were 
concerned with the possible existence of long paths in C, particularly paths 
which traverse the unit cube [0, 1 ]a between opposite faces. More recently 
Chayes, Chayes, Grannan, and Swindle (~ have been interested in the exis- 
tence of surfaces contained in C, when d = 3 ,  surfaces which separate 
opposite faces of a three-dimensional box. Properties of projected sets, long 
paths, and surfaces may be set in one context as part of a "morphology" 
of random Cantor sets of the type proposed by Dekking and Meester. (9) 

We present two results in this paper, the first of which is a necessary 
and sufficient condition for the existence in ~c, C of an e-dimensional ball 
with positive probability. We say that rCeC contains a ball if there exists 
x ~ [0, 1 ] ~ and ~ > 0 such that the e-dimensional e-neighborhood of x is 
contained in ZCeC. Here is some notation prior to the statement of the 
theorem. For k ~ J e =  {0, 1,..., M - 1  }~, let 

m(k) = E ]{i= (i,,..., id)~X: (il,..., i~) =k} l  (1.1) 

the mean number of cubes contributing to C1 which project onto the 
subcube of [0, 1 ]e corresponding to the vector k. Let 

m = rain re(k) (1.2) 
k ~ J  e 

and 

Theorem 1. Suppose that 1 ~ e < d and P(C#  (2~) > O. 

(a) If m >  1 then 

P(~eC contains a ball l C # ~ ) =  1 (1.3) 

P(ge C= [0, l i e ) > 0  (1.4) 

(b) If m <  1 then 

P(neC contains a ba l l )=0  (1.5) 

Note that P ( C = ~ )  is the extinction probability of a branching 
process with family-size distributed as IXI. Therefore P ( C r  ~ ) > 0  if and 
only if either E IX[ > 1 or IJQ = 1 a.s. 

The case m = 1 is of course special. In this case, the conclusion of part 
(b) of Theorem 1 applies if and only if there exists k e J  e with re (k )=  1 
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such that I{i~X: (il, i2,..., i e ) : k } l  is not a.s. equal to 1. [If such k exists, 
the proof of part (b) applies directly. If m = 1 but no such k exists, then 
roe C is unchanged by altering the substitution mechanism in the following 
way: For any k with m(k )=  1, retain all cubes which project onto the 
subcube of [0, 1 ]e corresponding to the vector k.] 

Perhaps the simplest example of a random Cantor set of the above 
type is given by the following choice of the measure # on J :  the product 
measure with density p on each of the M g elements of j d  In this case X 
is the random subset of ja obtained by including each element with 
probability p independently of all other elements. The ensuing process is 
called fractal percolation; see MandelbrotJ 19) It was studied independently 
by Kesten, Guth, and Weinberg (see Guth and Weinberg(16)). 

According to the Dekking-Meester 9) morphology, a random Cantor 
set with d = 2 is in phase 

I. I f C - - ~ a . s .  

II. If P ( C r  and d im(~ tC)=d im(C)  a.s. 

III. If dim(TclC)<dim(C) a.s. on { C r  but 2(rclC)=0 a.s. 

IV. I f 0 < S t 0 z l C ) < l  a.s. on {Cr 

V. If P(J-(gt C ) =  1)> 0, but no percolation occurs a.s. 

VI. If P(percolation occurs) > 0 

Here, 2 is one-dimensional Lebesgue measure, and percolation is said to 
occur if C contains a connected set having nonempty intersection with both 
the left- and right-hand sides of the unit square of R 2. Dekking and 
Meester have remarked that two-dimensional fractal percolation is in 
phase III for no value of p; as p increases from 0 to 1, the phase-number 
of fractal percolation passes from I to VI but omits III. It is an immediate 
consequence of Theorem 1 above that fractal percolation can never be in 
phase IV. It is easily seen that m = pM for this process (remember that 
d = 2  and e = l ) ,  so that the process passes directly from phase lI to 
phase V at the value p = M -  ~ (it is in phase II when p = M -  1). 

Our second result concerns fractal percolation in general dimension 
d >/2, in the limit as the rescaling factor M tends to infinity. As before, we 
say that percolation occurs in the set C if C contains a connected set having 
nonempty intersection with both the "left-hand side" {0} x [0, 1] a-1 and 
the "right-hand side" {1 } x [0, 1] d- 1 of C0. We let O(M, p ) =  P(percola- 
tion occurs), and define 

pc(M, d ) =  sup{p: O(M, p ) =  0} 

Chayes, Chayes, and Durrett (5) showed that 0 <  pc(M, d ) <  1 when d>~ 2. 
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For d~>2, let fl_d be the d-dimensional lattice with vertex set 7/a and 
with edge set given by the adjacency relation: x ~ y  if and only if 
[xi -  Yil ~< 1 for all i and xz = y~ for at least one value of i. If d =  2, then []_d 
is the usual square lattice. For d~> 3, D_ d contains the d-dimensional hyper- 
cubic lattice 7/~ as a strict sublattice, and is obtained from that lattice by 
an enhancement which permits connections between two vertices x and y 
whenever the unit cubes of Nd centered at x and y intersect in an e-dimen- 
sional subcube of Na, for some e >i 1. We shall study site percolation on ~_J, 
and we denote by p~(d) the critical probability of this process. See 
Grimmett (14) for a general account of percolation theory. 

