BOUNDED ENTANGLEMENT ENTROPY
IN THE QUANTUM ISING MODEL
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ABSTRACT. We give a rigorous proof of the boundedness of the entangle-
ment of a block of spins for the ground state of the one-dimensional quan-
tum Ising model with sufficiently strong transverse field. This is proved by
a refinement of the arguments in the earlier work by the same authors (J.
Statist. Phys. 131 (2008) 305-339). The proof is geometrical, and utilises
a transformation to a model of classical probability called the continuum
random-cluster model. The same conclusion has been announced by M.
Campanino and M. Gianfelice using the different method of cluster expan-
sions. Our method of proof is fairly robust, and applies also to certain
disordered systems.

1. THE QUANTUM ISING MODEL AND ENTANGLEMENT

The purpose of the current note is to explain how the geometrical approach
of [11] may be elaborated to obtain the boundedness of the entanglement
entropy of a block of spins in the ground state of the one-dimensional quantum
Ising model with sufficiently strong transverse field. The current paper is
presented as a elaboration of the earlier work [11] by the same authors, to
which the reader is referred for details of the background and basic theory.

We shall consider a block of L spins in a line of length 2m + L. Let L > 0.
For m > 0, let

Ay ={-m,—m+1,... . m+ L}
be a subset of the one-dimensional lattice Z, and attach to each vertex x € A,,
a quantum spin—% with local Hilbert space C2. The Hilbert space H for the
system is H = ®m+L C2. A convenient basis for each spin is provided by the

T=—m

two eigenstates |+) = ((1)>, |—) = ([1)), of the Pauli operator
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at the site x, corresponding to the eigenvalues £1. The other two Pauli
operators with respect to this basis are represented by the matrices

aél):(a)(l)), 03(:2):((3_02). (1.1)

A complete basis for H is given by the tensor products (over x) of the eigen-

states of 0¥, In the following, |¢) denotes a vector and (¢| its adjoint. As a
notational convenience, we shall represent sub-intervals of Z as real intervals,
writing for example A,,, = [-m, m + L].

The spins in A,, interact via the quantum Ising Hamiltonian

H,=-% Z )‘03(53)(7;(/3) - Z soll), (1.2)
(z.y) ﬂf

generating the operator e ##» where B denotes inverse temperature. Here,
A > 0 and § > 0 are the spin-coupling and external-field intensities, re-
spectively, and ) (z,y) denotes the sum over all (distinct) unordered pairs of
neighbouring spins. While we phrase our results for the translation-invariant
case, our approach can be extended to certain random couplings and field
intensities, much as in [11, Sect. 8]. See Section 4.

The Hamiltonian H,, has a unique pure ground state [¢,,) defined at zero
temperature (as § — 00) as the eigenvector corresponding to the lowest eigen-
value of H,,. This ground state |¢,,) depends only on the ratio § = A\/J. We
work here with a free boundary condition on A,,, but we note that the same
methods are valid with a periodic (or wired) boundary condition, in which
A,, is embedded on a circle.

Write pp,(8) = e PHm [/ tr(e=PHm) and

for the density operator corresponding to the ground state of the system. The
ground-state entanglement of |¢,,,) is quantified by partitioning the spin chain
A, into two disjoint sets [0, L] and A, \ [0, L] and by considering the entropy
of the reduced density operator

P = a0\ 0.0 ([¥m) (V). (1.3)

One may similarly define, for finite 3, the reduced operator pZ (3). In both
cases, the trace is performed over the Hilbert space of spins belonging to
A, \ [0, L]. Note that pZ is a positive semi-definite operator on the Hilbert
space Hp, of dimension d = 2% of spins indexed by the interval [0, L]. By the
spectral theorem for normal matrices [6], this operator may be diagonalised
and has real, non-negative eigenvalues, which we denote in decreasing order

by A (pk)-
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Definition 1.4. The entanglement (entropy) of the interval [0, L] relative to
its complement A, \ [0, L] is given by
oL+1
S(ph) = —tr(phlogy pl) = = > Xj(ph) logy X (ph), (1.5)
j=1
where 0log, 0 is interpreted as 0.
Here are our two main theorems.

Theorem 1.6. Let \,0 € (0,00) and 6 = N\/6. There exists C = C(0) €
(0,00), and a constant v = () satisfying 0 < v < oo if 0 < 1, such that, for
all L > 1,

lpr, = Pkl < min{2,Ce™™},  2<m<n. (1.7)
Furthermore, we may find such v satisfying v — oo as 6 ] 0.

Equation (1.7) is in terms of the operator norm:

lom = P2l = sup (Wlpm = )], (1.8)

where the supremum is taken over all vectors |¢)) € Hy with unit L?-norm.

Theorem 1.9. Consider the quantum Ising model (1.2) onn =2m + L +1
spins, with parameters X, §, and let v and C be as in Theorem 1.6. If v >
41n 2, there exists c; = ¢1(0,7) such that

S(pk) < ey, m, L > 0. (1.10)

Weaker versions of these two theorems were proved in [11, Thms 2.2, 2.8],
namely that (1.7) holds subject to a power factor of the form L%, and (1.10)
holds with ¢; replaced by Cy + Cslog L.

