STRICT INEQUALITIES
FOR CONNECTIVE CONSTANTS
OF TRANSITIVE GRAPHS

GEOFFREY R. GRIMMETT AND ZHONGYANG LI

ABSTRACT. The connective constant of a graph is the exponential
growth rate of the number of self-avoiding walks starting at a given
vertex. Strict inequalities are proved for connective constants of
vertex-transitive graphs. Firstly, the connective constant decreases
strictly when the graph is replaced by a non-trivial quotient graph.
Secondly, the connective constant increases strictly when a quasi-
transitive family of new edges is added. These results have the
following implications for Cayley graphs. The connective constant
of a Cayley graph decreases strictly when a new relator is added to
the group, and increases strictly when a non-trivial group element
is declared to be a generator.

1. INTRODUCTION

A self-avoiding walk (abbreviated to SAW) is a path that revisits no
vertex. Self-avoiding walks were first introduced in the context of long-
chain polymers in chemistry (see [10]), and they have been studied
intensively since by mathematicians and physicists (see [22]). If the
underlying graph G has some periodicity, the number of n-step SAWs
with a given starting point grows (asymptotically) exponentially as
n — 0o, with some growth rate u(G) called the connective constant
of the graph. There are only few graphs G for which u(G) is known
exactly, and a substantial part of the associated literature is devoted
to inequalities for such constants. The purpose of the current work is
to establish conditions under which a systematic change to G results
in a strict change to u(G).

We have two main results for an infinite, vertex-transitive graph
G, as follows. The automorphism group of G is denoted by Aut(G).
Precise conditions are given in the formal statements of the theorems.
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1. (Theorem 3.8) Let the subgroup I' C Aut(G) act transitively
on GG, and let A C T" be a non-trivial, normal subgroup of I'
(satisfying a minor condition). The (directed) quotient graph
G = G/ A satisfies u(G) < pu(G).

2. (Theorem 3.2) Suppose new edges are added in such a way
that the resulting graph is quasi-transitive (subject to a certain
algebraic condition). The connective constant of the new graph
G satisfies u(G) < u(G).

These inequalities have the following implications for Cayley graphs.
Let G be the Cayley graph of an infinite, finitely generated group G
with generator set S and relator set R.

3. (Corollary 4.1) Let G, be the Cayley graph obtained by adding
to G a further non-trivial relator p. Then pu(G,) < u(G).

4. (Corollary 4.3) Let w be a non-trivial element of G that is not a
generator, and let G,, be the Cayley graph obtained by declaring
w to be a further generator. Then u(G) < u(G,).

The proofs follow partly the general approach of Kesten’s proof of
the pattern theorem, see [19] and [22, Sect. 7.2]. Any n-step SAW 7
in the smaller graph G lifts to a SAW 7’ in the larger graph G’. The
idea is to show that ‘most’ such 7 contain at least an sub-walks for
which the corresponding sections of 7/ may be replaced by SAWs on
G'. Different subsets of these sub-walks give rise to different SAWs on
G'. The number of such subsets grows exponentially in n, and this
introduces an exponential ‘entropic’ factor in the count of SAWs.

Whereas Kesten’s proof and subsequent elaborations were directed
at certain specific lattices, our results apply in the general setting of
vertex-transitive graphs, and they require new algebraic and combi-
natorial techniques. Indeed, the work reported here may be the first
systematic study of SAWs on general vertex-transitive graphs.

Related questions have been considered in the contexts of percolation
and disordered systems. Consider a given model on a graph G, such as
a percolation or an Ising/Potts model. There is generally a singularity
at some parameter-value called the ‘critical point’. For percolation,
the parameter in question is the density of open sites or bonds, and for
the models of statistical physics it is the temperature. It is important
and useful to understand something of how the critical point varies
with the choice of graph. In particular, under what conditions does a
systematic change in the graph cause a strict change in the value of
the critical point? A general approach to this issue was presented in
[1] and developed further in [9, 12] and [13, Chap. 3].
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Turning back to SAWs, the SAW generating function has radius of
convergence 1/u, and is believed (for lattice-graphs at least) to have
power-law behaviour near its critical point, see [22]. The above theo-
rems amount to strict inequalities for the critical point as the under-
lying graph G varies. Despite a similarity of the problem with that
of disordered systems, the required techniques for SAWs are substan-
tially different. We concentrate here on vertex-transitive graphs, and
the required conditions are expressed in the language of algebra. There
is another feasible approach to proving strict inequalities, namely the
bridge-decomposition method introduced by Hammersley and Welsh
in [17], and used more recently in various works including [6] and [22,
Thm 8.2.1].

Basic notation and facts about SAWs and connective constants are
presented in Section 2. There is a large literature concerning SAWs, of
which we mention [2, 5, 18, 22].

This paper has two companion papers, [14, 15]. In [14], we prove
bounds on connective constants of vertex-transitive graphs, in partic-
ular ;4 > /A — 1 when G is an infinite, connected, A-regular, vertex-
transitive, simple graph. In [15], we explore the effect on SAWs of the
Fisher transformation, applied to a cubic or partially cubic graph.

2. NOTATION AND DEFINITIONS

All graphs considered here are connected and infinite. Subject to
a minor exception in Section 3, they may not contain loops (that is,
edges both of whose endpoints are the same vertex) but, in certain
circumstances, they are permitted to have multiple edges (that is, two
or more edges with the same pair of endpoints). A graph G = (V, E)
is called simple if it has neither loops nor multiple edges. An edge e
with endpoints u, v is written e = (u, v), and two edges with the same
endpoints are called parallel. If (u,v) € E, we call u and v adjacent
and write u ~ v. Let v = {u : u ~ v} denote the set of neighbours of
velV.

The degree of vertex v is the number of edges incident to v. We as-
sume that the vertex-degrees of a given graph G are finite with supre-
mum A < oo. The graph-distance between two vertices u, v is the
number of edges in the shortest path from wu to v, denoted dg(u,v).

The automorphism group of the graph G = (V, E) is denoted Aut(G).
A subgroup I' C Aut(G) is said to act transitively on G (or on the
vertex-set V') if, for v,w € V, there exists v € I' with yo = w. It is
said to act quasi-transitively if there is a finite set W of vertices (called
a fundamental domain) such that, for v € V, there exist w € W
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and 7 € T' with yv = w. The graph is called vertez-transitive (re-
spectively, quasi-transitive) if Aut(G) acts transitively (respectively,
quasi-transitively). The identity element of any group is denoted by ¢.

A walk w on G is an alternating sequence wpegwiey -« - €, 1w, of
vertices w; and edges e; = (v;,v;41). We write |w| = n for the length
of w, that is, the number of edges in w. The walk w is called closed if
wy = wy,. A cycle (or n-cycle) is a closed walk w with distinct edges
and w; # w; for 1 <4 < j < n. Thus, two parallel edges form a 2-cycle.

Let n € {1,2,...} U{occ}. An n-step self-avoiding walk (SAW) on
G is a walk containing n edges no vertex of which appears more than
once. Let o,(v) be the number of n-step SAWs starting at v € V. We
are interested here in the exponential growth rate of o, (v). Note that,
in the presence of parallel edges, two SAWs with identical vertex-sets
but different edge-sets are considered as distinct SAWs.

Theorem 2.1. [16] Let G = (V, E) be an infinite, connected, quasi-
transitive graph with finite vertez-degrees. There exists up = u(G) €
[1,00), called the connective constant, such that

(2.1) lim o, (v)"/" = 4, velV.

Subadditivity plays a key part in the proof of this theorem. It yields
the inequality
(2.2) sup o, (v) > u", n >0,

veV
which will be useful later in this paper.

See [15, Thm 3.1] (and also [20, Prop. 1.1]) for an elaboration of
Theorem 2.1 in the absence of quasi-transitivity. We note for use in
Section 3 that the above notation may be extended in a natural way to
directed graphs, and we omit the detai}s here. In particular, one may

define the connective constant i = u(G) of a directed, quasi-transitive

graph G by (2.1) with o, (v) replaced by the number of directed n-step
SAWs (whenever the relevant limits exist).

3. STRICT INEQUALITIES FOR VERTEX-TRANSITIVE GRAPHS

In this section, we present and discuss two strict inequalities for
connective constants of vertex-transitive graphs. The first (Theorem
3.2) deals with the effect of adding a quasi-transitive family of new
edges, and the second (Theorem 3.8) deals with quotient graphs. The
implications of these inequalities for Cayley graphs are presented in
Section 4, see Corollaries 4.1 and 4.3.

Let G = (V, E) be an infinite, connected, vertex-transitive, simple
graph. We assume throughout that the vertex-degree A of G satisfies
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A < oo. We state first our result for quasi-transitive augmentations of
G. This is followed in Section 3.2 by a discussion of quotient graphs.
Proofs of theorems in this section are found in Sections 5-6.