Theorem 2. If d~>2 then, for all M~>2, (a) O(M, p ) = 0  i f p < p c ( d  ), 
and (b) O ( M , p ) ~ l  as M ~ o o  if p>pc(d),  implying that (c) 
pc(M, d) ~ pc(d) as M ~ oo. 

This generalizes a conclusion of Chayes and Chayes (4) valid in the 
special case d = 2 .  Note, however, that pc(d)<pc(Z d) for d~> 3, where 
pc(Z a) is the critical probability of site percolation on the d-dimensional 
cubic lattice Z d (see Menshikov (2~ and Aizenman and Grimmett(l~). Thus, 
for d~> 3, the limiting critical probability for fractal percolation is smaller 
than was anticipated by some. It is intuitively attractive that, for each d, 
pc(M, d) decreases with M, but this seems to be unproven at present. 

We prove Theorem 1 in Section 2, and Theorem 2 in Section 3. 

2. PROOF OF TH EO REM 1 

We consider only the case d= 2, e = 1; exactly similar arguments are valid 
for general 1 ~< e ~< d -  1. 

For i s J n =  {0, 1 , . . . , M - I }  n, let N(i) be the number of squares 
contributing to Cn which project onto the subinterval [r(i), r ( i ) + M  -n] 
where 

r ( i )= ~ ijM -j (2.1) 
j = l  

We define ~t, = min{N(i): i e J"}. We shall prove first that 

P(pn > 0 for all n) > 0 (2.2) 

if 
m(k )>  1 for all k s J  (2.3) 

where m(k) = E IN(k)[. Inequality (2.2) is equivalent to 

P(zriC= [0, 1 ] ) > 0  
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Suppose then that m = mink m(k)  satisfies m > 1, and pick t/such that 
1 < ~/< m. A standard large-deviation estimate will be useful in proving 
(2.2), and we state this next. Fix k s J, and let Zl(k),  Z2(k),... be indepen- 
dent random variables having the same distribution as N(k).  By the choice 
of t/, there exists e satisfying 0 < ~ < 1 such that 

P ( Z I ( k  ) + Z2(k ) + ..- + Zq(k ) < qq) <~ o~ q (2.4) 

for all q >~ 1, and furthermore such an a may be chosen uniformly in k. 
Let i =  (i~,..., i ~ ) a J  ~ and k 6 J ,  and write (i, k) = (i~,..., i,, k). Then 

N(i, k) has the same distribution as Z l ( k ) + Z 2 ( k ) +  . . .  +ZN(i)(k) ,  and 
therefore 

P(N(i, k) < tfl + ' I N(i) ~> t/n) < ~"" 

>_ n Writing A, for the event {#,,~.-t/ ), it follows that, for r<<.n, 

P (A ,+I IA~c~  . . .  ~A,)<<. ~ ~ P ( N ( i , k ) < , ' + ' l l ~ , > ~ l  n) 
i ~ J  n k ~ J  

<< M n + la~~ 

whence, for r ~< s, 

s - - 1  

P ( A , c ~ A , + ~  . . .  ~A~)>~P(A , )  V[ ( 1 - M n + l ~ ~  
n = r  

We may pick r such that 

c = P ( A , )  f i  ( 1 - - M " + l e  ~") 
t z = r  

satisfies c > 0, and with this choice it follows that 

P(A ,  c~ A ,  + I c~ ..- c~ A , )  >~ c for all s >~ r 

Hence 

P(A  s for all s ~> r) >i c 

implying in particular that (2.2) holds as claimed. This establishes (1.4). 
Equation (1.3) is a consequence of (1.4). On the event { C 4 / ~ }  it is 

the case that the number Sn of squares contributing to Cn satisfies S. ~ 
a.s. Each such square has probability 

a = P ( ~ C =  [ 0 , 1 ] ) > 0  
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that its intersection with C is an interval (of length M ~), and therefore 

P(Trl C contains no interval] C # ~ )  <<. P(S= < N[ C # ~ )  

+ (1 - ~)~ 

which tends to 0 as n ~ ~ and N ~  ~ in that order. 
Turning to part (b) of the theorem, suppose that there exists 

k e  {0, 1,..., M -  1 } such that re(k)< 1. For any rational subinterval [~, fl] 
of [0 ,1] ,  there exists n>~l and i 6 { 0 , 1 , . . . , M - 1 } "  such that 
a ~< r(i)~< r( i )+ M - " ~  fl, where r(i)is given by (2.1). Conditional on N(i), 
the sequence N(i), N(i, k), N(i, k, k) .... is a subcritical branching process 
which is ultimately a.s. extinct. Therefore 

P ( ~  c_~ [~,/~3) = 0  

whence (1.5) follows, since there are only countably many intervals [~, fl]. 
D 

3. PROOF OF THEOREM 2 

We first state some preliminary results concerning site percolation on the 
lattice 1_ d defined in Section 1, beginning with some notation. Each vertex 
of 1_ d is declared to be open with probability 7r and closed otherwise, 
independently of all other vertices; we write P ,  for the ensuing probability 
measure. Given two sets U and V of vertices, we write U ~ V if there exists 
an open path x(1), x(2),..., x(r) in 1_ d such that x(1)~ U and x(r)e  V [and 
x(i) is adjacent to x ( i+  1) for 1 ~< i <  r]; the event that some point of U is 
in an infinite open path is denoted by { U ~ ~ }. We write U ~ V in W if 
such a path exists within the set W of vertices. The origin is denoted by 0, 
and the cube with vertex set {1, 2,..., M} d by BM. Let 

HM = {X ~ Za: XL = M} 

be the hyperplane of distance M from the origin (remember that Z a is the 
vertex set of 0_a). As usual xi denotes the ith component of x. 

