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1. Show that a field of subsets of a set S has the property of being closed under
taking finite intersections.

2. Let S = (0,1], and let G be the class of all subsets A of S of the form A =
(a1,b1] U (ag,b2] U---U (ay, b,] for some a;,b;, and n > 0. Show that G is a field. Let
G — (0,1] be given by u(A) = > .(b; — a;). Show that p is o-additive on G, and
explain the value of this property.

3. Prove, by using indicator functions or otherwise, the formula
o (0) = Swta - St ay os o (1)
i=1 i i<j i
4. Let X and Y be random variables on the probability space (2, F, P). Show

that the following are random variables: —X, X + Y, max{X,Y}, min{X, Y}.

5. Show that the limsup and liminf of a sequence of random variables are them-
selves random variables.

6. Let A, A, ..., A, be independent events. Show that A;, As,..., A, are in-
dependent.
7. (a) Let X be a non-negative random variable, and show that

iP(XZi) < E(X) < 1+§:P(X2i).

=1 =1

(b) Let X1, X5, ... be non-negative iid random variables, and let Y,, = min{X,,,n}.
Show that

P(X, #Y, io.) = { L i B(Xy) = oo

0 if B(X1) < 0.
8. For two random variables X, Y, define their covariance by
cov (X,Y) = E((X — EX)(Y — EY))

Show that cov (X,Y) = 0 if X and Y are independent, and also the Cauchy—Schwarz
inequality:

lcov (X, Y)| < v/var (X)var (V).



9. Prove that P(Z,, — Z asn — o0) = 1 if

Ve>0, > P(|Zy—Z|>e€) < oo

10. Let X1, X5,... be independent random variables with common mean 0 and
satisfying E(Xf) < M for some M and all 7. Show that S,, = X7 + Xo +---+ X,, is
such that .
P<—Sn—>0asn—>oo) = 1.
n

11. (Lyapounov’s inequality) Let Z be a random variable, and show that the mo-
ments of Z satisfy
{E|Z"M" > {E|Z°]}Y/° if0o<s<r.

In particular, if Z has finite rth moment, then it has finite sth moment for all0 < s < r.

12. Show that a distribution function F' has the properties that: F'is non-decreasing,
continuous from the right, and satisfies

0 asz — —©

1 asx — 0.

Flz) — {

Conversely, let F' have these properties, and construct a probability space (€2, F, P)
and a random variable X such that X has distribution function F.

13. A fair coin is tossed infinitely often. Let L,, be the length of the head-run
beginning with the nth toss (so that, for example, L,, = 0 if the nth toss shows tails).
Show that, for € > 0,

P(L, > (14¢€)logynio.) =0, P(L,>(1-¢)logynio.)=1.

Here, i.0. means ‘for infinitely many n’.