3.1. Quasi-transitive augmentation. Let G = (V| E) be as above,
and let G = (V, E) be obtained from G by adding further edges, possi-
bly in parallel to existing edges. We assume that E is a proper subset
of E, and introduce next a certain property.

Definition 3.1. A subgroup A C Aut(G) is said to have the finite
coset property with root p € V if there exist vy, v1,...,vs € ', with
Vo =t and s < 0o, such that 'V is partitioned as | J_,viAp. It is said
simply to have the finite coset property if it has this property with some
T00%.

Theorem 3.2. Let I' act transitively on G, and let A be a subgroup of

[ with the finite coset property. If A C Aut(G), then p(G) < p(G).
Two categories with the finite coset property are given next.

Theorem 3.3. Let I' act transitively on G, and p € V. The subgroup
A of T has the finite coset property with root p if either of the following
holds.

(a) A is a normal subgroup of T' which acts quasi-transitively on G.

(b) The index I : A] is finite.
We ask whether the condition of Theorem 3.2 may be relaxed. More

generally, is it the case that u(G) < u(G) whenever G = (V, E) is
transitive and G = (V, E) is quasi-transitive, with F a proper subset
of E.

The conclusion of Theorem 3.2 is generally invalid if G is assumed
only quasi-transitive. Consider, for example, the pair G, G of Figure

3.1, each of which has connective constant 1.
FIGURE 3.1. The pair G, G. The patterns are ex-
tended infinitely in both directions. Each graph is quasi-

transitive with connective constant 1, and the second is
obtained from the first by the addition of edges.
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The assumption of normality will recur in this paper, and we recall
the following ‘standard fact’.

Remark 3.4. Let I' act transitively on the infinite graph G = (V, E).
A partition P of V'is called I'-invariant if, for u,v € V' belonging to the
same set of the partition, and for v € I', yu and yv belong to the same
set of the partition.

Let A be a subgroup of I'. The orbits of A form a partition P(A)
of V. If A is a normal subgroup, the partition P(A) is I'-invariant.
If P(A) is T-invariant, there exists a normal subgroup N of T' such
that P(N') = P(A). In the latter case, N may be taken as the normal
closure of A, that is, the intersection of all normal subgroups of T’
containing A.

The proof of Theorem 3.3 makes use of the relationship between the
index of A and the number of its orbits when acting on V. Consider
[ as a group acting on V' with orbit-set denoted by V/I'. It is said to
act freely if every stabilizer is trivial, that is, if

Stab, == {y €' :yv =v}

satisfies

(3.1) Stab, = {t¢}, velV.

We abuse notation by saying that I\ A acts freely on V' if
(3.2) Stab, C A, veV.

The proof of the next proposition is at the beginning of Section 6.

Proposition 3.5. Let I' act transitively on the countable set V', and
let A be a subgroup of I'. Then

(3.3) V/A <[D: AL

If|V/A| < o0, equality holds in (3.3) if and only if I'\ A acts freely on
the set V.

We make three comments concerning Theorem 3.3.

1. Let A C Aut(G) act quasi-transitively on G, and suppose
there exists I' C Aut(G) such that I' acts transitively on G
and '\ A acts freely on V. We have by Proposition 3.5 that
' : Al = |V/A| < oo, whence A has the finite coset property
(with arbitrary root) by Theorem 3.3(b).

2. By Remark 3.4, condition (a) of Theorem 3.3 may be replaced
by the apparently weaker assumption that A is a subgroup of I'
acting quasi-transitively on G, whose orbits form a ['-invariant
partition of V.
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3. The normal core of A is the intersection of the conjugate sub-
groups of A. If [I' : A] < oo, the normal core N of A satisfies
I N] < oo (see [24, 1.6.9]). By Proposition 3.5, N acts
quasi-transitively on V.

3.2. Quotient graphs. Let I' be a subgroup of the automorphism
group Aut(G) that acts transitively, and let A4 be a subgroup of I'. We
denote by G = (V, E) the (directed) quotient graph G/A constructed
as follows. Let ~ be the equivalence relation on V' given by v; &~ v,
if and only if there exists a € A with av; = vs. The vertex-set vV
comprises the equivalence classes of (V, =), that is, the orbits 7 := Av
as v ranges over V. For v, w € V, we place |0vNw| directed edges from
v to w (if v = w, these edges are directed loops), and we write v ~ w
if |0vNw| > 1 and ¥ # w. By the next lemma, the number |0v N | is
independent of the choice of v € .

Lemma 3.6. Let A be a subgroup of I', and let v, € V. The number
|0v NW| is independent of the representative v € .

Proof. Let v,v" € 7 and v' # v. Choose o € A such that av = v'. Then
x € Jv Nw is mapped to ax € Jv' N W, whence « acts as an injection
from v Nw to Ov' Nw. Therefore, |Ov NwW| < [0v' Nw|, and the claim
follows by symmetry. 0

We recall that the orbits of A are invariant under I' if and only if
they are the orbits of some normal subgroup of I' (see Remark 3.4).
Assume henceforth that A is a normal subgroup of I'. It is standard
that @ € T acts on G by a(Av) = A(aw), and that I acts transitively

on G. Furthermore, for v,w € V,
(3.4) T=w <& VYyel,y0=7w.

Any walk 7 on G induces a (directed) walk @ on G, and we say that
m projects onto 7. For a walk 7 on é, there exists a walk 7 on GG that
projects onto 7, and we say that 7 lifts to m. There are generally many
choices for such 7, and we fix such a choice as follows. For 7,75 € V,
we label the N(vy,vq) := |0vy N Vs| directed edges from v; to Uy in a
fixed but arbitrary way with the integers 1,2, ..., N(vy,v2). For v € 7y,
we label similarly the edges from v to vertices in the set v5. For v € 7,
any 7 from v lifts to a unique 7 from v that conserves edge-labellings,
and thus walks from a given v on GG are in one—one correspondence with
walks from 7 on G. Since a SAW on G lifts to a SAW on G, i := u(G)
satisfies I < u(G).

It is sometimes convenient to work with an undirected graph derived
from G. There are two such graphs, depending on whether or not
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the multiplicities of edges are retained. The first is the simple graph,
denoted Gy, derived from G by declaring two distinct vertices v, w to
be adjacent if and only if there is a directed edge between T to w (this
property is symmetric in U, ).

The second such graph, denoted G = (V, E), is a multigraph derived
from G by retaining the multiplicities of parallel edges of G. We make
this precise as follows. We call A symmetric if

(3.5) |0v Nw| = |0w N7, v,we V.

For symmetric A, we obtain G by placing |0v N w| (undirected) par-
allel edges between each distinct pair v,w € V, and adding |Gv N 7|
(undirected) loops at each v € V.

We introduce next two possible features of the pair (G, .A), the first of
which is unimodularity. We say that v € I' fizes vertex v if v € Stab,,.
Note that [Stab,w| < oo for v,w € V, since G is locally finite and all
elements of Stab,w are at the same distance from v.

Let Stab = Stab, N A. As shown in [27] (see also [7, 25]), when
viewed as a topological group with the usual topology, A is unimodular
if and only if

(3.6) |Stab%v| = [Stabu, u,v € V.
Since all groups considered here are subgroups of Aut(G), we may
follow [21, Chap. 8] by defining A to be unimodular if (3.6) holds.
The second feature of (G, .A) concerns the length of the shortest SAW

of G with endpoints in the same orbit. Let v € V', and let w # v satisfy:
w = U and dg(v,w) is minimal with this property. By the transitive
action of I,
(37) dG<x7y) > dc;(U,U)), xz 7é Y, T=1Y.
We say that v is of:

type 1 if dg(v,w) =1,

type 2 if dg(v,w) = 2,

type 3 if dg(v, w) > 3.
By (3.4), every vertex has the same type, and thus we shall speak of
the type of A. Note that dg(v,w) is the length of the shortest cycle of
G

Lemma 3.7.
(a) If A is unimodular, then it is symmetric (in that (3.5) holds).
(b) If A has type 3, then |OvNT| =0 for v € V, and |Ov NwW| =
|0w N©| =1 whenever v ~w. In particular, A is symmetric.



STRICT INEQUALITIES FOR CONNECTIVE CONSTANTS 9

Proof. (a) Suppose A is unimodular, and let 7, € V with ¥ # w. For
x,y €V, let

1 frev,yew, and z ~ vy,
flz,y) = .
0 otherwise.

The function f is invariant under the diagonal action of A4, in that
flaz,ay) = f(z,y) for a € A. By the mass-transport principle as
enunciated in, for example, [21, Thm 8.7],

0
S o) = 3 f ) BBl ey

= et |Stab®v’|’
Equation (3.5) follows by (3.6).
(b) When A has type 3, the claim is a consequence of (3.7). O

There follows the main theorem of this section. A group is called
trivial if it comprises the identity ¢ only.