Lemma 1. There exists ~(~z) such that 

P~(0 <-~ HM) ~ ~(~) M for all M (3.1) 

and ~(n) < 1 if lr < pc(d). 

As in Section 1, pc(d) is the critical probability of site percolation 
on I_ d. Lemma 1 is proved exactly as is Theorem 5.1 of Grimmett. (14) 
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Let 5O be the set of bounding lines of the unit cube [0, 1 ]d; that is, 5O 
contains all sets of the form 

L,(a)  = {a~} x {a2} x ... x {a,_l}  x [-0, 1] x {at+l} x ... x {ad} (3.2) 

as r ranges over {1, 2 , . ,  d} and a =  (al, a2 ..... ad) ranges over {0, 1} d. Each 
L e  5 ~ corresponds in a natural way to a line in the boundary of BM: Lr(a) 
corresponds to the set {XeBM: x i=max{1 ,  aiM} for l<.i<~d, i r  For 
L e 5O, we write L M for the corresponding subset of BM. The principal 
lemma is the next one. Roughly speaking it asserts that, if rc > p~(d), then 
any sufficiently large subset of any specified bounding line of BM is joined 
(with large probability) by open paths to a large number of vertices in 
every other bounding line of BM. 

Lemma 2. Suppose ~ > p c ( d )  and 0 < e <  1. There exist positive 
integers u = u(~, e) and v--v(rc, e) such that the following holds. For  all 
M ~> v and for all L e 5O, 

P~(]CMOLMI/>u)~> 1 - e  (3.3) 

and for all subsets U of LM with I UI >~ u, 

P~(lCgm U] >~ 1)>t 1 - ~  (3.4) 

where CM is the largest open cluster of BM. 

Proof Let re>pc(d)  and 0 < e <  1. For  M a positive integer, let 
K =  [-(log M)2-]. Let GM be the set of open vertices of BM which are joined 
by open paths both to the boundary OBM of BM and to some point in the 
subcube BM= {K+  1, K + 2  ..... M--K}a;  as usual, the boundary OA of a 
set A of vertices is the set of vertices a e A that are adjacent to some vertex 
not in A. 

We shall prove first that, with large probability, GM is the largest open 
cluster of BM. To this end, we claim that 

P~(GM\Ir as M--* oe (3.5) 

and 

P~(G M is disconnected, and GM\I= ;g) --* 0 as M ~  Go (3.6) 

where I is the set of vertices of Z d in the (a.s. unique) infinite open cluster 
of n_ a. For  (3.5), note that 

P.(G M\I 5 ~ ~ )  <~ [OBM[ P.(O ~ ~RK, 0 ~ ~ ) 
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where RK= {--K, .... K} ~, since if G~4\I# ~ then some point x of OB~ is 
in a finite cluster of Z d which intersects x + 0RK. Hence 

P,~(G M\I r ~ )  ~ cM d- I Kde-,~(~)I<: 

-->0 as M ~  oo 

where c,c~(rc)>0; see Chayes, Chayes, and Newman, (7~ Grimmett, (14) 
p. 122, and Grimmett and Marstrand, (15) henceforth referred to as [ G M ] .  
As for (3.6), if x, y e GM c4 1 but x <4-> y in BM, then there exist a, b ~ 0B;u, 
both lying i n / ,  such that a ~-~ b in B M. Suppose first that d~> 3. Using the 
argument of [ G M ]  leading to their Eq. (5.1), we find that 

P~ (G M disconnected, and G M\I = ;g ) <~ [ OB~I 2 e - ~('~)K 

for some e(zr)> 0. This tends to 0 as M ~ co, and (3.6) is proved. [Note  
that Eq. (5.1) of [ G M ]  is incorrect as given; this equation and its proof 
may be corrected in various ways, one of which involves setting 
D(x, M) = [c~, file where 

~ =  - M  + min{0, xl ,  x2,..., Xd}, ~ =  M + m a x { 0 ,  x1, x2,... , Xd} 

and x = (x 1, x2 ..... xa) e 2a.] Second, consider the case d =  2, for which I_ 2 
is the usual square lattice. The region B~t\B' m is an "annulus" of width K. 
With probability approaching 1 as M ~ oo, this annulus contains an open 
circuit with B~t in its interior (see Grimmett(13)). The existence of such a 
circuit precludes the existence of such a pair a, b. 

