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ABSTRACT

A random electrical network is a graph G with edges which are electrical connections, whose
resistances form a family of independent identically distributed random variables. We consider the case
when G is a complete graph on n + 2 vertices and a typical edge-resistance R has distribution

P(R = oo) = 1 - — , P(R < x) = — F(x) f o r O < x < o o ,
n n

where 0 ^ y(n) ^ n and F is a fixed distribution function concentrated on [0, oo). It turns out that if
y(n) -* oo, then the effective resistance Rn between two specified vertices of G satisfies, as n -* oo,

f f I " 1

y(n)Rn->2< x~ldF{x)> in probability.
^ J )
[O.oo)

We only give a complete proof of this if y(n) > rf, for some positive number /?. We state theorems which
assert that, if y(n) -> y e [0, oo) as n -> oo, then yc = 1 is a critical value of y in that

if y ^ 1 then P(Rn = oo) -> 1 ,

if V > 1 then Rn converges to R' + R" in distribution ,

where R' and R" are independent random variables, each of which is distributed as the electrical resistance
between the root and 'infinity' in the family tree of a branching process whose offspring distribution is
Poisson, mean y, and each of whose edges has a random electrical resistance which is independent of all
other edge-resistances and has distribution function F.

1. Introduction

An electrical network is a graph G whose edges are wires joining pairs of
terminals. In this paper we consider random electrical networks, being graphs G for
which the resistances R(e) of edges e are such that {R{e): e e G} is a family of
independent, identically distributed random variables. Much work has been done on
the distribution of the effective electrical resistance of the network between two
disjoint sets, Ao and Al, of vertices of G. Quite explicit results are known when G is a
Bethe lattice (or Cayley tree), see [12]. Perhaps the most interesting results arise out
of the case when G is a section of a periodic 'crystalline' lattice. Suppose, for example,
that G is a large cube contained in Zd and Ao and Ax are opposite faces of this cube.
If one allows P{R(e) = oo) = q to be strictly positive, then there is a strong link with
percolation theory, and critical phenomena occur as q varies in [0,1]; see [7] and
Chapter 11 of [11]. We are not aware of work of a similar nature for other types of
graph G. We are interested here in the case when G is a complete graph (see [2] for
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graph theory definitions), and we assume henceforth that G = Kn+2, the complete
graph on n + 2 points; we label the points of Kn+2 as {0,1,2, . . . , n, oo}. We assume
that each edge e of G has a random resistance R(e) whose distribution is of the form

(1.1)

P{R{e) ̂  x) = — F(x) for 0 ^ x < oo ,
n

P{R(e) = oo) = 1 -

where F is a fixed distribution function concentrated on [0, oo) and y(n) is a sequence
of numbers such that 0 ^ y(n) ^ n. Note that we allow R(e) = oo with positive
probability; of course this is equivalent to allowing e to be removed from the
network, since if R{e) = oo then no current passes through e. Also R(e) = 0 can
occur with positive probability if F(0) > 0; if e has endpoints i and j then taking
R(e) = 0 amounts to inserting a short-circuit between i and j .

We may think of such electrical networks as arising in the following way. Let G*
be a random graph with vertex set {0,1; 2,.. . , n, oo} and edge set defined as follows:
each pair of vertices is joined by an edge independently of all other pairs and with
probability n~ly{n). The electrical network obtained by endowing the edges of Gn

with independent random resistances with common distribution function F has the
same distribution as the above electrical network on G. Results about the effective
resistance of G relate to the strength of connectedness of Gn. See [6] for a review of
random graphs.

Denote by Rn the (random) effective resistance of G between the vertices 0 and
oo. We are able to prove the following Theorems 1-3 about the asymptotic
behaviour of Rn for large n.

THEOREM 1. Ify{n) -*• oo as n -> oo then

(1.2) y(n)RH^2( -dF{x)) in probability,

lO.oo)

where the limit is interpreted as 0 if the integral is equal to oo.

We note that it is easy to define all the random variables {Rn: n ^ 1} on one
probability space, so that convergence in probability of the sequence {y(n)Rn}
becomes meaningful. When the Rn are defined on different probability spaces one
has, strictly speaking, only convergence in distribution in (1.2).

