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ABSTRACT

A random integer N, drawn uniformly from the set {1,2,...,n}, has a prime factorization of the form
N=o,a,...a, where a, > a, > ... > a,,. We establish the asymptotic distribution, as n — oo, of the
vector A(n) = (loga,/log N: i > 1) in a transparent manner. By randomly re-ordering the components of
A(n), in a size-biased manner, we obtain a new vector B(n) whose asymptotic distribution is the GEM
distribution with parameter 1; this is a distribution on the infinite-dimensional simplex of vectors
(x,, X, ...) having non-negative components with unit sum. Using a standard continuity argument, this
entails the weak convergence of A(n) to the corresponding Poisson—Dirichlet distribution on this simplex;
this result was obtained by Billingsley [3].

1. Introduction

Let N be a positive integer, and let o be the largest prime factor of N. The typical
behaviour of «, when N is large, is such that loga/log N has a certain asymptotic
distribution over the interval (0, 1); that is to say, « behaves roughly in the manner
of N¥ where W is a random variable whose distribution is the first component of the
Poisson—Dirichlet distribution with parameter 1. It was apparently Dickman [9] who
was the first to study such a question (the distribution function of W is sometimes
named after him), and this matter has received some attention since then. Ramaswami
[19] established the existence, and some properties, of the limiting distribution of
loga/log N (in an appropriate limit); de Bruijn [6, 7] provided more precise
asymptotic information. This distribution arises also in studying least kth power non-
residues (see Norton [18] for a review).

In all this work, the limit in question is the usual one, amounting in probabilistic
terms to the following. Let n be a positive integer, and let N(n) be a random integer
chosen uniformly from the set {1,2,...,n}. We are concerned with the asymptotic
distributions of certain functions of N = N(n), in the limit as n — co.

Work on the largest prime divisor of N was extended by Billingsley [3] to the
sequence («,: k = 1) of prime divisors of N, written in non-increasing order. He
explored the asymptotics of the joint distribution of the vector (a,, «,, ..., ,). More
precisely, he studied the vector A(n) = (loga,/logN:k > 1), and calculated its
asymptotic finite-dimensional distributions. His result has been rediscovered in
different forms by Knuth and Trabb Pardo [17] and Vershik [21].

Our purpose in this paper is to present an elementary and especially transparent
proof of Billingsley’s theorem, via a different route to that used by him. Our proof is
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based on the following observation. The (Poisson—Dirichlet) distribution that arises
as the limit for normalized prime divisors is somewhat complicated, and therefore
presents some difficulty in its study (see Griffiths [13] and Donnelly and Joyce [10] for
accounts of this distribution and its properties). On the other hand, the
Poisson-Dirichlet distribution may be represented as an invertible function of
another distribution, called the GEM distribution. In contrast to the Poisson—
Dirichlet distribution, the GEM distribution has a relatively simple structure in terms
of a sequence of independent uniform random variables. Using completely elementary
means, we shall prove that a certain (random) function of A(n) converges to the GEM
distribution, and we shall deduce by a general argument that A(n) has the
Poisson-Dirichlet distribution in the limit.

We remark, as have others, that the Poisson—Dirichlet and GEM distributions
occur in various contexts. They occur in the study of the normalized cycle lengths of
a random permutation, the Poisson—Dirichlet distribution as the limit of ordered
cycle lengths, and the GEM distribution as the limit of the cycle lengths when the
cycles are labelled in increasing order of their smallest members (for random
permutations, this labelling is equivalent to a random size-biased ordering similar to
that which we shall encounter in the next section); see [20, 10].

In greater generality, the Poisson-Dirichlet and GEM distributions form one-
parameter families indexed by a parameter 6. As in this paper, the limiting
distributions for random permutations are such that § = 1. Other values of 8 arise in
other settings. One encounters the case # = 1 in studying the sizes of components of
a random mapping; see, for example, [1]. The case of general § arises in the study of
neutral models in population genetics, the value of 6 being related to the rate of
mutation; see [16, 11}.