Theorem 3.8. Let A be a non-trivial, normal subgroup of I'. The
connective constant i = p(G) satisfies fi < p(G) if: either
(a) the type of A is 1 or 3, or
(b) A has type 2 and either of the following holds.
(i) G contains a SAW vy, w,v" satisfying vy = 0" and |Ovy N
w| > 2,
(ii) G contains a SAW vg (= wp), w1, we, ..., w; (= V') satisfy-
ing vo =0, w; # w; for 0 < i < j <, and furthermore
v' = Pugy for some [ € A which fixes no w;.

In the special case when u(G) = 1, by [14, Thm 1.1] G has degree
2 and is therefore the line Z. It is easily seen that V is finite, so that
i=0.

Suppose A has type 2. Condition (i) of Theorem 3.8(b) holds if A
is symmetric, since |Ow No| > 2. While symmetry is sufficient for
Theorem 3.8, we shall see below that it is not necessary.

Conditions (i)—(ii) are necessary in the type-2 case, in the sense il-
lustrated by the following example. Let GG be the infinite 3-regular tree
with a distinguished end w. Let I'" be the set of automorphisms that
preserve w, and let A be the normal subgroup generated by the inter-
change of two children of a given vertex v (and the associated relabelling
of their descendants). The graph G is obtained from Z by placing two
directed edges between consecutive integers in one direction, and one
directed edge in the reverse direction. Thus, A has type 2. It is easily
seen that neither (i) nor (i) holds, and indeed u(G) = u(G) = 2. We

develop this example as follows.
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Let £k > 0, and let A; be the normal subgroup generated by A
together with the map that shifts v to its ancestor k generations earlier.
Note that Ay has type 2 for k # 1. The case of A; is trivial since G
has a unique vertex.

We have that Ay is symmetric, and condition (i) of Theorem 3.8(b)
applies. In contrast, A3 is asymmetric (and therefore non-unimodular,
see [27] and also [23, 25]), and condition (ii) applies. In either case,
i < u(G). The situation is in fact trivial since G is a directed k-cycle
with two directed edges clockwise and one anticlockwise. Thus g = 0
and p(G) = 2. The same argument shows i < p(G) in the less trivial
case with G the direct product of Z¢ and the tree.

The relationship between (i and the connective constants of the undi-
rected graphs derived from G is as follows. It is easily seen that
1(Go) < fi. The graph G is defined whenever A is symmetric, and
in this case u(G) = ji.

The proof of Theorem 3.8 does not appear to yield an explicit non-
trivial upper bound for the ratio fi/u(G). One may, however, show the
following theorem.

Theorem 3.9. Suppose there exists a real sequence (b, :m =1,2,...),
each term of which may be calculated in finite time, such that b, < p(G)
and lim,, .o b, = p(G). There exists an algorithm which terminates in
finite time and, on termination, yields a number R = R(G,A) < 1
such that i/ u(G) < R.

If 11 is known, we may set b, = u(G). In certain other cases, such a
sequence (b,) may be found; for example, when G = Z%, we may take
b, to be the nth root of the number of n-step bridges from the origin
(see [17, 19]). Theorem 3.9 is unlikely to be useful in practice since it
relies on successive enumerations of the numbers of n-step SAWs on GG
and G.

The conclusion of Theorem 3.8 is generally invalid for quasi-transitive
graphs. Consider, for example, the graph G of Figure 3.2, with A =
{t,p} where p is reflection in the horizontal axis. Both G and its
quotient graph have connective constant 1.

For accounts of algebraic graph theory, see [4, 11, 21, 25]. Theorem
3.8 is related to but distinct from the strict inequalities of [6, 18, 26|
and [22, Thm 8.2.1], where specific examples are considered of graphs
that are not vertex-transitive.

The relationship between the percolation critical points of a graph
G and a version of the quotient graph G is the topic of a conjecture of
Benjamini and Schramm [8, Qn 1]. As observed above (see also [8]), it
is not necessary for the definition of quotient graph to assume that A is
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L]
BER

F1GURE 3.2. The pattern is extended infinitely in both directions.

a normal subgroup of I". However, [8] appears to make the additional
assumption that A acts freely on V. This is a stronger assumption
than unimodularity.

Finally, we discuss the assumption of normality in Theorem 3.8. By
Remark 3.4, this assumption may be replaced by the following: there
exists an automorphism group I' acting transitively on G, and a sub-
group A whose partition of V' is I'-invariant.

Following [8], we ask whether u(G) < u(G) where G = G/ A, under
the weaker assumption that A is a non-trivial (not necessarily normal)
subgroup of I' acting freely on V', such that G is vertex-transitive. The
proof of Theorem 3.8 may be adapted to give an affirmative answer to
this question under an extra condition, as follows. An outline proof is
included at the end of Section 5.

Theorem 3.10. Let G be an infinite, locally finite graph on which the
automorphism group I' acts transitively. Let A be a non-trivial subgroup
of I' acting freely on V', such that the quotient graph G = G/A is
vertez-transitive. Assume there exists | > 1 such that G possesses an

—

l-cycle but G does not. Then u(G) < u(G).

4. STRICT INEQUALITIES FOR CAYLEY GRAPHS

We turn to the special case of Cayley graphs. Let G be an infinite
group with a finite set S of generators, where S is assumed symmetric
in that S = S™!, and the identity ¢ satisfies ¢ ¢ S. Thus G has a
presentation as G = (S | R) where R is a set of relators. The Cayley
graph G = G(G, S) is the simple graph defined as follows. The vertex-
set V' of GG is the set of elements of G. Distinct elements g, h € V are
connected by an edge if and only if there exists s € S such that h = gs.
It is easily seen that GG is connected and vertex-transitive.

The group G may be viewed as a subgroup of the automorphism
group of G = (V, E) by: v € G acts on V by v +— ~v. Thus, G acts
transitively.

The reader is reminded of an elementary property of Cayley graphs,
namely that G acts freely on v € V. This is seen as follows. Suppose
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v € Stab,. For w € V| there exists h € G with w = vh, so that v fixes
every w € V', whence v = ¢. See [4] for a general account of the theory
of Cayley graphs, and [21, Sect. 3.4] for a brief account.

Suppose a product s1S, - - - s; of generators is a relator. The relation
8189+ -+ 8; = ¢ corresponds to the closed walk (¢, $1, 5182, ..., 8182+ 8 =
t) of G passing through the identity ¢. Consider now the effect of adding
a further relator. Let s1, so,...,5 € S be such that p 1= s159-- -5, # ¢,
and write G, = (S | RU{p}). Then G, is isomorphic to the quotient
group G/N where N is the normal subgroup of G generated by p. Let
G(G,, S) be the Cayley graph of G,.

Corollary 4.1. Let G = G(G,S) be the Cayley graph of the infinite,
finitely-presented group G = (S | R). Let p € G, p ¢ RU {1}, and let
G, = G(G,,S). The connective constants of G and G, satisfy u(G,) <
1(G).

Proof. The Cayley graph G, is obtained from the quotient graph G/G,
by replacing any set of parallel edges by a single edge. Since G, acts
freely on V, it is unimodular, and the claim follows by Lemma 3.7 and
Theorem 3.8. 0

S3 S1

52

FIGURE 4.1. The square/octagon lattice, also denoted (4, 8?).

Example 4.2. The square/octagon lattice, otherwise known as the
Archimedean lattice (4,8?%), is illustrated in Figure j.1. It is the Cayley
graph of the group with generator set S = {s1, 2,53} and relators
{s?, s%,s%, $1528182, S153528351535283}. The horizontal edges correspond
to sy, the vertical edges to ss, and the other edges to s3. Adding the
further relator s9s3sos3, we obtain a graph isomorphic to the ladder
graph of Figure 4.2, whose connective constant is the golden mean

¢:=1(V/5+1).
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By Corollary 4.1, the connective constant p of the square/octagon
lattice 1s strictly greater than ¢ = 1.618.... The best lower bound
currently known appears to be > 1.804..., see [18].

We ask whether (G) > ¢ for all infinite, vertex-transitive, simple,
cubic graphs G, see [14, 15].

FIGURE 4.2. The (doubly-infinite) ladder graph has
connective constant the golden mean ¢ := %(\/5 + 1);
see [3, p. 184] and [15].

Our second inequality for Cayley graphs concerns the addition of a
generator. Let G = (S | R) be a finitely-generated group as above,
and let w be a group element satisfying w ¢ S and w # ¢. Let G, =
(SU{w,w '} | R).

Corollary 4.3. The connective constants of the Cayley graphs G, G
of the above presentations of the groups G, G, satisfy u(G) < pu(Gy).