THEOREM 2. / /

(1.3) lim y(n) = y < 1
n-* oo

then

(1.4) lim P(Rn = oo) = 1.
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In the case when y(n) converges to a constant y (as in Theorem 2) there is a
critical value for y. As Theorem 2 shows, Rn a.s. becomes infinite if y ^ 1. For y > 1,
Rn has a limit distribution which is no longer concentrated on {oo} (even though
P(Rn = oo) always has a positive limit). To describe the limit distribution of Rn we
must introduce a (one-type) Bienayme-Galton-Watson branching process
{Zn: n ^ 0} in which the offspring distribution is a Poisson distribution with mean y
(see Chapter I of [8]). The more traditional name for this process is a Galton-
Watson process, see [9]. Associated with such a process is a random family tree T
(see Chapter VI.2 of [8] or Chapter 1.2 of [10]). This is a rooted labelled tree whose
root is labelled <0>; this corresponds to the 0-th generation or the progenitor of the
branching process. The other vertices of T (of which there may be none) have labels
of the form <il9.. . , in> with i}e {1, 2,.. .}, n $s 1. The label <il9..., in> stands for an
individual of the n-th generation which is a child of <il9..., in-{) in the (n—l)-th
generation (or of <0> if n = 1). Not all <il9... , in> with il9 ..., in $s 1 occur as vertices
of T; only those which correspond to individuals which are actually born or
'realized' occur as vertices of T. If <ix,..., in_ x} is a vertex of T, it represents an actual
individual in the (n—l)-th generation. If this individual has N = N(ix, ...,in_x)
children, then <tl9..., ira_x, in> is a vertex of T if and only if 1 ^ in ^ N, and
<il s . . . , in-i,j} is called (for 1 ^ ; ^ JV) the ;-th child of <il9... , in-x} (in some
arbitrary ordering of these children). In our process, given that <x1>,..., <xk> are
individuals of the (n—l)-th generation, N(xx),..., N(xk) are conditionally
independent, each with a Poisson distribution with mean y. Now T has an edge
between each pair of vertices <il9 ...,!„_!> e T and <il9... , in_l9 in> for
1 < in ^ N(il5...,!„_!), and between <0> and (i^) for 1 < ix ^ N(0); T has no
other edges. We write e(i l9..., in) for the edge between <il9... , in_!> and <il9... , in>,
and e{ix) for the edge between <0> and (i^). For n ^ 1, we call the collection of all
vertices <il9... , in> the n-th generation of T and denote it by Tn; To = {<0>}. Then
Zn

 = l̂ nl> t n e cardinality of Tn. In particular Tn = 0 if and only if Zn = 0, or
equivalently if and only if the branching process dies out before the n-th generation.
The subtree of T consisting of all vertices in To u Tx u ... u Tn together with all the
edges between these vertices is denoted by T[n]. Finally we introduce electrical
resistances. Let {R{e): e e T} be a family of independent, identically distributed
random variables each with distribution function F (thus P{R{e) = oo) = 0 for
e € T). We write /?(T[n]) for the resulting resistance of the network T[n] between <0>
and Tn (formally this is defined by first identifying all vertices in Tn—or short-
circuiting them—and then finding the resistance between <0> and the single vertex
obtained by this identification). We note that R(TW) = oo if and only if the
branching process is extinct by the n-th generation (or Tn = 0 ) . The limit

R(T):= \im W
n-^oo

exists always by the monotonicity property (2.4) given below.

THEOREM 3. / /

(1.5) Urn y{n) = y > 1
n-»oo

then, as n -> co, the distribution of Rn converges to that of R'{y) + R"{y), where R'{y)
and R"{y) are independent random variables each with the distribution ofR{T), defined
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above, with the mean of the Poisson offspring distribution equal to the value y given by
(1.5). In particular, the atom at oo of the limit distribution ofRn is equal to 2q(y) — q(y)2

(< 1) where q(y) is the probability of extinction of a branching process with Poisson
offspring distribution with mean y (and q(y) is the smaller root of the equation
q = exp(-y(l-g))).

We shall not give the complete proofs of Theorems 1, 2 and 3 in this paper, since
they are very long. The only result which we prove with complete rigour is the
following weaker form of Theorem 1.

THEOREM 4. / / there exists /? > 0 such that

(1.6) y{n)>ne for all n

then, as n —• oo,

(1.7) y{n)Rn-+l[ -dF{x)\ in probability,
\ J x /

[O.oo)

where the limit is interpreted as 0 if the integral is equal to oo.

Condition (1.6) requires that y{n) -• oo at least as fast as some power of n. We
shall indicate how more technical arguments may be used to remove this condition
and obtain the general result of Theorem 1.

Theorems 2 and 3 show that the value 1 is a critical value for y. If y ^ 1, then all
the mass in the distribution of Rn escapes to oo as n -* oo, while for y > 1, Rn has a
limit distribution which puts some mass on [0, oo) (but also has an atom at oo). This
is clearly related to the threshold phenomenon for the spread of epidemics discussed
by von Bahr and Martin-Lof [1] (especially in Section 5). Both [1] and the current
paper use the existence of embedded random trees which behave like the family trees
of branching processes.

The basic idea for the proofs of Theorems 2 and 3 is to look at the graphs of the
vertices of Kn+2 which are connected to 0 and oo, respectively, by paths of finite
resistance. These graphs more or less resemble two independent trees, each with the
same distribution as T, given above. In addition there is a large number of edges with
finite resistances joining pairs of vertices, one from each tree, but these are incident
only to vertices which are far away from 0 and oo, respectively. It is easy to see from
a correct formulation of this statement that, with high probability, Rn is at least as
large as the sum of the resistances of these two trees, which has precisely the
distribution of R'{y) + R"(y). Considerably more work is needed to show that there
are enough interconnections between the trees to imply that Rn is not much larger
than the sum of the resistances of the two trees. We shall omit almost all of this work,
but shall sketch the necessary arguments in outline in Section 4. Theorem 2 is now
intuitively clear: Rn = oo if and only if there is no path with finite resistance joining 0
to oo. With large probability, this occurs if either of the trees discussed above
becomes extinct after only finitely many generations; thus if y ^ 1 then a.s. Rn = oo
for all large n (cf. Theorem 1.6.1 of [8]).