Now, G~u contains all points in B~u c~ L By the ergodic theorem, 

e~(IB~nll>(1-1~)O(~tlB~l)~l as  M - ,  ~ 

where 0(re)= P~(0 +-, oo) as usual. Hence 

P ~ ( I G M I > ( 1 - e ) O ( n ) r B ~ t l ) ~ I  as M--,  oo (3.7) 

Using Kesten and Zhang, (18) or otherwise, we deduce from (3.5), (3.6), and 
(3.7) that there exists vl such that 

P~(Gu is largest open cluster of BM) > 1 -- �89 ifM>~ v~ (3.8) 

Turning to the proof proper, we may take L =  [0 ,1 ]  x {0} d-I  
without loss of generality. In the light of (3.8) it suffices to prove that there 
exist u and v such that 

P~([GMnLMI>~u)>/1--�89 i fM>~v (3.9) 
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and, for any subset U of L M with I UI ~ u, 

P~(IGMc~UI>~I)>,I--�89 ifM>~v (3.10) 

In proving these two statements, we shall make use of the method of proof 
of Theorem A of [GM].  To review this proof in complete detail would 
occupy much space unnecessarily, and so we shall make use of the ideas 
therein without giving all the details. The proof in question related to site 
percolation on Z a, but the arguments apply equally in the case of site 
percolation on ~_d. 

We shall require an intermediate result. Let ~(p, r) be the P~-probability 
that the vertex 1 = (1, 1 ..... 1) is joined to the vertex r l  = (r, r ..... r) by an 
open path contained within the cube Br, using the adjacency relation of ya 
rather than k d (this requirement is convenient but not essential for the 
argument which follows). We claim that 

~(p) = inf ~(p, r) (3.11) 
r 

satisfies 
~(p) ~ 1 as p ~ 1 (3.12) 

Here is a sketch proof of this. If d = 2, the claim follows by simple path- 
intersection properties of 7/2, [Let [3(p, r) be the probability that, in north- 
east oriented percolation on { 1, 2 .... }2 the vertex (1, 1) is the endpoint of 
an infinite path passing through some vertex (u, r) with 1 ~< u ~< r. Then 
/~(p) =infr/~(p, r) satisfies f l (p )~  1 as p--, 1, by the F K G  inequality (see 
Grimmett~14)). Also, ~(p)>~fl(p)2.] The case d =  3 is more illuminating. 
The cube Br in three dimensions may be "peeled" in such a way that the 
boundary t3Br is expressed in the shape sketched in Fig. 1. Now, by the 
F K G  inequality or otherwise, 

Pp(1 ~ r l  in Br) >~ Pp(1 ~ x in $1) Po(x + (1, 0, 0) ~ r l  in $2) (3.13) 

i 

Fig. 1. If 1 is joined to x, and x+(1,0,0) 
is joined to rl, then 1 is joined to rl. 
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where x = (1, r, r) and 

S1 = {1} • {l,..., r} 2 $2= {2,..., r} x {1 ..... r } x { r }  

However, $1 and $2 are two-dimensional; using path-intersection proper- 
ties of 7/2 (as above) we deduce from (3.13) that 

co(p, r) --* 1 as p ~ 1, uniformly in r (3.14) 

as required. 
The case of general d is similar. Simple peeling of the d-dimensional 

cube B r is not sufficient, since ~?Br is (d-1)-dimensional.  However, it is 
easily seen that 0Br contains every member of some collection T of disjoint 
sets satisfying 

a. I~gl ~< d. 

b. Each set S in Z is (graph) isomorphic to {1 ..... s} x {1,..., t} for 
some s, te  { r -  2, r -  l ,r}.  

c. If, for all S ~ oK, every corner of S is in the same open cluster of S, 
then 1 ~ r l  in Br (actually in 0Br). 

Using path-intersection properties of 7/2 again, we obtain (3.14) as before. 
Let N be a positive integer, and partition Z d into N-cubes thus: 

B N ( X ) = x N + B  N X = ( X l ,  Xz,.o.,Xd)~=~- d 

In Section 4 of [GM] ,  there is an inductive rule for declaring each Bu(x) 
"occupied" or "unoccupied," in such a way that paths of occupied N cubes 
contain open paths of ]_d joining the corresponding regions of U. When 
examining a new N-cube in this inductive process, the probability this cube 
is occupied may be made as close to 1 as required by a prior choice of N 
sufficiently large. We claim that, as a consequence of this construction, 
there exists N' such that, if N~> N', then 

c~(Tz, r, N) = P.(1 ~-* BN((r - -  1 ) 1 ) in BrN [ BN(O ) is open) 

satisfies 

1 cr r, N) > 1 - ~e for all r/> 1 (3.15) 

Here, we say that a set A is open if every vertex in A is open. Inequality 
(3.15) is obtained in the following way. Divide Bray into its component 
N-cubes, and examine each of these cubes in the manner of [ G M ] ,  begin- 
ning with BN(O), in order to determine their occupied/unoccupied states. 
For q > 0 ,  we may find N '=N ' ( r / )  such that, if N>~N', each new N-cube 
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is occupied with probability at least 1 - t / ,  conditional on {BN(0 ) is open}. 
The ensuing process on N-cubes stochastically dominates site percolation 
with density 1 - t / o n  the collection of N-cubes in BrN (viewed as a subset 
of g a rather than of Q_a). It follows from (3.12) that, as n $ 0 [-and therefore 
N'(t/) ~ oe], the chance that Bu((r--1)1) is ultimately declared occupied 
tends to 1. If this last event occurs, there exists an open path of Q_a, con- 
tained in BrN , and joining 1 to some point in B N ( ( r - -  1) 1). We therefore 
choose q sufficiently small, and N' sufficiently large, to obtain inequality 
(3.15). 