Proof. This is an immediate corollary of Theorem 3.2, on noting that
G acts transitively on both G and G,,. O

In the special case when u(G) = 1, we have that G = Z (as noted
after Theorem 3.8). Therefore, G, has degree either 3 or 4, whence
w(Gy) > /2 by [14, Thm 1.1].

As a simple example of the above construction, consider Z? as the
Cayley graph of the abelian group with S = {a, b} and R = {aba~'b~1}.
Adding the generator ab (and its inverse) amounts to adding a diag-
onal to each square of Z2. One may easily construct more interesting
examples based on, for example, the square/octagon lattice of Figure
4.1.

For both Corollary 4.1 and Corollary 4.3, there exists an algorithm
which, under a certain condition, terminates in finite time and, on
termination, yields an explicit non-trivial bound for the ratio of the
connective constants under consideration. This holds just as in Theo-
rem 3.9, and the details are omitted.

5. PROOFS OF THEOREMS 3.8 AND 3.9

The proof of Theorem 3.8 is inspired in part by Kesten’s proof of
the pattern theorem in [19] (see also [22, Sect. 7.2]). The overall shape
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of the argument from [19] recurs more than once in this paper; at
later occurrences we shall outline any necessary adaptation rather than
attempt to systematize the method. We begin with an elementary
lemma.

Lemma 5.1. Let v € V', and let A be a normal subgroup of I'. We
have that A C Stab,, if and only if A is trivial.

Proof. 1If A is trivial then A = {1} C Stab,. Conversely, suppose
A C Stab, and let w € V. Since G is vertex-transitive, there exists
~v € I' such that yv = w. Since A is normal,

Aw = Ayv = yAv = {yv} = {w}.
Therefore, A C Stab,, for all w € V', and hence A is trivial. O
Let G, ACT, G = G/A, etc, be given as for Theorem 3.8, and

fix vy € V. Let %, (respectively, in) be the set of n-step SAWs of G
(respectively, () starting from vg (respectively, Ty), and write o,, = |3,

(respectively, &, = |Sn).

Assumption 5.2. We assume henceforth that either condition (a) of
Theorem 3.8 holds, or condition (b)(i). An explanation of the suffi-
ciency of condition (b)(ii) for type 2 is given in Remark 5.5 at the end
of this proof.

Any walk 7 on G induces a walk 7 on é, and we say that m projects
onto 7. For 7 € in, there exists a SAW 7 € ¥, that projects onto
7, and we say that 7 lifts to m. There are generally many choices for
such 7, and we fix such a choice as explained after Lemma 3.6. Let
1= pu(G) and i = u(G). By the above remarks, i < p.

The idea of the proof is to replace certain sub-walks of © € " by
new walks that lift to SAWs on G. Such replacements are given in
terms of a certain SAW on G that we introduce next.

Let /,, be a shortest SAW from v, to some w # v, satisfying vy = w.
Such a walk exists by Lemma 5.1 and the non-triviality of A. We
consider /,, as a directed walk from vy to w. Let Zvo be the projection
of ¢,, in G. Thus: if G has type 1, [vo is a loop; if type 2, Zvo traverses
a directed edge from vy to w, and then returns along a directed edge
from W to To; if type 3, fy, is a (directed) cycle of G of length 3 or
more.

When A has type 2, we take £,, to be the path given in condition
(b)(i) of the theorem.

For w € V, let L,, (or L(w)) denote the set of all walks in G starting

from w which are images of ¢,, under elements of I', and let L (or



STRICT INEQUALITIES FOR CONNECTIVE CONSTANTS 15

L(w)) be the corresponding collection of walks in G. Let L = |J{L, :
w € V}and L = J{Ly : w € V}. All walks in L have equal length,
written A. Thus, A is the number of distinct vertices in /. We shall

refer to elements of L as cycles, and we shall use later the fact that the
graph G, ‘decorated’ with members of L, is preserved under the action
of T".

For uw € V and a positive integer r, we define the ball B,(u) = {v €
V :dg(u,v) <r}. Since G is A-regular,

(5.1)  [By(u)| S1+ATAA 1)+ +AA 1)L < AT,

Let 7 be an r-step SAW on é, and write 7y, 71, . . ., 7, for the vertices
traversed by 7 in order. For k € N, we say that Ej = Fy(7) occurs at

the jth step of 7 if there exists /e Ij;r]., denoted ¢ = E(ﬁj), such that
at least k vertices of ¢ are visited by 7.

Now let 7 be an n-step SAW on G. Form € N, we say that E}"
occurs at the jth step of 7 if Ey(7j_m,...,Tj4m) occurs at the mth
step. (If j —m < 0 or j + m > n, an obvious modification must be
made in this definition: if j —m < 0, we require that E(7, ..., Tjtm)
occurs at the jth step, and similarly if j +m > n.) In particular, if EJ"
occurs at the jth step of 7, then E) occurs at the jth step of 7.

For r > 0, let &,(r, Ex) (respectively, 7,(r, E{*)) be the number of
SAWs in %, for which B, (respectively, E™) occurs at no more than
r different steps. Observe that, for given n, r, the count &,(r, EJ") is
non-increasing in m.

It is easily seen that 7,,1,(0, Ex) < 7,,(0, Ex)d,(0, Ey). By the sub-
additive limit theorem, the limit
(5.2) A = lim &, (0, Ey)"/"

n—oo

exists and satisfies

(5.3) e < 3n(0, BV, n> 1.

Thus, A\; < p if and only if

(5.4) Je > 0, M € N such that: 7,,(0, Ex) < [u(1 — €)]™ for m > M.
Lemma 5.3. Let k satisfy 1 < k < A and

(5.5) g < pe

Let e, M satisfy (5.4), and let m > M satisfy

(5.6) Tm < [p(1+€)]™.
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There exist a = a(e,m) > 0 and R = R(e,m) € (0,1) such that
(5.7) limsup &, (an, Ef")Y" < Ry.

n—oo

Proof. Assume k is such that (5.5) holds and let €, M, m satisfy (5.4)
and (5.6). Since 7,,(0, Ex) = 7, (0, E}),

(5.8) dm(0, E7Y) < [u(1 —e)]™.

Let 7 € %, and N = [n/m]. If EJ* occurs at no more than r steps
in 7, then E}* occurs at no more than r of the N m-step subwalks

(ﬁ(jfl)ma ﬁ(jfl)erla v 97?jm)7 1 S j S N.

Counting the number of ways in which k or fewer of these subwalks
can contain an occurrence of E}", we have by (5.6) and (5.8) that

(5.9) (r, E") < Z( > Gm(0, EMYN UGN

S N , ,
< MNmO_n Nom (Z >(1 + G)Zm(l . 6)(N71)m.
=0

It suffices to show that there exist ( > 0 and ¢ < 1, depending on e,
m only, such that

(5.10) Fn(CN, BN <™,

for all sufficiently large n, since this yields (5.7) with 0 < a < ¢/m and
R =t/ For ¢ small and positive,

(N

(5.11) Y @7) (14 €)im(1 — )N—im

Z: < (gN+1)(gV) Gfi)wm(l_dwm

The Nth root of the right side converges as N — oo to

1 1+e\" .
g (12s) 00

which is strictly less than 1 for 0 < ¢ < ¢y, and some (y = (o(e,m) > 0.
Combining this with (5.9), we obtain (5.10) for 0 < ¢ < (p, suitable
t = t(e,m), and n sufficiently large. O

Lemma 5.4. We have that Ay < p.
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Proof. Since each vertex m; is visited by m,
(5.12) G,(0,E;) =0, n>1

Case 1. If G has type 1, then A =1, and Ay = 0 by (5.12).

Cases 2/3. Assume G has type 2 or 3, and that the lemma is false in
that

(5.13) Ay = L.

Now, &,(0, Ex) (and hence \; also) is non-decreasing in k. By (5.12),
we may choose k with 1 < k£ < A such that

(514) A < M, >\k+1 = W.
Let €, M satisfy (5.4), and let m > M satisfy (5.6). By Lemma 5.3,

there exists a = a(e, m) > 0 such that
(5.15) lim sup &, (an, Ef")Y™ < p.

Let T,, be the subset of in comprising SAWs for which Ej.; never
occurs but B occurs at least an times. We have that

T, > 7,(0, Ejt1) — Gnlan, E),
whence, by (5.14) and (5.15),
(5.16) lim |7,V = p.

Thus, under (5.13), for ‘most’ SAWs 7, there exist many cycles in L
having exactly k (< A) vertices visited by 7 and none with more than k
such vertices. The rest of the proof is devoted to showing the existence

of S = S(e,m,A;A) <1 such that
(5.17) lim sup |T,,|"™ < Sp.

This contradicts (5.16), and the claim follows.