In Section 2 we remind the reader of the elementary theory of electrical networks.
Section 3 contains the proof of Theorem 4; Section 4 contains sketch proofs of
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Theorems 2 and 3 and of the part of Theorem 1 which is not covered by Theorem 4.
The details of these proofs may be obtained from the authors.

2. Preliminaries

Let G be a graph with associated edge-resistances {r{e): e e G}, and let Ao and /tx

be disjoint sets of vertices of G; we shall assume that 0 < r(e) < oo for all ee G.
Elementary consequences of Kirchhoff's laws and Ohm's law are the following rules
for combining resistors in series or parallel (see, for instance, Sections 1.25.5 and
11.22.3 of [4]). If vx,v2,...,vk is a sequence of distinct vertices such that vt is
connected to vi + x by an edge ex of resistance rt, and the degree of each of
v2, u3,..., yk_! in G is 2, then the r£ (1 ^ i ^ k) are in series and we may replace the
path ex, e2,..., ek_x by a single edge with resistance rx + r 2 + ... + rk_1 without
affecting the effective resistance between any pair v' and v" of vertices outside
{v2,v3, ...,vk-x}. If ex, e2,..., ek are distinct edges with resistances rx, r2,..., rk, all
connecting the vertices vx and u2, then these resistances are in parallel and we may
replace ex, e2,..., ek by a single edge between i^ and v2 with resistance

(2.1) ' *

From these rules and Kirchhoff's laws and Ohm's law one can prove that in any
finite graph G the resistance between any two vertices is a continuous function of the
resistances of the individual edges of G (see, for instance, Chapter 11 of [11]).

To compute the resistance of G between Ao and Ax we introduce the potential
function V(v), wher,e v ranges over the vertices of G. We impose a unit potential
difference between Ao and Ax by requiring that V has the boundary values

( 0 , if v e Ao ,

1, if we A , .

To produce these boundary values physically, one has to connect Ao and Ax to a
voltage source external to the network. Off Ao u Ax, V is determined by Kirchhoff's
laws and Ohm's law:

(2.2) V(v) --

where the sums run over all edges e of G which are incident to v, and w(e) denotes
the endpoint of e other than v. Thus V{v) is a weighted average of the potentials of
the neighbours of v. The existence and uniqueness of V has been known for over a
century (for connected graphs G). The resistance between Ao and Ax is given by

V(2.3)

where the sum runs over all edges e with exactly one endpoint in Ao, and w{e)
denotes the other endpoint of e (see Chapter 11 of [11]). |
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Minor modifications of the above argument are necessary if the edge-resistances
of G may take the value 0; this involves contracting subsets S of the vertex set of G
into single composite vertices whenever every pair of vertices in S is linked by a path
of edges, each having zero resistance. We do not describe the details here, noting only
that the resistance between Ao and Al is 0 if and only if there is a path from some
vertex in Ao to some vertex in Ax which uses edges with zero resistance only.

Very intuitive is the following monotonicity property. Let G,A0 and Ax be as
above, and let {r'{e)}, {r"(e)} be two assignments of resistances to the edges of G.
Denote the corresponding resistances between Ao and Ax in G by r'(A0, At) and
r"(A0, Ax) respectively. Then

r'{e) ^ r"(e) for all e
implies that

(2.4) r'{AoMl)^r"(Ao,Al).

Unfortunately the proof is not all that simple (see [5, 3] and, for the case when r'(e)
and r"(e) may be zero or infinite, Chapter 11 of [11]). Note that this monotonicity
property states in particular that short-circuiting some pairs of vertices or inserting
additional edges (no matter what their resistances may be) can only decrease the
resistance between Ao and At; also, removal of any edges can only increase this
resistance.

We call an edge conducting (respectively insulating) if its resistance is finite
(respectively infinite). A path using the edges el5 e2,..., ek is called conducting if the
resistance of et is finite for 1 ^ i ^ k.

We denote the integer part of x by [x], and the smallest integer not smaller than
x by fx"|.

3. Proof of Theorem 4

We divide the proof into several lemmas, the first of which is easy to prove. Note
that its proof does not require condition (1.6).

LEMMA 5. Suppose that y(n) ->ooasn->co.lf£>0 then

(3.1) Ply{n)Rm>2(l-B)t ~ d F ( x ) \ J - 1 as n -+ ao .