We give a formal description of the Poisson-Dirichlet and GEM distributions in
the next section, where we state our result and some of its consequences. This is
followed by a brief account, in a few lines, of the calculation required for the proof.
Section 3 contains a formal proof.

2. Statement of result

We write N = {1,2,...} and denote by

c=T100,1]

teN

the N-dimensional unit cube. We endow C with the product Euclidean topology and
the Borel o-field. Write the vector xe C in the form x = (x,, x,,...), and denote by

A={xeC: Y x, = 1}, T={xeA:x,2x,2..},

i=1

the simplex of vectors in C with unit sum, and the set of vectors in A with non-
increasing components. We give to A and T the topologies which they inherit as
subsets of the topological space C.

We now introduce the relevant probability measures on these spaces. Let
U, U,,... be a sequence of independent random variables each having the uniform
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distribution on [0, 1]. We denote by A the probability measure on C associated with
the random element (U,, U,, .. .); clearly 4 is Lebesgue measure on C. Next, we define

X, =U, X,= (1_U1) U, X,= (I“Ul)(l—Uz) U,,...,

noting that X = (X, X, ...) belongs almost surely to A. We write y for the probability
measure on A induced by X: thus

y(A) = P(Xe A) for Borel subsets 4 of A.

The measure y is called the GEM distribution with parameter 1. Finally, we write
Xy X g, ... for the order statistics (in non-increasing order) of the X, that is to say,
we have that X, > X,, > ... and the X|,, are a rearrangement of the X,. We denote
by = the probability measure on T associated with the vector X, = (X, X(s),...): thus

n(A) = P(X,e A) for Borel subsets 4 of T,

and 7 is the Poisson—Dirichlet distribution (having parameter 1).
If, instead of the uniform distribution, we had taken as common density function
of the U, the function f{u) = 6(1 —u)*?*,0 < u < 1, then the consequent measures y
and n would be the GEM and Poisson—Dirichlet distributions with parameter 6.
We turn now to the question of prime factorization. Let n be a positive integer;
later we shall take the limit as n — co. Let N(n) be a random integer chosen uniformly
from the set {1,2,...,n}. The integer N(n) has a prime factorization in the form

Nn) = TTp*o™
V4

where A(p,n) is the multiplicity of the prime p. All summations and products over p
are deemed to be over the set IT of prime numbers. If N(n) = 1, we write A(p,n) =0
for all p. Let

M(n) =) A(p,n)

be the number of prime divisors of N(n), counted according to their multiplicities.
Writing «,, &y, ..., %, for the prime divisors of N(n), listed in non-increasing order,
we place the «, in a random order in the following manner. The first term is chosen
at random from the sequence of «, in a size-biased way; more specifically, the prime
a, is chosen with probability proportional to log «,. Having chosen the first term, the
second is chosen similarly from the remaining divisors, and so on. Taking into
account the multiplicities of each prime factor of N(n), this amounts to the following.
The first term, written D,(n), has distribution

A(p,n)logp

P(Dy(n) = p|N(n)) = W’

pell.

Conditional on N(n) and D,(n), the second term D,(n) has mass function

Ay(p,n)logp

P(D,(n) = p| N(n), D,(n)) = Tog (N(n)/ D ()}’

pell,

where
A(p,n) if Dy(n) # p

Ay(p,n) = {A(p, n)—1 if D,(n) =p.
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More generally, the kth term D, (n) has conditional mass function

P(Dy(n) = p|N(w), Dy .., Dy () = 2PPI0BR - iy ()

logR,(n) °
where A4,(p,n) = max {0, A(p,n)—|{i < k: D{n) = p}|}, and
- N(n) _
RO~ 5y~ 0 LA oso)

Note that R,(n) = N(n). We obtain in this way a sequence D,(n), Dy(n), ..., Dy, (n) of
prime divisors of N(n), and we shall study the asymptotic distribution of this vector
in the limit as n — o0. Rather than working directly with this sequence, it is more
convenient to work with the random vector B(n) = (B,(n), By(n),...) defined as
follows: we set B,(n) = log D,(n)/log N(n), and more generally

log D(n) :
1 <i< M(n),
B,(n) = { log R(n) : )
0 if i > M(n).