The idea is as follows. Let @ € T;,, and consider the set of cycles ¢(7;)
with exactly k vertices visited by 7©. Where such a cycle is met by 7, we
may augment 7 with an entire copy of it. The ensuing transformation
is not one—one, and the length of the resulting walk differs from that
of @. By selecting the places where the new elements of L are added,
we shall show that the number of resulting walks exceeds |T,,| by an
exponential factor. It is key that such augmented walks lift to SAWs
on G while traversing cycles in G, and thus we shall contradict (5.16).

—
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Let @ € T),, so that 7 contains at least an occurrences of E}". We
can find j; < --- < j, with u = |kn] — 2 where

(5.18) = o+ ;)A2A+1’

such that

(5.19) E}" occurs at the jith, joth, ..., j,th steps of 7,
(and perhaps at other steps as well), and in addition

(5.20) 0<ji—m, Jut+m<n,

(5.21) Jet+m < Jep1 —m, 1<t<u,

(5.22) Vi, € L(7,), the Zl, Zz, ..., 0, are pairwise vertex-disjoint.

Such j; may be found by the following iterative construction. First, j;
is the smallest 7 > m such that E}* occurs at the jth step of 7. Having
found ji, jo, ..., jr, let j.1 be the smallest 7 such that

l.j+m<j—m

2. every element of L(7;) is disjoint from every element of L(7;,),

L<7?j2)a s 7L(7?jr)7

3. B’ occurs at the jth step of 7.
Condition 1 gives rise to the factor 2m+2 in the denominator of (5.18),
and, by (5.1), condition 2 gives rise to the factor AZ+1 (< A2A+L),

Let t € {1,2,...,u}. Since E}* but not Ej,, occurs at the j;th step,
7 visits at most k vertices in each cycle of L(7;,). Let L(7;,, k) be
the subset of L(7;,) containing all such cycles with exactly k vertices
visited by 7, and such that these k vertices lie between 7;,_,,, and 7j, 4,
on 7. Choose a specific cycle ¢(7;,) € L(7},, k). For t =1,2,...,u, let
(5.23) a; =min{i : 7; € Z(ﬁjt)}, wy =max{i: T; € Z(ﬁjt)},
so that
J—m <o < Jp S wp < g+ m, I<t<u.

We describe next the strategy for replacement of the subwalk (7,,,
Taytly -+ Ty ). Starting from 7,,, the new walk winds once around the
cycle (= Z(fr’jt); having returned to the vertex 7,,, it continues around
the same cycle ¢ until it reaches the vertex Ty,- This new subwalk is
inserted into 7 at the approprlate place. The resulting walk 7@ is
evidently not self-avoiding in G (it includes a unique cycle, namely v

in some order), but we shall see that it lifts to a SAW 7" on G. The
(t)

precise definition and properties of #® and 7, are described next.
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Suppose 7 € T, lifts to m# € X,,. The initial segment (7,...,7,)
of 7 lifts to a SAW of G that traverses the vertices m, m,...,m;,. We
write v := 7},, and we shall consider graphs of type 2 and 3 separately.

Case 3. Assume that G has type 3, and think of (as a rooted, directed
cycle of G with root . The cycle ¢ lifts to the SAW /¢ := {, of G
traversing the vertices v (= wy), wy, wy, ..., ws. We have that

(5.24) v (= wp),ws,...,wr—1 belong to different equivalence classes

of (V,~), and we may choose § € A such that wy = [v.
We prove next that

(5.25) w, # Pw,, 1<r<A.
Suppose first that w; = Sw;, and consider the walk
v (= wp), wr, ..., wy (= Pv), fwy (= wy).
By the triangle inequality,
(5.26) A =dg(v, pv) < dg(v,wy) + de(Pwy, fv) = 2,
a contradiction since A > 3. Applying the same argument to the walk

Wi, Wa, ..., WA (: 6v)7ﬂwl7ﬂw2a

we obtain by (3.7) that wqy # fws, and (5.25) follows by iteration.
Suppose 7, lifts to vertex x € V with T = w; and ¢ > 1; similarly,

suppose 7, = Ww;. We show next that the replacement of the subwalk

(Tags - -5 Ty ) lifts to some SAW of G. Find v € A such that z = yw;.

Case 3.1. Suppose © < j. Consider the walk

(527) z (: fywl)v YWit1,y .-, YWA (Z 75”)7 f}/ﬁwla <. 77671)1'7

followed by vyfw;t1,Y0wita, ..., v7fw;. By (5.24), two vertices of this
walk are equal if and only if there exists r such that 1 < r < A and
w, = Pw,.. By (5.25), this does not occur. We have proved that
(7o, - - -, oy ), followed by the above walk, lifts to a SAW v on GG. Thus,
7® lifts to the SAW v followed by the image of (m,,, ..., T,) under the

map that sends 7, to yfw;. Since @ € T,,, 7 lifts to a SAW 7" of
G.

Case 3.2. Suppose i > j. Consider the walk
(5.28) @ (= ywi), YWi—1,...,ywo (= y0), ¥B 'waq, ..., yB  w,

followed by v8 w;_1,v8 'wi_a, ..., 87 w;. By (5.25), this is a SAW
on G, and the step is completed as above.



20 GRIMMETT AND LI

Case 2. Assume that G has type 2, so that A = 2 and k = 1. The
required argument is slightly different since (5.26) is no longer a con-
tradiction. Let j, be as above, and let ¢ = Z(ﬁjt) e L(7;,) (with
corresponding ¢ € L) be a witness to the occurrence of E" at 7j;,. As
in (5.23),

(5.29) ap = q(T) = min{i : 7; € {},
wr = wy(T) = max{i : 7; € (}.

Let 7 be the lift of ¥ to a SAW in G from vy, and write v = 7,.
Recall that ¢ is a SAW visiting v, w, fv in G for some 5 = 5, € A
with Bv # v, and the pair v, w are visited (in some order) at the ayth
and wyth steps of 7. We may assume that fw # v, since otherwise w
is adjacent to fw, and G is of type 1. We describe next the required
substitution.

Case 2.1. Suppose that fw # w. As in Cases 3.1 and 3.2 above, both
v, w, Bv, fw and w, v, B~ 1w, 31w are SAWs on G. We write 7. for the
SAW on G obtained by replacing the segment of 7 between 7,, and
sz by

v,w, Bu, fw if 7 visits v before w,
w,v, 7w, B if 7 visits w before v,

and the walk after Sw (respectively, ~1v) by the image under 3 (re-
spectively, 371) of 7 after w (respectively, v).

Case 2.2.1. Suppose that fw = w, and w visits w before v. Only in
the following shall we use the assumed condition (b)(i) of Theorem 3.8.
Since |0v Nw|, [Ow NT| > 2, there exist w’ € W and v' € T such that

(5.30) w,v,w', v

is a SAW of G. Let 7 € A be such that v/ = yv. We write 7 for the
SAW on G obtained by replacing the segment of 7 between 7,, and
7w, by (5.30), and the walk after v' (= yv) by the image under «y of 7
after v.

Case 2.2.2. Suppose that fw = w, and m wvisits v before w. Since
|0v Nw| > 2, there exists w’ € w such that

(5.31) v, w, Bu,w

is a SAW on G. We find v € A such that v’ = yw, and we write e
for the SAW on G obtained by replacing the segment of 7 between 7,
and m,, by (5.31), and the walk after w’ (= yw) by the image under ~
of 7 after w.
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This ends the definitions of the required substitutions, and we con-
sider next their enactment. Let 6 > 0, to be chosen later, and set
s = on. (Here and later, for simplicity of notation, we omit the
integer-part symbols.) Let H = (hq, hg,...,hs) be an ordered sub-
set of {j1,72,--.,7u}. We shall make an appropriate substitution in
the neighbourhood of each 7},, by an iterative construction.

We consider the cases t = 1,2,...,u in order. First, let t = 1. If
j1 ¢ H, we do nothing, and we set 7)) = 7. If j, € H, we make
the appropriate substitution around the point 7;,, and write 71 for
the resulting SAW on G. Now let ¢ = 2. Once again, if jo ¢ H,
we do nothing, and set 7 = 7). Otherwise, let af = ay(7V),
wh = wy(7Y). The sub-SAW of 71 between steps o/, and w) is the
image of ™ between steps ap and wy under some 7' € A. Therefore, we
may perform operations on 71 after the a/th step as discussed above
for the asth step of 7, obtaining thus a SAW 7(2). This process may be
iterated to obtain a sequence 7V, 7). 7 of SAWs on G, and we
set m, = 7. The role of H is emphasized by writing 7, = 7. (7, H).
It follows from the construction that m (7, H) # m.(7, H') if H # H'.

One small issue arises during the iteration, namely that the projec-
tions of the SAWs 7 are not generally self-avoiding. However, by
(5.20)—(5.22), the subwalk of 7 under inspection at any given step is
disjoint from all previously inspected subwalks, and thus the current
substitution is unaffected by the past.