[0,oo)

Proof. We may assume that

(3.2) h:= -dF(x) < oo

J x
[0,oo)

and hence that F(0) = 0, since if (3.2) does not hold then (3.1) holds trivially for all
£ > 0. Let Gn be the random edge-subgraph of Kn + 2 which contains the conducting
edges only; thus each edge of Kn + 2 is included in Gn with probability n~ly(n). We
identify (or short-circuit) all the vertices of Gn except for 0 and oo, and denote the
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FIG. 1. The graph Gn with the vertices {1, 2,... , n} contracted to a single point v

vertex obtained by this identification by v. The network obtained by this
identification looks something like Figure 1. Between 0 and v (respectively oo and v)
there are T° (respectively T°°) edges in parallel, and the resistances of these edges have
distribution function F; there is one further edge joining 0 directly to oo, with
probability n~1y(n). Since the new graph is constructed from Gn by short-circuiting,
it has a resistance between 0 and oo which is no more than Rn.

Now, T° and T00 are independent with the binomial distribution, parameters n
and n~1y{n). Suppose that £ > 0 and rj > 0. By the weak law of large numbers, we
can choose N such that

> e or - 1 > £ for n > N

Off an event with probability less than jrj we have for n > N that

(3.3) - e )

Let Rlt..., /?To be the resistances of the T° edges in Gn between 0 and v. Note that,
given T°, the R{ {i ^ T0) are conditionally independent, each with the conditional
distribution F. This follows from the fact that the conditional distribution of R(e),
given R(e) < oo, is F. Let R(0, v) and R(v, oo) be the effective resistances,
respectively, of the blocks of conducting edges between 0 and v, and between v and
oo. By (2.1) we have for n > N on the event (3.3)

1-e 1 1+e

iti Rt

- 0 -CO ] > 1 _ I „
I , x I z? I 4 rj

and by the weak law of large numbers

1 £ 1

on the set (3.3), for sufficiently large n. Consequently

P((3.3) occurs and ( l -e ) 2 / i ^ {y(n)R(0, v)}~1 ^ (l + e)2/i)
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A similar argument for R(v, oo) shows that

(3.4) P^U+e)- 2 / ! - 1 ^y(n)(R(0,v) + R(v, oo)) ^ 2( l -e) - 2 /T 1 ) :=* l-rj

for n sufficiently large. The relation (3.4) falls short of (3.1) only in as much as we
have neglected the possible existence of an edge e(0, oo) of Gn joining 0 to oo directly.
Indeed, the monotonicity principle (2.4) and the parallel law (2.1) imply that

(3-5) i ^
Rn " R(e(O, oo))

where R(e{0, oo)) is the resistance of e(O, oo); \/R(e{0, 00)) is interpreted as zero if

e(0, oo) is not present in Gn. But (3.4) shows that with probability near one

(3.6) R(0,v) + R(v, oo) ^ — - - > 0 as n -• oo
y(n)

for some K < oo, and l/R(e(0, oo)) is finite with probability one. Equation (3.1)
follows easily from (3.4)-(3.6).

It is more difficult to prove the other half of Theorem 4. Suppose that (1.6) holds
but (1.7) does not hold. Then it follows that (1.7) does not hold when the limit is
taken down some subsequence {n,: / ^ 1} satisfying either

(3.7) i y ( n , ) - K x e ( 0 , l ] as / -> oo

or

(3.8) - y(n,)k'2 -> 0 and - y{n,)k - oo as / -> oo ,

for some k with 3 ^ k ^ [j5"1"| + l. It therefore suffices to prove (1.7) along
subsequences {nt} which satisfy either (3.7) or (3.8). In order to avoid writing too
many subscripts, we prove (1.7) separately under the assumption that (3.7),
respectively (3.8), holds for the full sequence of positive integers (that is, we assume
that we may take n{ = I). The reader may easily convince himself that the same proof
works for subsequences.

Until further notice we assume that F is concentrated on {1}, so that

(3.9) F ( l - ) = 0,

each edge-resistance R{e) now has distribution
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Next we prove a result which, taken with Lemma 5, implies that Theorem 4 holds
whenever (3.7) and (3.9) hold. This is a special case of the problem, and requires a
special argument.

LEMMA 6. If F satisfies (3.9) and

• a e (0, 1] as n -> oo
n

then, for all e > 0,

(3.10) P(y(n)Rn^2(l+e))->l as n - oo.

Proof. Let Bo (respectively Bx) be the subset of the vertices {1, 2,. . . , n} ofG
which are connected to 0 (respectively oo) by a conducting edge and let
C = Bon B^, Co = B0\C, Cw = B«\C, as in Figure 2. Denote by Hn the network
consisting of the vertices 0, oo and the vertices in C together with the edges between
0 and C and between C and oo. Denote the resistance between 0 and oo in Hn by
R{Hn). It is easy to see that

- \C\ -> a2 in probability as n -+ oo .
n

Since the potential in the network Hn at each vertex in C is equal to \ (when 0 and oo
are given the potentials 0 and 1, respectively) it follows from (2.3) that

(3.11) nR(Hn) -> -y in probability .
(X

Next consider the network Jn consisting of the vertices 0, oo and the vertices in
Co u Co,, a n d all conducting edges between these vertices excluding the possibly

FIG. 2. The sets C, Co and Co
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conducting edge between 0 and oo. Denote the resistance between 0 and oo in Jn by
R(Jn). Now Hn and Jn form parallel connections between 0 and oo. They are disjoint
subnetworks of G, and hence

1 1 1
(3.12)

Moreover, by (2. 3),
l

R{J

R(Hn) ' R(Jn)

= I V(x),
n) x e Cn

where V is the potential function in the network Jn when 0 and oo are given the
potentials 0 and 1 respectively. Consequently

E{V(x)\xeC0)P(xeC0).
x = l

The main point is to show that

(3.14) E(V{x)\xeC0)-+$ for 1 ^ x ^ n.