Note that 0 < B,(n) < 1 for all i, and therefore B(n)eC.

THEOREM 1. The vector B(n) converges weakly to Lebesgue measure A on C, in the
limit as n - 0.

We abuse terminology here and later by speaking of the weak convergence of a
random vector rather than of its distribution.

We give a formal proof of the theorem in the next section. This proof is rather
simple, and is based upon the elementary calculation which follows. See [2] for a
general discussion of weak convergence of probability measures.

In order to prove the theorem, it suffices to show that, for each k, the vector
(B,(n), By(n), ..., B,(n)) converges weakly to the product of k uniform measures.
Consider the case when k = 1, and let 0 < a < 1. The following rough calculation
may be made valid. By neglecting the question of the multiplicities of the prime
divisors of N(n), we have that

P(B,(n) < a) = P(D,(n) < N(n)*)

=Y T PDyn)=p,N() =m)

m=1 p<m?
plm

1 lo
> L T o
p<n® m:p|m,
p/P<mgn

N logp n
~ 2% e

- log (n®) —a
logn )

The theorem will be proved by an elaboration of this basic calculation, in which
we deal with the question of multiplicities, extend the calculation to general k, and
tighten up the asymptotic analysis a little.
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We make two remarks about the above calculation. First, its success hinges upon
the elementary fact that

Y logp _ ogK+0(l) as K— o0;
»<k P
see [14, Theorem 425]. Secondly, the calculation succeeds for the function B,(n) of the
size-biased random variable D,(n) precisely because of the conjunction of logarithms.
Amongst the prime divisors p of N(n), the variable D,(n) takes the value p with a
probability proportional to logp, while the density of primes in the region of an
integer p is approximately 1/logp.

The following corollaries are immediate consequences of Theorem 1; the second
is implicit in the paper of Billingsley [3], and appears without proof in Vershik [21].

COROLLARY 2. In the notation above, let

log D (n)
C(n) = { log N(n)

0 otherwise.

if 1 <i< M(n),

The vector C(n) = (C,(n), C,(n), ...) converges weakly to y, the GEM distribution with
parameter 1, as n — 0.

Proof. For each k, the vector (C,(n), C,(n), ..., C,(n)) is a continuous function of
(B,(n), By(n), ..., B,(n)); therefore the limiting distribution of the first vector is given
by the corresponding function of that of the second. The claim now follows
from Theorem 1, using the fact that the GEM distribution is specified by its
finite-dimensional distributions.

COROLLARY 3. In the notation above, let

loga,
An) = 1 logN(m)
0 otherwise.

if1<i< M),

The vector A(n) = (A,(n), A,(n),...) converges weakly to m, the Poisson—Dirichlet
distribution with parameter 1, as n — 0.

Proof. The function which rearranges the components of a vector x € A into non-
increasing order is a continuous mapping from A into T (see [10]). The claim follows
from Corollary 2.

We close this section with several remarks.
(a) From Corollary 3 and known properties of the Poisson—Dirichlet distribution,
various results follow. For example, as was stated by Knuth and Trabb Pardo [17],

Plo, < Nm))— F(a), 0<a<l,

where F, is the marginal distribution of the kth component of the Poisson—Dirichlet
distribution with parameter 1. Knuth and Trabb Pardo have derived certain
properties of the F,.. Related properties have been derived independently and in other
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contexts; see, for example, Shepp and Lloyd [20] and earlier papers for the problem
of random permutations, and Watterson [22] for general Poisson-Dirichlet
distributions. Related work appears in Diaconis [8).