By (5.22) and the discussion above, 7, is self-avoiding on G. By
inspection of such 7, and its projection, one may reconstruct the places
at which cycles have been added to @. The length of m, does not exceed
n + 2As.

We estimate the number of pairs (7, H) as follows. First, the number
|(7, H)| is at least the cardinality of 7, multiplied by the minimum
number of possible choices of H as 7 ranges over T,. Any subset of
{j1, 72, -+, Ju} with cardinality s = én may be chosen for H, whence

(5.32) (7, H)| > |T,| (“”6; 2).

We bound |(7, H)| above by counting the number of SAWs m, of
G with length not exceeding n + 2Adn, and multiplying by an upper
bound for the number of pairs (7, H) giving rise to a particular ..
The number of possible choices for 7, is no greater than Z?:OQM" ;. A
given m, contains |H| = dn elements of L. At the tth such occurrence,
7p, 1S & point on the corresponding cycle, and there are no more than

2A different choices for 7,,. For given m and (7, : t = 1,2,...,5),



22 GRIMMETT AND LI

there are at most (Zf;nl 51')6”

2m M/ i2ASn
(5.33) (7, H)| < <2AZ@~> ( > 0)

=0

corresponding SAWs 7 of G. Therefore,

Let 7 := limsup|7},|*/™. We combine (5.32)-(5.33), take nth roots

and the limit as n — oo, to obtain, by the fact that U}V/N — I,

2m s
K" > 14+2A6
TWS(%E:%) e

i=1

There exists Z = Z(e,m, A, ) < oo such that

2m

i=1
Therefore,
T < fn)"p
where f(n) = Z"p"(1 —n)'~" and n = §/k. Since

li =1, lim f'(n) = —oo,
;{gf(n) , ;{gf(n) o0

we have that f(n) < 1 for sufficiently small n = n(Z) > 0, and (5.17)
follows for suitable S < 1. The proof is complete. 0

Proof of Theorem 3.8 under Assumption 5.2. By Lemma (5.4), A
p. Let e, M satisty (5.4) and let m > M satisfy (5.6), with k = A
Lemma 5.3, there exist a = a(e,m) > 0 and R = R(e,m) € (0,1) such

that
(5.34) lim sup &, (an, EY")'/™ < Rpy.

Let T,, be the subset of f]n comprising SAWs for which E}' occurs
at least an times. Thus

(5.35) |T,,| > &, — dn(an, EY').

We follow the route of the previous proof. For 7 € T,, and x asin (5.18),
we may find j; < --- < j, with u = kn —2 such that (5.19)—(5.22) hold
with k= A.

Let 6 > 0, set s = on, and let 7 € T,,. We choose a subset H
of {j1,J2,---,ju} With cardinality s, and we construct a SAW 7, =
7«(7, H) on G accordingly. This may be done exactly as in the previous
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proof if G has type 2 or 3 to obtain as in (5.17) that there exists
S = S(e,m, A, A) < 1 such that

(5.36) lim sup |T,|Y/" < Sp.

By (5.34)-(5.35),
ji = lim &Y/" < max{R, S}y,

n—oo
and the claim of the theorem is proved in this case.

Assume G has type 1. This case is easier than the others. Suppose
7j, = v, and 7 lifts to 7 with 7;, = v. We obtain ) by replacing v
by the pair v,yv for some v € A with v # ¢, and translating by v the
subwalk of 7w starting at v. The above counting argument yields the
result. 0

Remark 5.5. Theorem 5.8 has been proved subject to Assumption 5.2,
and it remains to prove it when A has type 2 and condition (b)(ii)
holds. Suppose the latter holds, so that | > 2. If | = 2, the argument
in the proof of Lemma 5.4 is valid (this is Case 2.1 of the proof, which
does not use condition (i)), and the theorem follows similarly. Assume
[ > 3. By vertex-transitivity, we may set vy = v, and replace £,, by
the path of (i), so that A = 1. Case 3 of the proof of Lemma 5.}
may be followed with one difference, namely that (5.25) holds by the
assumption that (B fixes no w.

Proof of Theorem 5.9. We use the notation of the previous proofs. The
constants R, S of the last proof may be calculated explicitly in terms
of e, m, A, A, and so it suffices to describe how to choose € and m.

Let a, = U}/n, noting by (2.2) that a,, > p and a,, — p. By changing
(b,,) if necessary, we may assume for convenience that (b,) is a non-
decreasing sequence, so that b, T p.

By Lemma 5.4, \y < p. Since b.(1 —r71) T pu, we may find the
earliest r such that

7.(0, EA)Y" < b (1 —r7h).

Let e = r~!, and let s > 7 be such that by(1 + €) > ay(1 + 3¢). Since
bs = b,

7.(0, E\)Y™ < by(1 — ).
By (5.3), Ax < bs(1 —€), so that
(5.37) Fm(0, EA)Y™ < by(1—¢)

for infinitely many values of m.
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Since as > p, we may find the earliest m such that (5.37) holds and
in addition &1™ < bs(1 4+ €). With € and m defined thus, (5.6) and
(5.8) are valid as required.

Each of the above computations requires a finite enumeration of a

suitable family of SAWs. O

Outline Proof of Theorem 3.10. Let vy € V with orbit 7y = Avy. With
[ > 1 as given, let ¢ be a (directed) cycle of G of length I. Since G is
vertex-transitive, we may assume 7 goes through vy, and thus we write
05, for €, considered as a (directed) walk from Ty to Ty. Now, fy, lifts
to a walk /,, from vy on G. Since every vertex of E;O other than its
endpoints are distinct, and G possesses no cycle of length [, /,, is a
SAW from vy on G.

Let B be a subgroup of Aut(G) acting transitively on G. Forw eV,
let L(w) be the set of images of fy, under B, and let L(w) be the set
of lifts of such images. Since G possesses no cycle of length [, every
member of L(w) is a SAW on G.

We now follow the above proof of Theorem 3.8. No assumption is
made on the relationship between the groups I' and B. If [ # 2, the
argument is as presented previously except insomuch as that (5.25)
holds (since I' acts freely). If [ = 2, we follow Case 2.1 as in Remark
5.9. U

6. PROOF OF THEOREMS 3.2—-3.3

Proof of Proposition 3.5. Fix vy € V, and choose vy, v, ... such that
Avg, Avy, . .. are the (distinct) orbits of A. Let vy = ¢ and, for i > 1,
find v; € T" such that y,u9 = v;. Let I'/ A denote the set of right cosets
of A, and let ¢ : V/A — T'/ A be given by ¢(Av;) = Av;. We check
next that ¢ is an injection.

It suffices to show that i = j whenever Ay; = Avy;. Suppose Av, =
Ar;. There exists a € A such that 7; = a;. Therefore,

VU = Vo = Q7Y;Vg = QUj,

whence Av; = Av; and i = j. Thus, ¢ is an injection, and (3.3) follows.

Suppose |V/A| < oo, and write U := |J;2, Av;. Equality holds in
(3.3) if and only if ¢ is a surjection, which is to say that I' = U. Assume
there exists p € I'\ U. Find j such that pvy € Av;, say pvg = aw; with
a € A. Then oflpyj_l € Stab,,. If a‘lpyj_l € A, then p € Ay; in
contradiction of the assumption p ¢ U. Therefore, oflp'yj_ Le D\ A,
and I'\ A does not act freely.
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Suppose conversely that there exist p € I'\ A and v € V with
pv = v. Set wy = v and find w; € V such that the (distinct) orbits
of A are Awg, Awy,.... Let 79 = ¢ and, for ¢ > 1, find v; € T such
that vwg = w;. If p € Av;, then p = ar; for some a € A, so that
wy = pwy = ay;wg = aw;. This implies that ¢ = 0, and hence p € A,
a contradiction. Therefore, p € I'\ U where U = J; Av,. It follows as
above that |[V/A| < [I": Al. O

The graphs G, G have the same vertex-set V, but G possesses cycles
not present in GG. Let vy, wy € V' be such that there are strictly more
edges of the form (vg,wp) in E than in E. Since G is connected, it has
a shortest path from vy to wy, written

(6.1) Vo f1u1 fava - -+ fava (= wo)  where  fi = (vi_1, vy).

The path (6.1), followed by the new edge f := (wy,vy), forms a cycle
in G but not in G. Let C; denote this cycle of G, and note that C; has
length A + 1. As usual, A denotes the vertex-degree of G.

Let C' be a finite set of vertices of G with vy € C, and denote by
vC' = {vz : z € C'} the image of C' under the automorphism v € T
Let m = (m, 71, ...,m,) be an n-step SAW on G from vy. For k € N,
we say that Ei(C') occurs at the jth step of m if there exists v € T'
with yvg = m; such that at least k vertices of yvC' are visited by m. Let
on(r, Ex(C)) (respectively, o, (r, E.(C))) be the number of n-step SAWs
on G from vy in which Ej(C) (respectively, Ej¢|(C)) occurs at no more
than r steps. When C is the vertex-set of Cy, we write E} = E;(C})
for Ei(C'), and so on.