Pick N'=N'(rc, 5) such that (3.15) holds for N>>.N', and set N=N'.  
Assume K = [- (log M)Zq > N, and define r=2+[-(K+I)/N-1. For x ~ L M  
let 

F(x, M ) =  {x ~--* x -  1 +Bu((r-- 1) 1) in B(x, rN)} 

where B(x, k) = Ha= 1 {X i ' " "  Xi -[- k --  1 } = x - l --~ B k ,  and let 

O(x, M ) =  {B(x, N) is open} 

Now 

P.(O(x, M)) = zc Nd (3.16) 

and 

P~(F(x, M) t O(x, M)) >~ 1 - �88 (3.17) 

by (3.15). Suppose F(x, M)c~ O(x, M) occurs and also 1 ~<xl ~<M-3K.  
Then, for large M, x - 1 + BN((r- 1) 1) is contained in B~u, implying that 
x E G  M. 

For large M, we may find at least �89 points x satisfying x ~ L~ ,  
K +  1 ~< xl ~< M -  3K, any two of which are separated by distance rN. The 
corresponding events F(x, M) c~ O(x, M) are independent. Each such event 
has probability at least ~Ua(1 --le),  by (3.16) and (3.17), implying that, for 
all u and all large M, at least u of these events occur with probability at 
least 1 -  �89 This proves (3.9). 

Finally we prove (3.10). Pick a positive integer s such that, out of s 
independent events each having probability gNd, at least one occurs with 
probability exceeding 1 - ~e. Suppose u = 2sN and U is a subset of LM with 
I U[ >~ u. Either U contains at least sN points in the "upper" half of LM or 
U contains at least sN points in the "lower" half of LM; we may, without 
loss of generality, assume the latter holds. At least s of these points are 
separated, pairwise, by a distance of at least N, and we pick a subset 
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S =  {x(i): 1 ~i<~s} of U accordingly. The events O(x(i), M), 1 <~i<~s, are 
independent, and therefore 

1 P=(6)(x(i), M) for some 1 ~ i<~s) > 1 - ~e 

We examine x(i) in order of increasing first coordinates x(i)l, and 
determine the earliest x(i) such that O(x(i), M) occurs; call this x(I). 
Conditional on I and O(x(I), M), there is by (3.17) at least probability 
1-�88 that F(x(I), M) occurs, implying that x(I)~--~B~t in BM and 
therefore x(I) e GM. Therefore 

P~(I U ~  G~tl >~ 1)/> P(I  exists, x(I) ,-+ B~t in BM) 
/>(1 1 2 - a e )  ~>l - �89  

as required for (3.10). [] 

Let x(1), x(2) .... be some fixed ordering of the vertices of 1_ a. Let R be 
a random process on 1_ a taking values in {0, 1 }. We think of the vertex x 
as open if R (x )=  1 and closed if R (x )=  0. Let o~ be the G-field generated 
by {R(x(i)): 1 <~i<~n}. The following lemma gives a condition for R to 
dominate a process in which the states of different vertices are independent. 
Recall that an event A is increasing if co E A implies co' ~ A whenever co ~< co', 
with the obvious ordering by inclusion on subsets o0, co' of y d  

Lemma 3. Suppose that there exists n e [0, 11 such that, for all 
n~>0, 

P(x(n + 1 ) is open L.~) >t r~ 

Then, for every increasing event A, 

P(A) >~ P~(A) 

where P~ is the product probability measure on ~a with intensity 7r. 

The proof of this lemma uses standard techniques--see, for example, 
Barsky, Grimmett, and Newman. (2,3) 

We use Lemma 3 to extend Lemma 2 in the following way. 

Lemma 4. Suppose n > pc(d), 0 < ~ < 1, and q is a positive integer. 
Suppose that 

P(x(n + 1) is openlY,,,) ~> n for all n~>0 (3.~8) 

There exist positive integers u = u(•, e, q) and v = v(rt, ~, q) such that the 
following holds for all M~> v. Let U(1), U(2) ..... U(q) be subsets of vertices 
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of BM such that, for each r (l~<r~<q), first IU(r)l >~u and second there 
exists L e 2 ~ such that U(r) c_ LM. Then 

P(~ an open cluster C of BM such that ICc~L~41 >~u for all L~Se,  

and ICc~U(r)]>>-i for all r, l ~<r~<q)>~ l - e  (3.19) 

As before, LM denotes the set of vertices in BM corresponding to the 
line L in the boundary of the unit cube [0, 1 ]a. 