(b) 1t is a consequence of the bounded convergence theorem that all (joint)
moments of the components of the vector A(n) converge to the corresponding
moments of the Poisson—Dirichlet distribution.

It is a useful property of the Poisson—Dirichlet distribution (with parameter 6)
that

E((: X,y eA}]) = f 6(7) dy

for any measurable subset 4 of [0,1], where ¢(y) = 8y '(1—y)*! is called the
frequency spectrum (see [12]). In our case 6 = 1, and consequently

il 1
el — [0 wr—

for all appropriate functions g (see, for example, [15]). This, together with its
multivariate generalizations, provides a convenient method for calculating the
asymptotic expectations of certain symmetric functions of the vector A(n).

(c) There is another characterization of the Poisson-Dirichlet distribution which
may prove to be useful. Let Y, Y,,... be the points of a non-homogeneous Poisson
process on (0,00) with mean measure density fe™?/y, these points being written
in decreasing order. It is easily seen that the Y, are a.s. bounded, and that
Z=)72,Y < oo as. (actually, Z has a gamma distribution). It may be shown that
the vector (1, Y, ...)/Z has the Poisson-Dirichlet distribution with parameter §, and
is independent of Z. The Poisson—Dirichlet distribution is not easy to work with, and
this representation can be of value; see [13].

(d) Since the GEM distribution may be specified in terms of a family of
independent, identically distributed random variables, it is usually easier to work with
this distribution rather than with the Poisson—Dirichlet distribution. For example, a
law of large numbers and a central limit theorem for these distributions is easily
derived from the fact that the GEM distribution may be expressed in terms of an
independent, identically distributed sequence. As a further example, Theorem 6 of
[21] is an immediate consequence of an exact asymptotic result for the GEM
distribution. One obtains, in the above notation, that

P(D,(n) Dy(n)... D(n) = n*) ——%r(k+ 1, —log (1 b))

as n — oo, where I' is the incomplete gamma function and all logarithms are natural
(use Theorem 1, together with the fact that —log U is exponentially distributed if U
is uniform on (0, 1)). This implies Vershik’s Theorem 6 (part 1), since

oy Ay... & = Di(1) Dy(n)... Dy(n).

(e) In principle, the error terms in the proof of Theorem 1 may be estimated, and
thus one would arrive at an estimate for the rate of convergence.

(f) Wunderlich and Selfridge [23] argued heuristically that the distribution of the
second largest prime factor «, of N(n) should behave in the manner of the largest
factor of a number drawn at random from {1,2,..., N(n)/o,}. As indicated by the
calculations of Knuth and Trabb Pardo [17, equations (9.5) and (9.6)], this is not
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correct. However, Theorem 1 demonstrates that this heuristic argument is correct
when applied to the size-biased random permutation D,(n), D,(n), ... of the sequence
o, Oy, ... of prime factors.

(g) The results above provide information about the Jarge prime factors of a
‘typical’ integer, but provide no information concerning prime factors having smaller
order. The distribution of prime factors of an integer N, these primes being of order
exp [(log N)?] where 0 < a < 1, is described by the Erdds—Kac central limit theorem
and the subsequent invariance principle of Billingsley; see [4, 5] and the references
therein.

3. Proof of Theorem 1

Let k > 1, and write B,(n) for the vector (B,(n), By(n),..., B,(n)). It suffices to
prove for general k that

i :
P(a <B,(n) <b)—[](b,—a) for all a,be(0,1)* such that a <b; (3.1)
i=1
we write v < w (respectively v < w) if v, < w, (respectively v, < w,) for all i. We may
restrict ourselves to vectors a, b satisfying 0 < a < b < 1, in the light of the fact that
Lebesgue measure on the cube [0, 1]* has its entire mass on the interior of the cube.
We shall prove that
k
liminf P(a < B,(n) <b) > [](b;—a,) fora<h, 3.2)
n—c0 i=-1
and we claim that this implies (3.1). Suppose on the contrary that (3.2) holds, but that
there exist ¢,de (0, 1)* such that ¢ < d and

k
limsup P(c < B,(n) <d) > [](d,—c). (3.3)
n—o0 i=1
We may partition the k-dimensional cube [0,1]* as the finite disjoint union
E\UE,U ... UE, in such a way that E, = []f, (¢, d] and each E, is the product of
sub-intervals of [0, 1]. Now