The general idea of the proof of Theorem 3.2 is similar to that of
Theorem 3.8, but with some differences. A key element is the following
lemma.

Lemma 6.1. With u = u(G), we have that
(6.2) lim inf &,,(0, E})Y™ < p.

As in (5.2), the liminf is in fact a limit (here and later). An auto-
morphism v € I' acts on the edge e = (z,y) by ve = (yz,vy). Let <
be the equivalence relation on the edge-set of G given by e = ¢’ if there
exists v € I' such that ve = ¢/. We write € for the equivalence class
containing edge e, and {€ : e € E} for the set of such classes. Since
I' acts transitively on G, for every edge e and vertex v, there exists a
member of € that is incident to v.

The proof of Lemma 6.1 will make use of the intermediate Lemmas
6.2—6.3.
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Lemma 6.2. Assume that

(6.3) lim ¢, (0, E3)Y™ = p.

n—oo

There exist h > 2 and a sequence (€, :r = 1,2,...,h — 1) of distinct
equivalence classes of edges of G, with @ = f,, such that the following
holds.

Forr>1, let

F.=g,UgU-Ug,
and let G, be the graph obtained from G by the deletion of F,.
There exists a sequence Cy, Cs, ..., Cy of cycles in G such that:
(6.4)  for 2 <r < h, there exists e,_1 € €,_1 that is incident to vy
and belongs to both C,_1 and C,,

(6.5) lim o,,_1(0, By(C)Y" =p,  2<r<h,
(6.6) lim inf -1 (0, Ey(C))Y™ <

where o, ,—1(0, E5(C,.)) is the number of n-step SAWs on G,_1 from vy
for which Ey(C,.) never occurs.

Proof of Lemma 6.2. We construct the €, and C,. by iteration. Let G/,
be obtained from G,_; (where Gy := G) by the deletion of all edges in
e, incident to vg. Assume (6.3) holds, and let €, = f;.

The case r = 2. By (6.3), for ‘most’ n-step SAWs 7 on G from vy,
and for all j and all vC, with v € I" and vy = 7;, 7; is the unique
vertex of v(' visited by 7. Since no edge in Fj is traversed by any
path contributing to o,(0, F3), by (6.3),

(6.7) 1(Gr) = p.

Let v(()l) be the neighbour of vy such that f; = (v, vé”). We claim
that, subject to (6.3),

(6.8) vo and vél) are connected in G,

and shall prove this by contradiction. Assume (6.3) holds, and that vy
and U(()l) are not connected in Gf.

Let 7, 72 be two SAWSs from vy on G, and consider a walk v on
G given as follows: v follows 7(!) from v to its other endvertex z, then
traverses an edge of the form f = (z,w) € €, and then follows y7? for
some v € I' satisfying yvg = w. By the above assumption and vertex-
transitivity, the removal of all edges of €; incident to z disconnects z

and w, and thus any such v is a SAW on G.
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This process of concatenation may be iterated as follows. Let w(1),
7@ .. 7™ be SAWs on G4 from vy. We aim to construct a SAW v
on G as follows. Suppose we have concatenated 71, ... 7(") to obtain
a SAW v on G from vy to some vertex z. We now traverse an edge
of the form f = (z,w) € &, followed by the SAW ~7(? for some v € I
with yug = w. Unless (i) there is a unique edge of €; incident to z
and (ii) 7" is the SAW with zero length, then there exists a choice
of w such that the resulting walk v+ is a SAW. Therefore, if every
7" has length 1 or more, the sequence (7(")) may be concatenated to
obtain a SAW v = vV on G.

Let 0,1 be the number of n-step SAWs from vy on G, and let

= u(Gh). By (22),
(6.9) Oon1 > 13", n > 1.

Let 39, be the set of 2n-step SAWs from vy on G that traverse edges
in F} (in either direction) at the odd-numbered steps only, and write
05, = |29,|. Our purpose in considering only the odd steps is to avoid
component walks of zero length.

Let 0 < j < n, and consider the set of all 7 € 39 that traverse
exactly 7 edges of Fy. There are (?) ways of choosing the indices of
these edges within 7. By the construction described above, and (6.9),
there are at least 42"/ choices for the sequence of SAWs on G whose
concatenation makes 7. Therefore,

o - n n—j n —1\n
(6.10) 05, > Y <j)uf T= (U "
=0

This implies
(6.11) Oon > 05, > pi" (1 + )",

whence p > py/1 4 py' > py, in contradiction of (6.7). Statement
(6.8) is proved.

By (6.8), G has a shortest (directed) walk Wy from v, to v(()l) using
no edge of €; incident to vy. The walk Wy, followed by the (directed)
edge (v(()l),vo), forms the required (directed) cycle Cy of G, having e,
in common with C}. Let ey = <vo,v(()2)) be the first edge of W5, and
write E? = E;(Cy) and so on.

If

(6.12) lim inf 0, 1 (0, E2)Y™ < p,

n—oo
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we have proved the claim with A = 2. Suppose conversely that

(6.13) lim o,,,(0, EH)Y™ = p,

whence p(Gz) = p as in (6.7).
The general case. Suppose u > 2, and cycles Cs, Cs, ..., C, from vy

have been found, with corresponding classes ey, €3,...,€, and edges
e; = (vo, v(()z)) € €;, such that (6.4) holds with h replaced by u, and
(6.14) lim 0, 1(0, E)Y" =p,  1<i<u,

where Ei = E,(C;). By (6.14) with 7 = u, we have as above that

1w(Gu) = p-
Let 05, , 1 be the number of 2n-step SAWs on G, from v, that

traverse edges in F), only at odd steps. If vy and v(()u) are disconnected
in G/, we have

(6.15) Oon > 051 > ) (n> pa = (14 )",
=0
where p, = u(G,). This contradicts p, = u, whence vy and v(()“) are

connected in G,.

Therefore, vy and v(()u) are connected by a shortest (directed) walk
W1 of G,,_1 using no edge of €, incident to vy, and we write e, =
(o, v(()u+1)> for the first edge of W, 1, and C, 1 for the cycle in G,_4
formed by W, followed by (v3"), vg). If

(6.16) lim inf 0,,,,(0, Byt <)

we stop and set h = u + 1, and otherwise we continue as above.

Either this iterative process terminates at some earliest u satisfying
(6.16), or not. In the step from G, to G,1, the degree of vy is reduced
strictly. If the process does not terminate in the manner of (6.16), all
edges incident to vy in the last non-trivial graph encountered, G; say,
lie in the same equivalence class. Furthermore, the equation of (6.14)
holds with ¢ replaced by t 4+ 1, and hence p;11 = p. This is impossible
since v is isolated in Gyy1. The proof is complete. O

If (6.3) fails, we set h = 1 and Gy = G. If (6.3) holds, we adopt
the notation of Lemma 6.3, and write Ei = F(C;) and so on. For an
n-step SAW 7 = (7, 71,...,m,) on G, we say that Ei(m) occurs at
the jth step of 7 if E} occurs at the mth step of the 2m-step SAW
(Tj—my -+ - Tj+m) (with a modified definition if either j —m < 0 or
Jj +m > n, as in the second paragraph after (5.1)).
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Lemma 6.3. Let 1 <i<hand 1<k <|Ci|. If
liminf o, ; (0, E}) < 4,

n—oo

then there exist a > 0 and m € N such that
lim sup o, ;_1 (an, EL(m))"™ < p.

n—oo

Proof. This is proved in the same manner as was Lemma 5.3. U

Proof of Lemma 6.1. Assume the converse of (6.2), namely (6.3), and
adopt the notation of Lemma 6.2. Exactly one of the following holds:

(6.17) liminf o, ;1 (0, EM)Y/" < p,
(6.18) Tim Tnn1(0, EMY™ = )

and we shall derive a contradiction in each case.

Assume first that (6.17) holds. No SAW counted in o, »(0, ")
traverses any edge of €,_;, whence o, ,_2(0, BN = nh-1(0, EM Y.
Since C}, and C},_1 have at least one common edge, we deduce that

Oni2(0, EEY) < 0 i1 (0, EM),

and hence
lim inf 0, ,_5(0, ER YY" <

in contradiction of the minimality of h.

Assume now that (6.18) holds. By (6.6) and the monotonicity in k
of 0,,4-1(0, E), there exists k € N satisfying 2 < k < £ := |C}] such
that

(6.19) lim inf o7, 5,1 (0, EMY™ < p,

(6.20) Tim o1 (0, B )" =

By (6.19) and Lemma 6.3, there exist a > 0 and m € N such that
(6.21) lim sup o, 51 (an, Ef(m))"™ < p.