Proof By applying Lemma2,  with e replaced by s/(d2a+q), we see 
that (3.19) holds with P replaced by P~ (we can take C to be the largest 
open cluster of BM). The result now follows by Lemma 3, noting that the 
event in (3.19) is increasing. [] 

Having stated the necessary results from percolation theory, we 
turn to the proof proper. With J a = { 0 ,  1 , . . . , M - I }  a, we write 
j d , , =  {(il,..., in): i j e J  a} for the set of n vectors with entries in ja; we set 
jd ,0= {~} ,  the set containing exactly one element labeled as the empty 
set ~ .  With _I = (il,..., in)= ((i~,1 ..... il,a),..., (i,,1 ..... in, d)) we associate the 
subcube of [0, 1] a given by 

C(I) = e(_l) + [0, M - " ]  a (3.20) 

where 

c(_I) = M-J6,j . . . . .  M-J6, n e R  a (3.21) 
1 j = t  

Such a cube C(I) is called a level-n cube, the cube Co= C ( ~ )  being the 
level-0 cube. 

Let 0 < p <  1, and suppose that we are provided with a family 
{ Z ( I ) : ! ~ J }  of independent random variables, each taking the value 1 
with probability p and 0 otherwise. The index set ~r is taken to be 

j = ja.o w jd,1 w ja,2 w ... (3.22) 

For each ! ~ J we define the indicator function 1(|) by 

1 ( ~ )  = 1, 1(!) = z ( i ~ )  z ( i 2 ) . . ,  z ( i , )  (3.23) 

where I_ = (il ..... in) E jd,,. We call C(_I) passable if 1(I_) = 1, and we write C n 
for both the set of passable level-n cubes and for the union of this set. It 
is clear that Co, Ct .... has the required probability distribution, and we are 
primarily concerned with the limit set C = (~ n~__ o Cn. 
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Percolation is said to occur in a subset S of [0, 1 ]d if S contains a con- 
nected subset having points in both {0} x [0, 1] J - I  and {1} x [0, 1] '~-1. 
Note that 

{percolation in C} = ~) {percolation in Cn} (3.24) 
n ~ O  

an intersection of a decreasing family of events. Therefore 

P(percolation in C) = lira P(percolation in Cn) (3.25) 
n ~ o  

Percolation occurs in C,, if and only if C. contains a sequence C(1),..., C(r) 
of passable level-n cubes such that 

a. C(1) contains some point of {0} x [0, l ]  'l-:. 

b. C(r) contains some point of {1} x [0, 1 ]d- l .  

c. C(i) ~ C(j) if i # j. 

d. C(i)c~C(i+ l)#;2~ for l ~ i < r .  

Such a sequence is called a (level-n) traversal. Two distinct level-n cubes C 
and C' may intersect in any of several ways, depending on the dimension 
of their intersection. That is, if C c~ C ' #  ~ then C n  C' is congruent to 
one of {0}, [0,1],..., [0 ,1]  d-l ,  and we may correspondingly write 
dim(Cc~ C')E {0, 1 ..... d - 1 } .  In general, traversals of [0, 1] d may include 
cube intersections of any of these d types. Given a traversal 
v=(C(1),..., C(r)), we write 5(v) for the minimal dimension of the cube 
intersections; that is 

6(~) = min{dim(C(i) n C(i + t)): 1 ~< i < r} 

We say that k-percolation occurs in C, if (a) percolation occurs in C,, and 
(b) there exists a level-n traversal z with b(z)~> k. 

Certainly 

{percolation in C} = ~ {0-percolation in C,} 
r t = O  

since "percolation" and "0-percolation" are equivalent concepts. We make 
the further assertion that 

P({percola t ion in C} & ~=0 (~ {1-percolation ~n C ~ } ) = 0  (3.26) 

where & denotes symmetric difference. The following argument explains 
this. Clearly 

{ 1-percolation in C, + ~ } _c { 1-percolation in C, } 

c {0-percolation in C, } 
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and therefore { l-percolation in Cn } is a decreasing sequence of events with 
intersection satisfying 

~] {1-percolation in C,} ~_ {percolation in C} (3.27) 
n = 0  

Equation (3.26) will have been proved once we have shown that 

P(percolation in C, no 1-percolation in Cn) = 0 . for all n (3.28) 

Now, 

{percolation in C, no 1-percolation in C,} 

= {percolation in C, 0-percolation but no 1-percolation in C,} 

If there is 0-percolation but no 1-percolation in C,, then every level-n 
traversal uses at least one cube intersection having dimension 0, i.e., at least 
one cube intersection which is a single point. Let R,, be the total number 
of pairs C, C' of passable level-n cubes such that C c~ C' is a single point, 
and write ~, for the set of such points. For m i> n, let Q m be the total 
number of pairs C, C' of passable level-m cubes such that 

C c ~ C ' ~ ; 2  C~C'=__~,, 

Thus Qm is the number of such pairs whose intersection is a single point 
lying in ~,.  It is easily seen that 

E(Q,n I R, )  = R,(p2) m n <~ MZd~p2Im-,) 

and therefore 

P(Qm > O IR,) <~ M2d~p 2(m- ") 

0 as m ~ c~ (3.29) 

On the other hand, if there is 0-percolation but no 1-percolation in C,, and 
in addition Q,~ = 0 for some m > n, then it follows that there is no percola- 
tion in Cm. Using (3.29), we obtain (3.28), which in turn yields (3.26) as 
required. We deduce the following crucial lemma. 