Once this is shown, we easily obtain (3.10) since (3.12)—(3.14), together with

(3.15)

imply that

(3.16) l iminfE(-L) > l a 2 + l a ( l _ a ) = l a

But Lemma 5 gives that, for all e > 0,

whilst it is easy to see, by considering the case when all the edges of Kn + 2 have unit
resistance, that

thus (3.16) implies that

f o r a l l e > 0 ,

which is equivalent to (3.10).
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For the proof of (3.14) set

( 1, if x and y are connected by a conducting edge ,

0, otherwise,

and
d(x)= £ <5(x,y);

yeCou Coo

d(x) is the number of vertices in Co u C^ connected to x by conducting edges. By
Kirchhoff's law (see (2.2)) we have for x e Co

(3.17) {d(x)+l)V(x) = X V(y)d{x,y)+ £ V(y)S{x,y).
ye Co y 6 Co,

Put

ye Co - ye Coo

Then d(x) = d0(x) + dao(x), since Co and C^ are disjoint. If we now sum (3.17) over
x e Co, take expectations, and use obvious symmetry properties, we obtain

(3.18) £|C0| {£(<Ux) V(x) | x e Co) + E{ V(x) \ x € Co)}

= E\CJE(do(y)V(y)\yeCj.

But 0 ^ V(x) ^ 1 by the maximum principle (see, for instance, Chapter 11 of [11]),
and trivially

- £ | C 0 | = - £ | C J = — ^ 1 - — j - a ( l - a ) ,

a2( 1 - a) , ^ Z l ^ a2( 1 - a) in probability .
n

Thus (3.18), after division by n2, shows that

Finally, by interchanging the roles of 0 and oo, one obtains

£(K(X)|XGC0) = l-E{V(y)\ysCj,

and (3.14) follows.

The next lemma contains most of the remaining work.

LEMMA 7. Suppose that F is given by (3.9) and that

(3.19) — •() , ^ - ^ o o
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for some fixed k satisfying 3 ^ k ^ [fl~l~\ + l. Then, for every p > 0 there exists N{p)
such that

(3.20) P{y(n)Rn < 2(1 + p)) > \-p for n > N(p).

Before proving this we require a preliminary lemma concerning the binomial
distribution.

LEMMA 8. Let X be binomially distributed with parameters m and p > 0. For
n > 0 there exists S(n) depending on n alone and satisfying 0 < 5(rj) < 1, such that

P(Y ^ (l-n)mp) ^ S(rj)mp.

Proof. We may assume that 0 < p < 1. By Markov's inequality, for x > i ,

P{-Y> -(l-n)mp)

where
g{x)

Set x = x0, where

to find that

r^ since l—x^e x i f x ^ 0

), say.

It is not hard to verify that 0 < S{n) < 1 if 0 < r\ < 1.

Proof of Lemma 7. In the following proof we sometimes use non-integer-valued
quantities when integers are required; it will be clear that this aberration makes no
essential difference to the argument. Let 0 < p < 1 and define e = p2/12. For
i ^ l , N{ = N,(e) will denote a positive integer which depends on £ alone. Define
C, D > 0 by

(3.21) C = C(£) = ^ ,

(3-22)
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with k as in (3.19). Choose Nl such that

(3.23) y(n)k~2 ^ Cn, y(n)k ^ Dn, for n > N x .

Let Gn be the (random) edge-subgraph of G containing only the conducting edges of
G. We shall construct a subgraph J of Gn which consists of two finite rooted trees
connected by a number of edges between the vertices in the last 'generations' of these
trees. The form of J will be such that its resistance can be estimated. If, at any stage
in the construction of J, we fail to find an appropriate set of vertices then we stop the
construction and say that it has failed; we shall show that the probability of failure is
very small. First, we find the first n(n) = (1— e)y(n) vertices in {1, . . . , n} which are
connected by a conducting edge to 0. We denote these vertices by a^j),
1 < J; < n(n), and write Ax for the collection {a^j): 1 ^ ; ^ M")}- The vertex at(l)
is simply the smallest i e {1, . . . , n} which is adjacent to 0 in Gn, and ax(j+1) is the
smallest i > a^j) which is adjacent to 0 in Gn. Next we construct sets
A2(l),..., A2(n(nj) as follows. Having found A2{\),..., A2(r— 1), we define A2(r) to be

the subset of {1, 2,. . . , n}\</4[ u I [j A2(i) I > consisting of the fSji) vertices of lowest

index in this set which are connected to at(r) by a conducting edge. We write
A2(r) = {a2(r,j): 1 < j ^ M")} a °d A2 = J4 2 (1 ) U ... u A2(ji(n)). We continue in
exactly the same way, obtaining disjoint sets Al,A2,....,Ak_2 such that, for
2 ^ s ^ k-2,

As= U ^«0"i »•••»*,-1).