K
1=P0<Byn) <1) =} PBn)eE).
j=1
Denote the interior of E, by I, = [ ]%.,(x,, »,), find ¢ satisfying 0 < ¢ < y,—x, for all i,
and note that

PB,(meE) > P(Bk(n)eﬁmy,—e]);

{=1

therefore, by (3.2),

k
liminf PB,(n)e E) > [ (y,—e—x)— A (E) asel0,
n—0 f=1
where A, is k-dimensional Lebesgue measure. Using (3.3), we find that there exists a
sequence of values of # along which

1= inm P(B,(n)€E,) > izk(E,) =1,
f=1

j=1
a contradiction.
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It remains to prove (3.2). Let a,be(0,1)* satisfy a <b. We have from the
definition of the B(n) that a < B,(n) <b if and only if

R(n)* < D,(n) < R(n)* for 1 i<k,
where R,(n) = N(n)/{D,(n) Dy(n)...D,_,(n)}. Therefore
Pla<B,(m)<b)= Y P(N(n)=m,D(n)=p, for 1 <i<k) X))
p.m

where the sum is over all vectors p = (p,,p,, -.-,p,) €II* and all positive integers m
satisfying 1 < m < n and

m % m b
—_—) <p | — for1 i<k 3.5
(Plpz .- ‘p(—l) P (plpz - -P(—l) 3:3)
Let 0 < ¢ < 1, and note that
P(N(n) 2 en) =2 1—c¢. (3.6)

Consequently, by restricting ourselves to values of m exceeding en, we lose at most ¢
of probability. It follows from (3.4) to (3.6) that

Pa<B,(m<b)= ) P(N(n)=m,Dn) = p, for 1 <i<k) 3.7
pm
where the summation is over all vectors p and integers m such that en < m < n and

nd<p,<(en) forl i<k, (3.8)

where n; = n/(p, p,...p,_,). For such p and m,

. 1.k logp,
= = <i<k)>-

P(N(n)=m,Dn) =p, for 1 <i<k)> - ‘l:! T N (3.9
if p, p, ... p, | m, and this probability is 0 otherwise; the inequality arises from the fact
that the relevant multiplicities 4,(p,,n) in (2.1) are at least 1. The inequality in (3.9)
remains valid when m is replaced by » on the right-hand side. Substitute the ensuing
inequality into (3.7), and sum over multiples m of p,p,...p,, to obtain that the
summation in (3.7) is at least

(I_E_L)Z [].to8p (3.10)

M1/ ‘g -1 P4108m

where the summation is over all sequences p satisfying (3.8).
We shall require lower bounds for the n,, We have from (3.8) that

n
t =p, < (gn‘)b‘ < n‘oc,
Ry
and hence
n,=2nzn for0<i<k, (3.11)

where v =[], (1-5) > 0.
It is a standard result [14, Theorem 425] that

y 1‘%=log1(+0(1) as K—— co. (3.12)

P<K
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By (3.12), we may find M such that

logp > b

——2>b—a,—¢ forl<i<k
mi<psem)’ P logm

whenever m > M. Hence, using (3.11),

smy= ¥ oer

n?{ <p<(an‘)b¢ p log ni

satisfies

S(n) = b,—a,—¢ ifn>= MY

Returning to (3.10) and summing over p,,p,_,, .-, 7, in order, we deduce that

k
Pa<Bm<b)=>(1—-e—n)[][(b;—a,—¢) ifnzM"

i=1

Take the limits as # — oo and ¢ 0 to obtain (3.2), as required.
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