Lemma 5. It is the case that 

P(percolation in C) = lira P(1-percolation in C~) 
n ~ c o  

The set Cn comprises passable level-n cubes, and it is natural and use- 
ful to "discretize" C~ in the following generic way; each cube in Cn is 
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replaced by a vertex, and two such vertices are declared adjacent if and 
only if the two corresponding cubes intersect in a set of dimension 1 or 
greater. More precisely, we replace the level-n cube C(!) by a "level-n" ver- 
tex placed at the point c(_I); rather than introduce more notation, we label 
this vertex e(_I). Now C(!) c~ C(_J) is a set of dimension 1 or greater if and 
only if [e(!b-e(_J)jl ~<M -~ for j =  1, 2,..., d and furthermore c(_I)j=c(_J)j 
for at least one value ofj. (Here P1 is t he j th  coordinate of p ~ Rd.) Any two 
such vertices e(!), e(_J) are declared to be adjacent. The ensuing graph is 
isomorphic to the box BM. of a_ a. We declare the level-n vertex at e(_I) to 
be passable if and only if the corresponding cube C(I) is passable. It is clear 
that ~here is 1-percolation in C~ if and only if the graph described above 
is traversed in the appropriate direction by a path of passable vertices. 

Now 

P(1-percolation in C, I Cn_ 1) ~ P( 1-percolation in C, J C,_  t = [0, 1 ] d) 

However, if Cn_ 1 = [0, l i d  then each level-n cube is passable with (condi- 
tional) probability p, independently of all other level-n cubes. Hence 

P(1-percolation in C,, [ Cn_ 1) ~'~ ~Cp(M") (3.30) 

where ~Cp(m) is the Pp-probability that, in site percolation on ~_u, there is an 
open path traversing the cube B,,,. We have from Lemma 1 that 

top(m) <. m a-lo:(p)'~ i 

where c~(p)< 1 if p < pc(d), since such a traversal joins at 1east one of the 
m a- i vertices on a given face of B,, to a hyperplane distance m -  1 away. 
Therefore 

P(l-percolation in Cn) ~< M "(j- ~)c~(p) ~t"- i 

whence 

P(percolation in C) = 0 if p < Pc (d) 

by Lemma 5. This proves part (a) of Theorem 2, and also that 

p, ,(M,d)>~p~(d) for all M (3.31) 

The principal part of the proof is to show that O(M, p )  ~ 1 a s  M ~ ~ ,  
if p >  pc(d), and to this end we asstzme henceforth that p >  pc(d). 

860/5/3-5 
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We begin by making various choices which will be useful later. Pick rc 
such that p~(d) < rc < p, let q = 3 d, and define e by 

p(1 - e) = rc (3.32) 

With this choice of ~ and e, we let u = u(n, e, q) and v = v(rc, e, q) be deter- 
mined by Lemma 4, and we suppose henceforth that M >  v. 

Fix n >~ 1. We shall show that, with probability greater than re~p, 1-per- 
colation occurs in Cn, i.e., there is a sequence of cubes of Cn, each with (at 
least) an edge in common with the next, which joins the opposite faces 
{0} x [0, 1] a-1 and {1} x [0, 1] d-1 of Co. 

We consider the set of indices J(~)--j~,o u jd, i u  . . .  w jd , ,  (and the 
corresponding cubes C(I_) for I_ e J(n)) and order them in the following way. 
We first order j d =  jd,1 in some way, say lexicographically by coordinates. 
We then declare I =  (il,..., ia)<l_ '= (i'1,..., i•) (where O<~a, b<~n) if and 
only if either i , < i "  (according to the order on jd) where r (~< min{a, b}) 
is the least integer with i, v~ i" or if a > b and ir = i; for r = 1 ..... b. Thus 
is the "greatest" member of j(n). 

For convenience, we write I!1 for the "length" of !, i.e., ]!l = m  if 
I = 01 ,..-, ira) ~ jd, m. 

We examine the cubes C(I_) in turn according to this ordering, and 
declare some of them to be "good" according to the rule given below. 

Whether a cube C(I_) is good or not is determined by the following 
inductive procedure. Let I_ e J("), and assume that the goodness of C(I_') 
has been decided for all I_'< I_. We have the following possibilities: 

a. ]I_[ = n. Then C(I_) is always declared good. 

b. 0~< II_[ = m < n .  

In the latter case we act as follows: We note that the subcubes C(!, j) with 
j e jd  have already been examined, since (_I, j) < _I. Consider the set of level- 
(m + 1) subcubes of C(I_) given by 

{ C ( I , j ) : j s J  ~ with C(I,j)  good and Z(I_,j) = 1} (3.33) 

We declare C(!) to be good if this set of cubes has an edge-connected 
subset, N(I_) say, such that 

i. Each edge of C(_I) intersects at least u cubes of if(!). 

ii. For every good level-m cube C(I') with _I'<I that has (at least) 
one edge in common with C(_I), there is a cube of (r and a cube 
of N(I) with a common edge. 