4j(*i» •••, h-i) = Mh* —. U : 1 < i, < M»X 1 < t ^ s} ,

fl,_i(ii,...,*,-i) is adjacent in Gn to each; e A,{ilt..., is).

Finally, we construct Ak_l'm the same way as the previous X-sets except for the fact
that

4 t - l = I J ^ k - l ( ' l > •••>'k-2)>
1 ^ j | ^ /i(n)

1 ^ ifc — 2 < /'(n)

where this time the ^4fc_!(i) each have cardinality

(3.24) V(n) =

We think of {0}, Al,...,Ak_l as the generations of a tree emanating from the root 0
in which a member of the r-th generation has g(r) descendants in the (r+l)-th
generation, where

'H{n), if r < k-2,
9(r) =

v(n), if r = k — 2 .
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Having constructed At,..., Ak_x, we now find disjoint sets Bx,...,Bk_l defined in
terms of sets Bs(il,..., is_!) in the same way as the A-sets except that the B-sets are
disjoint from the /1-sets and they originate from the vertex oo in place of 0; we think
of {oo}, Bl,...,Bk.l as the generations of a tree emanating from oo. Note that

(3.25) l ^ - i l = l**-il=M«)*~2v(n).

We define J to be the following subgraph of Gn: J has vertex set A u B where

A = {0} u Ax u ... u Ak_u B = {oo} u B, u ... u Bk_x ,

and vertices i and j in A u B are joined by an edge of J if and only if one of the
following three cases applies:

(a) i = a^^ii,..., i^^ for some 2 < s < k — 1 and j e A^i^,..., is-i), or i = 0
andjE Xi,

(b) i = fc,-i(Ji,..., *s-i) for some
i = oo and j e Bt,

< s ^ / c - l and j e f l ^ i j , . . . , is_,), or

(c) is Ak_y,j e Bk_x, and i and j are joined by an edge in Gn.

If the construction of J is successful then J is a subgraph of Gn. Indeed, the
ar{ii,..., ir) and ^( i i , . . . , ir) have been chosen such that each of the edges of J
corresponding to case (a) or (b) above is a conducting edge. Note also that the vertex
set A, together with the edges of J between the vertices in A, forms a rooted tree
with root at 0. Similarly B (with its edges) is a tree with root at oo. See Figure 3 for a
sketch of J. We note also that, given the sets Al,...,Ak^l,Bl,...,Bk.l, the events
E(i,j) = {i and j are adjacent in J}, with i and j ranging over Ak_y and Bk_1

respectively, are conditionally independent, each one occurring with the conditional
probability n~ly{n). This follows from the method of construction of J. At each
stage, the decision whether to include a given vertex / in some Ar (or JBr) does not
depend on the resistance of any edge from / to vertices other than those \n Ar.l (or
Br_x respectively). In order to find Ak_l and Bk_l we never have to use the
resistance of any of the edges in Kn + 2 between Ak_{ and Bk_t.

FIG. 3. The graph J
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We now estimate the probability that the construction fails. In the language of
family trees, the construction of /4uB requires

families, and
\AuB\ = 2(1 +n(n) + ...

for n> N2{> N J we have by (3.24), (3.23) and (3.21) that

Thus, conditional on having reached the stage of constructing the family of any given
vertex in A\Ak.l or B\Bk_x, the number of vertices in Gn available for that family is,
in distribution, at least binomially distributed with parameters n(l — ̂ e) and n~1y(n).
Thus the probability that the construction of J fails satisfies

P(failure) ^ (f)(n)P(Y v(n)),

where Y is binomially distributed with parameters n(l—^e) and n~ly(n). But, from
(3.24) and (3.23),

1

giving that

(3.26)

v(n) fn
— = /-r
y{n) \/yk

P(failure) < 6y{n)k'2P(Y ^ (l-e)y(n))

^ 6y{n)k ~ 2 d{^y{n)/2 by Lemma 8

^ e for all n > N3 (> N2).

Thus, with probability at least 1 — e, the construction of J is successful.
We now argue more or less as in the proof of Lemma 6. Until further notice all

expectations and probabilities are calculated conditional on the vertex set A u B and
relate only to the random disposition of edges joining Ak_l to Bn.^ Let V be the
potential function on J with boundary conditions V(0) = 0, K(oo) = 1. Let
aeAk.u beBk_lt and write (0)fl1,o2,.. . )a t .2,a) and (co,bt,b2, ...,bk.2,b) for
the unique paths in J which contain exactly k vertices and join 0 to a and oo to b
respectively. Let d^a) (respectively dA(b)) be the number of vertices in B (respectively
A) which are adjacent to a (respectively b) in J. By Chebyshev's inequality and the
independence of the events E(i,j) mentioned above,

M
- 1 16

256
M

- 1
1

y/M*
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where, from (3.25) and (3.23),