We shall derive a contradiction from (6.20)—(6.21) in a similar manner
to the proof of (5.17).
Let T, be the set of n-step SAWs on G},_; from vy such that E,?H

never occurs, and EI'(m) occurs at least an times. By (6.20)—(6.21),

(6.22) lim |T,|Y" = p.
Let 7 = (mo, m1,...,m,) € T,, and u = |kn| — 2 where
a

(@m +2)¢
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As after (5.18), we may find j; < jo < -+ < j, and 7,...,7, € [ such
that

(6.23) Ye(vo) = 7, 1<t <u,
(6.24) each 2m-step SAW (70j,—pm, . .., Tj,+m) Visits
at least k vertices of v,C},,
(6.25) 0<j1—m, Jju+m<n,
(6.26) Jr+m < Jep1 —m, 1<t <u,
(6.27) Y1Ch, ¥2Ch, . . ., 7 C, are pairwise vertex-disjoint.

Fort=1,2,...,u, let
(6.28) ay =min{i : m; € vChr}, w, =max{i:m € vCh}.

Since E}(m) occurs at the j;th step but not EJ' , there are exactly
k points of v,C}, that are visited by 7, and these points lie on 7 between
positions j; —m and j; +m. Therefore,

(6.29) Jr—m < oy <wp < jy+m, 1<t <.

We propose to replace the subwalk (7,,,...,m,,) by the part of the
cycle vC}, with the same endpoints and using at least one edge in
v+Ch_1; this may be done since v,C) and +C}_; have at one edge
in common, namely ve,_1. By (6.27), such a replacement may be
performed simultaneously for all t. The resulting walk 1 is a SAW on
G with length n’ satisfying

n <n+ ul.

Furthermore, since m € T,, the only edges of €;,_; in ¥ are those intro-
duced during a substitution.

Let § > 0 and s = on, where § will be chosen later (and we omit
integer-part symbols as before). Consider the set of pairs (7, H) where
m €Ty, and H = (hy, ha, ..., hs) is an ordered subset of {1, ja, ..., ju}-
We may make the above replacement around each 7, to obtain a SAW
v =1(r, H) on G

As in (5.32),

(6.30) \(m, H)| > | T3] ("”5; 2).

For an upper bound, consider a given pair (7, H). Edges in €, ; are
traversed between |H| = on and ¢dn times on . Therefore, given 1,
there are at most 2m (?:) (< m2%9*1) possibilities for the location of
the earliest point of ¢ in 7;,C),. Given 9 and the locations of these

earliest points, there are at most A’ different choices for each v,Cj,.
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Once these are determined, each such ~,C}, determines a subwalk of i
that replaces some subwalk of 7. Since each of the replaced subwalks
of 7 has length not exceeding 2m, there are at most YV possibilities

2
for m, where Y = > " 0;. Therefore,

n+€én
(6.31) (7, H)| < m2 " HAY™ Y oy

=0

We combine (6.30) and (6.31), take the nth root and let n — oo,
obtaining by (6.22) that

I‘{/K/
< 226y5 1+€6'
Hso(e —oyp— == 7 1

Setting Z = (2u)*Y and 1 = §/k, we deduce that
1< [ZM"(1—n) )"

As at the end of the proof of Lemma 5.4, this is a contradiction for

small n > 0.
In conclusion, if (6.3) and (6.18) hold, we have a contradiction, and
the lemma is proved. O

Proof of Theorem 3.2. Write 1 := u(G), and let F' be the set of edges
of G not in G. Let f and C; be given as around (6.1), and let £ = A +1
be the number of vertices in C (or, equivalently, the number of edges in
C) viewed as a cycle of G). It suffices to make the following assumption.

Assumption 6.4. We have that F = Af.

For v,w € V and a graph H with vertex-set V', let N (v, w; H) denote
the number of edges between v and w in H. For v € I, we construct
the graph denoted vG as follows. First, yG has vertex-set V. For
v,w € V, we place N (v, w;G) edges between yv and yw in yG. Thus,
7G' is obtained from vG by adding the edges of vF. Two elementary
properties of G are as follows.

Lemma 6.5. Let v € I'.

(a) 7@ is isomorphic to G.
(b) yAy™! C Aut(7G).

Proof. (a) This is an immediate consequence of the definition of 7G.
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(b) By the definition of 7G| for a € A,

N (yay ™t (yv), yay ™ (yw); vG) = N(yaw, yaw; 7G)
(v, aw; Q)
(
(

v, w; G)

v, yw;vG),
and the claim follows. O

N
N
N

Assume 77 = p. By Lemma 6.1 with Ej, := E},

(6.32) lim inf o, (0, E)Y™ < (=T).
Exactly one of the following holds:

(6.33) lim inf o7, (0, E)'™ < p,
(6.34) lim o, (0, E)'Y™ = p.

Assume first that (6.33) holds. By Lemma 6.3, there exist a > 0 and
m € N such that
(6.35) lim sup o, (an, Ey(m))"™ < p.
Let R, be the set of n-step SAWs from vy on G on which Ey(m) occurs
at least an times. By (6.35),

(6.36) Tim [R, [ = p.

Let p € V be such that A has the finite coset property with root
p, and let vy, 11, ..., Vs be given accordingly as in Definition 3.1. Let
O = I'C'; be the orbit under I' of C; viewed as a set of labelled vertices,
and let O; = 1L AC). Let 0 < i < s. We say that E}(m) occurs at the
jth step of a SAW 7 on G if there exists v € I' with ymy = 7; and
~vCy € O, such that all the vertices of vC' are visited by the 2m-step
SAW (7, ..., Tjtm) (subject to the usual amendment if j —m < 0
or j+m >n).

Let RY be the set of n-step SAWSs from vy on G for which Ei(m)
occurs at least an/(s + 1) times. Thus,

(6.37) R, C|JRY.

i=0
By (6.36)—(6.37), there exists i satisfying 0 < ¢ < s such that
(6.38) limsup |[RY V" = p,

and we choose i accordingly.
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We now apply the argument in the proof of Lemma 6.1 with the
constant a replaced by a/(s+1). Let 7 € R be such that E}(m) occurs
at steps ji < ja < -+ < ju, and in addition (6.25)—(6.27) hold with h
replaced by 1, and with each v,C; € O;. Since C, € O; = 1, ACY,
there exists a; € A such that v,C) = [v;a;v; 'y;C;. By Lemma 6.5(b),
[viauv; '|vsG is isomorphic to v;G. Therefore, v, f is an edge of v;G but
not of v;GG. We think of 7 as a SAW on the graph v;G.

Let oy, w; be as in (6.28), and note that (6.29) holds as before.
Consider the replacement of the subwalk (7,,,...,7,,) by a walk that
goes along that part of v,C; (= /1,0y where v, = vou; 1), viewed
as a cycle, that includes an edge of v.F' (= 7,1, F'). By Lemma 6.5(b),
the new walk is a SAW on 1;G. Furthermore it uses edges of ;G not
belonging to 1;,G. Lower and upper bounds may be derived as in the
proof of Lemma 6.1, and these lead to a contradiction when working
along the subsequence implicit in (6.38). This implies u(G) < pu(v;G)
subject to (6.33). By Lemma 6.5(a), u(v;G) = 1 and hence u(G) < 7.

Assume finally that (6.34) holds. By (6.32)—(6.34), there exists k € N
satisfying 2 < k < £ such that

lim inf 0, (0, ) Y™ < p,

n—oo

(6.39) lim 0,,(0, Epi1)Y™ = p.
By Lemma 6.3, there exist a > 0 and m € N such that
(6.40) lim sup o, (an, E(m))"™ < p.

Let S, be the set of n-step SAWs from vy on G such that Fj 1 never
occurs and Fji(m) occurs at least an times. By (6.39)—(6.40),

(6.41) Tim |5, = .

For 0 < i < s, let S% be the set of n-step SAWs from vy on G such
that Ej41 never occurs, and Ej(m) occurs at least an/s times. Thus,

(6.42) S, €Sy
i=0

By (6.41)—(6.42), there exists ¢ satisfying 0 < i < s such that
limsup |S0]Y" = 4,
and we choose 7 accordingly.
We apply the argument of the proof of Lemma 6.1 once again. Let
7€ S be such that E}(m) occurs at steps j; < ja < -+ < ju, and in
addition (6.25)—(6.27) hold with ,C; € O;. The argument is as above,
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and we do not repeat the details. This implies u(G) < u(G) when
(6.34) holds, and the proof is complete. O

Proof of Theorem 3.3. (a) Suppose A is a normal subgroup of I" acting
quasi-transitively on G. With p € V| the orbits of A may be written
as Av;p for suitable v; € A and 0 < i < s < oo. Since A is normal,
Av; = 1;A, and the claim follows.

(b) Suppose [I' : A] < co. The finite coset property holds with the v;
chosen so that the ;A are the left cosets of A in I O
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