(If there is more than one candidate for if(I_) we use some predetermined 
rule to choose one of them.) 

This procedure determines whether C(I) is good for each I in turn. We 
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show first that if C ( ~ )  is good then 1-percolation occurs in Cn, and second 
that this happens with probability at least nip. 

Assume then that C ( ~ )  is good; we shall show, inductively, that for 
1 <~m<~n the faces {0} x [0, 1] d-1 and {1} x [0, 1] d-1 are connected by 
some chain C(I(1)), C(I(2)) ..... CO_(k)) of good edge-adjacent level-m cubes 
with l(_I(i)) = 1 for 1 ~< i ~< k. Clearly, if C ( ~ )  is good, this is true for m = 1. 

So take m with 1 <~m<n and let C(I(1)),..., CO_(k)) be such a chain 
of good level-m cubes. For each i, l<~i<k, either _ I ( i )< ! ( i+ l )  or 
I ( i+ l )<_I( i ) .  By condition (ii), there exist l eve l - (m+l)  cubes of 
fq(_I(i + 1)) which are edge-adjacent to level-(m + 1) cubes of fr These 
level-(m + 1) cubes C(J) are all good and have Z(J_)= 1, by (3.33) and the 
definition of the fr It follows that there is an edge-adjacent chain of 
good level-(m+ 1) cubes C(J) with l ( d ) =  1 which joins {0} • [0, 1] d-1 

and (1}•  [0, 1] d 1. (Of course, {0}x [0, 1] d-I  contains an edge of 
C(!(1)) and therefore the edge of a cube of f#(I(1)), and similarly 
{1} • E0, 1] d-1 contains an edge of a cube in fq(l(k)).) 

It follows by induction that, if C ( ~ )  is good, then 1-percolation 
occurs in Cn. 

We now consider the probabilities of various events. For _I~J  (~), 
define the index _I ~ J(")  by 

I -  = max{_I': | ' <  I and J_I'] ~< Ill} (3.34) 

[if there is no such index, l -  is left undefined]. For each I we let i f ( I )  
denote the a-field 

~-(!) = a(Z(_I', j): I!'1 ~<n-  1, !'~<!, j e J  a) 

[if ! -  is undefined as above, we take ~(_I-  ) to be the trivial a-field]. Note 
that ~(_I) is generated by those Z that have been examined prior to 
deciding whether C(I_) is good. 

We prove by induction that 

P(C(!)  is good I ~ ( ! - ) ) t >  ~c/p (3.35) 

for _ I e J  ("). Assume that (3.35) has been established for all indices in J(")  
less than | (when such indices exist). We have two cases: 

a. I!1 = n; then P(C(!) is g o o d ) =  1 and (3.35) is trivially true. 

b. 0 ~ < l ! [ = m < n .  

For case (b), given ~- ( ! - ) ,  the goodness of C(!') is determined (in 
particular) for all _I'< I with [_I'[ = m. Let 

Q = {!': _I' < ! and C(_I') is a good level-m cube with an 
edge in common with C(_I)} 
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For each I_'~ Q, let E(I') be some common edge of C(I) and C(I'). Since 
C(I') is good, there are at least u level-(m+ 1) subcubes in fr which 
intersect E(_I'); call this set of subcubes U(I_'). 

To see whether C([) is good, we look at C(I, j(k))  where j(k) 
(1 ~< k ~< M d) are the vectors of jd  arranged in order. We have (_I, j(k)) < _I, 
so by the induction hypothesis (3.35) 

rc/p <. P(C(I_, j(k)) is good I ~((_I, j(k)) )) 

=~P(C(I_,j(k))isgood]~(I_,j(k-1))) i f2~<k~<M d 

(P(C(_I , j (1)) isgood I ~(_I )) if k =  1 

so by independence 

= p x ( n / p )  

~P(C(I_,j(k))isgood, Z(I_,j(k))=ll~(I_,j(k-1))) if2<~k<~M d 
~< [P(C(_I, j(1))is  good, Z(I_, j(1))--  11 ~(I_-) )  

We now apply Lemma 4, identifying the subcubes C(_I, j(k)) of C(_I) with 
the vertices in BM of the lattice 0_ d. We deduce that, with probability at 
least 1-e=rc/p, the set (3.33) of level-(m+ 1) subcubes of C(_I) has an 
edge-connected subset [-which we may take as fq(I_)] which (i) contains at 
least u cubes intersecting every edge of C(I), and (ii) for all I' ~ Q, contains 
a cube that is edge-adjacent to a cube of U(I_'). (Note that Q has 
cardinality at most 3 d=  q.) The induction step is therefore valid, and (3.35) 
follows. 

Taking I_ = ~ ,  (3.35) becomes 

P(1-percolation in Cn) >>- P(C(~)  is good) ~> 7zip 

It follows from Lemma 5 that 

P(percolation in C) >~ ~/p 

This is valid for all ~ e (pc(d), p) so long as M = M(n) is sufficiently large. 
Taking the limit as ~ 1" p, we obtain part (b) of Theorem 2. Part (c) follows 
immediately. [5 
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