(3.27) M = E(dM) = E{dA{b)) = -y(n)fi{n)k-2v(n) > (l-e)kJD,
n

giving

(3

(3

28)

29)

from (3.22) that

d^a
M

E
a

)

B(«)

M

1 >

- 1

>
£
16

£

16'

£

16'

together with similar inequalities in which d^a) is replaced by dA(b). Arguing exactly
as in equations (3.17) and (3.18), we find that

\E(dJLa)V(a)-dA(b)V{b))\ = \E(V{ak.2)-V{a))\ ^ 1

(recall that 0 < V( •) ^ 1 by the maximum principle). Writing I(F) for the indicator
function of the event F, we have that, with r\ = e/16,

(3.30)

-r,)E{V(b)l{dA(b)

Also

E(V(a))

(3.31) E(V(b)) ^ E{V(b)I(dA(b) > (l-r/)M)}+P(<U&) < (l-iy)Af)

(3.32)

and

(3.33)

From (3.3O)-(3.33)

> (1 + IJ)M)J ^ E
M

- 1
V M

in.

l
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a similar inequality holds with a and b interchanged, giving that

V(a))\^

By the obvious symmetry

and so

Next consider ak_2- Again by (2.2) and symmetry,

(l + v(n))E(V{ak_2)) = v(n)
giving that

and hence
\E(V(ak.2))-$\

1 1

Iterate for ak_3, ak_4,..., ai to find that

Hence the resistance R(Jn), of Jn between 0 and oo, satisfies, by (2.3) and (3.27),

1

y(n)R(Jn)
(\-B)E(Via,))

e
(n) v(n) (l-e)Vi> 2

^ | ( 1 - 2 E ) for « > N 4 ( > N 3 ) ;

we have used (3.22) and (3.19) here, and assumed that n is large enough to ensure
that

2k 2 e

/*(n) v(n) 4 '

Now we can use the monotonicity principle (2.4) to deduce that



188 GEOFFREY GRIMMETT AND HARRY'KESTEN

Next we remove the condition that J has been successfully constructed, obtaining for
the unconditioned mean value

(3.34)
y(n)Rj \y(n)Rn

J successful I P{J successful)

by (3.26)

Set Xn = (yi^Rj'1 and observe that, by (3.9), all conducting edges have
resistance 1, and hence by (3.5),

where, as before, T° (respectively T00) is the number of conducting edges between 0
(respectively oo) and {1,2,..., n}. Therefore, we may pick Ns > N4 such that

E{Xj(Xn>i(\+e))} <E f o r n > N 5 .

Routine arguments yield that

E(Xn) < Ul-\p)P(XH ^ i ( l - ip ) ) + i(l + e)P(i(l-ip) < Xn ^ i

P(y(n)Rn > 2(1 +p)) ^ P (-\- < | (1 - J p ) ) < p .

giving from (3.34) that

and hence

This proves the lemma with N(p) = Ns(e).

As remarked before, Lemmas 6 and 7 together prove Theorem 4, when F has the
form (3.9), because (1.6) implies that each sequence of integers has a subsequence
satisfying (3.7) or (3.8). It therefore only remains to reduce the case of general F to
the special case of (3.9). We now give this reduction.

Proof of Theorem 4. As we noted before Lemma 6, it suffices to prove the
remaining part of Theorem 4 for the cases when either

(3.35) - y ( n ) - > a e ( 0 , 1 ] as n -• oo ,
n
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or

(3.36) -y{n)k~2 -> 0 , -y(n)k -> oo as n -> oo ,

for some fc with 3 ^ /c ^ [jS^I + l. Suppose first that

(3.37) F(0) = <5>0 .

(Actually one can avoid consideration of this special case by truncating F at the
lower end, say by moving its mass on [0, e) to e, and afterwards letting e j 0.) If
(3.35) holds, then one easily sees that, for large n, there exists with probability close
to 1 a vertex i e {l, . . . ,n} which is connected to 0 and to oo by edges with zero
resistance. Thus, in this case,

(3.38) P{Rn = 0 ) - > l a s n - » o o .

If (3.36) holds, then we compare Rn to the resistance Rn between 0 and oo obtained
by setting each non-zero resistance equal to oo. By the monotonicity principle

One easily verifies that the distribution of Rn is the same as the resistance between 0
and oo in Kn + 2 in our original problem, when one replaces the distribution of R(e)
by

P(R(e) = o o ) - 1 - * * ! ! ) , P(R(e) = 0) = * ^ .
n n

If (3.36) holds, one can construct J exactly as in Lemma 7, the only difference being
that y(n) is replaced by Sy{n) and that now each conducting edge has resistance 0
instead of resistance 1. Thus, if the construction of J is successful for the modified
problem, then 0 and oo are connected by a path of zero resistance, and hence Rn — 0.
Thus, under (3.37) and (3.36)

P(Rn = 0) ^ P(Rn = 0)

^ P (construction of J is successful in the modified problem)

-> 1 as n -> oo

by (3.26). Hence

(3.39) P ( R n = 0 ) - l

as soon as (3.37) holds. Since this conclusion is stronger than (1.7) we may
henceforth assume that

F(0) = 0 .
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We wish to show that, for all e > 0,

(3.40) p(y(n)Rn ^ 2 ( l + £ ) j | -dF{x)\ ] - 0 as n - oo ,
[0,00)

since, together with Lemma 5, this implies that Theorem 4 holds. To obtain (3.40)
for general F we modify the resistances of the edges of Kn+2 as follows. Choose
n > 0 and an integer M. If R{e) e [jrj, (j+l)i), set R{e) = (; + l)rj, for 0 ^ ; < M;
if R(e) ^ Mrj, set R{e) = oo. Let Gnj be the network formed by the edges with
resistances R(e) = (; + l)rj and the vertices which are endpoints of these edges. These
networks form edge-disjoint connections between 0 and oo. Let Rnj be the resistance
between 0 and oo in Gnj. Then (2.1) and (2.4) imply that

(341) T^ZlT
Kn j=0 Knj

In addition, all conducting edges in Gnj have the (non-random) resistance (j+ l)ri, so
that Lemmas 6 and 7 apply with y(n) replaced by y(n)F{^jrj,(j+l)r])} (in the
obvious notation), and it follows from Lemmas 5-7 that

Combined with (3.41) this yields, for each rj, e > 0 and integer M,

as n -* oo. Equation (3.40) now follows by letting M -» oo, rj I 0 and £ j 0, in that
order. This argument works when F(0) > 0 also, but does not show the stronger
conclusion (3.39).

4. The remaining results

We defer discussion of the part of Theorem 1 which is not covered by Theorem 4,
and begin by considering the case when

(4.1) y(n)-+ye[0, oo), as n -• oo ,

and

(4.2) F(e) = 0 for some e > 0 .

Condition (4.2) implies that each edge-resistance is a.s. bounded away from 0. The
first major step in proving Theorems 2 and 3 is to show that the subgraph Gn of G,
containing the conducting edges of G only, may be approximated by two disjoint
trees, rooted at 0 and oo, together with certain interconnections between these trees.
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For each vertex ; , define do(j) (respectively d^U)) to be the number of edges in the
shortest path of Gn joining j to 0 (respectively oo), and write

For fixed k ^ 1, the graph formed from the vertex set Aw = {0} u Xj u ... u Ak

together with the edges inherited from Gn tends in distribution as n -* oo to the
family tree of the first k generations of a branching process whose offspring
distribution is the Poisson distribution with mean y. A similar remark holds with Aw

replaced by Bw = { o o } u B 1 u . . . u B k together with the edges inherited from Gn.
Furthermore, P(AW n B[fc] = 0) -> 1 as n -> oo. It follows that Rn is at least the
resistance between 0 and oo in the network obtained from Aw u Bw when the
vertices in Ak u Bk are short-circuited. In the notation of Section 1, for x ^ 0,

(4.3) limsupP(Rn < x) ^ P ^ + UJ, ^ x)
n-»oo

-> P(R'{y) + R"{y) ^ x) as k - oo ,

where R'w and R[k] are independent random variables, each distributed like R(T[k]). It
is more difficult to show the converse inequality to (4.3); the argument proceeds
roughly as follows. Let 1 < <5 < y and define

k =
4 log y

One shows that 4[/t(n)] and B[t(n)] contain, with probability close to 1, tree subgraphs
of Gn which are independent and disjoint, and which are distributed like the first k{n)
generations of a branching process whose offspring distribution is the Poisson
distribution with mean d. Furthermore, with probability close to 1, there exist
sufficiently many edges of Gn between Ak(n) and Bk{n) to ensure that the effective
resistance between 0 and oo of this subnetwork is not very much greater than
R'(6) + R"(5). When correctly formulated this yields, for x ^ 0,

(4.4) liminf P{Rn ^ x) ^ P{R'(8) + R"(S) ^ x)
B-»OO

and the result follows by letting 5\y and using a continuity argument. There are
special arguments which allow us to remove condition (4.2), and which show that

\im P(Rn = oo) = l - ( l

where q(y) is the extinction probability of a branching process whose offspring
distribution is the Poisson distribution with mean y.

The unproven part of Theorem 1 asserts that

(4.5) if y{n) -• oo then y{n)Rn -+2< -dF{x)> in probability.

[O,oo)
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The proof of Lemma 5 requires only that y(n) -> oo, and so (4.5) is shown as soon as
we know that, if y(n) -*> oo, then for £ > 0,

(4.6)
[0,00)

This may be shown in very much the same way as (4.4). In the paragraph before
(4.4), we replace k(n) by

k(n) = — —
|_41ogy(n)J

and show that, for each 0 < £ < 1, the corresponding graphs on A^^ and BWn)^
contain, with probability close to 1, disjoint copies of the family tree of the first k(n)
generations of a branching process each of whose families has size exactly
[(1—e)y(n)j. Furthermore there exist sufficiently many interconnections between
these two trees for the resistance between 0 and oo, in the network to which they give
rise, to be close to that obtained by short-circuiting all the vertices in Ak(n) u Bk(n)

(very much as in the proof of Lemma 7) and (4.6) follows.
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