There is a considerable and growing literature in the physics journals con-
cerning entanglement entropy in one and more dimensions. For example,
paper [8] is an extensive review of area laws. The relationship between en-
tanglement entropy and the spectral gap has been explored in [2, 3|, and
polynomial-time algorithms for simulating the ground state are studied in [4].

We make next some remarks about the proofs of the above two theorems.
These follow the proofs of [11, Thms 2.2, 2.8] subject to certain improvements
in the probabilistic estimates. The general approach and many details are the
same as in the earlier paper. We make frequent reference here to [11], and will
highlight where the current proofs differ, while omitting arguments that may
be taken directly from [11]. In particular, the reader is referred to [11, Sects.
4, 5] for details of the percolation representation of the ground state, and
of the associated continuum random-cluster model. In Section 2, we review
the relationship between the reduced density operator and the random-cluster
model, and we state the fundamental inequalities of Theorem 2.6 and Lemma
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2.8. Once the last two results have been proved, Theorems 1.6 and 1.9 follow
as in [11]: the first as in the proof of [11, Thm 2.2], and the second as in that
of [11, Thm 2.8].

We reflect in Section 4 on the extension of our methods and conclusions
when the edge-couplings A and field strengths § are permitted to vary, either
deterministically or randomly, about the line. In this disordered case, the
Hamiltonian (1.2) is replaced by

Ho= 3 ey~ Y siolh (L)
(,y) z

where the sum is over neighbouring pairs (z,y) of A,,. We write A = (A, ;41 :

re€Z)and § = (6, : x € Z).

Theorem 1.12. Consider the quantum Ising model on Z with Hamiltonian
(1.11), such that, for some X\,0 >0, A and § satisfy

Aoy/0x < N/G, y=z—lz+1, v€Z. (1.13)

(a) If \/§ < 1, then (1.8) holds with C and 7y as given there.
(b) If, further, v > 41n2, then (1.10) holds with ¢; as given there.

If X and & are random sequences satisfying (1.13) with probability one, then
parts (a) and (b) are valid a.s.

The situation is more complicated when A, § are random but do not a.s.
satisfy (1.13). See Section 4 for a short discussion of this case.

Remark 1. The authors acknowledge Massimo Campanino’s announcement
in a lecture on 12 June 2019 of his proof with Michele Gianfelice of a version
of Theorem 1.9 using cluster expansions. That announcement provoked the
current work.

2. ESTIMATES VIA THE CONTINUUM RANDOM-CLUSTER MODEL

The continuum percolation model is constructed as in [10, 11]. For = € Z,
let D, be a Poisson process of points in {x} x R with intensity J; the processes
{D, : x € Z} are independent, and the points in the D, are termed ‘deaths’.
The lines {z} x R are called ‘time lines’.

For « € Z, let B, be a Poisson process of points in {z + 3} x R with
intensity A; the processes {B, : © € Z} are independent of each other and of
the D,. For z € Z and each (z + 1,¢) € B,, we draw a unit line-segment
in R? with endpoints (z,t¢) and (z + 1,¢), and we refer to this as a ‘bridge’
joining its two endpoints. For (z,s), (y,t) € Z x R, we write (z,s) <> (y,t) if
there exists a path 7 in R? with endpoints (z, s), (y,t) such that: 7 comprises
sub-intervals of Z x R containing no deaths, together possibly with bridges.
For A, A CZ x R, we write A <> A if there exist a« € A and b € A such that
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a <+ b. Let Py \s denote the associated probability measure when restricted
to the set A.

We make a note concerning exponential decay which will be important later.
The critical point of continuum percolation is given by 6§ = 1 where § = \/0
(see [5, Thm 1.12]). In particular (as in [11, Thm 6.7]) there is exponential
decay when 0 < 1. Let A,, = [-m,m]?> C Z x R, with boundary JA,,.

Theorem 2.1 ([5, Thm 1.7]). Let X\,d € (0,00), and I = {0} x [—1,1]
Z x R. There exist C = C(\,9) € (0,00) and v = v(\, ) satisfying v >
when 8 = \/§ < 1, such that

Pys (I > 8Am) < Ce M, m > 0.

C
0

The function v(\,d) may be chosen to satisfy v — oo as § — oo for fixed \.

Henceforth the function v denotes that of Theorem 2.1.

The continuum random-cluster model on Z x R is defined as follows. Let
a,b € Z, s,t € Rsatisfy a < b, s <t, and write A = [a, b] X [s,t] for the box
{a,a +1,...,b} x [s,t]. Its boundary A is the set of all points (x,y) € A
such that: either z € {a, b}, or y € {s,t}, or both.

As sample space we take the set Q) comprising all finite subsets (of A)
of deaths and bridges, and we assume that no death is the endpoint of any
bridge. For w € Qy, we write B(w) and D(w) for the sets of bridges and
deaths, respectively, of w.

The top/bottom periodic boundary condition is imposed on A: for x € [a, b,
we identify the two points (z,s) and (z,¢). The remaining boundary of A,
denoted O"A, is the set of points of the form (x,u) € A with z € {a,b} and
u € [s,t].

For w € Qu, let k(w) be the number of its clusters (subject to the above
boundary condition). Let g € (0,00), and define the ‘continuum random-
cluster’ probability measure Py » 5, by

1
APy s5q(w) = g APy s(W), W €Dy, (2.2)

where Z is the appropriate partition function. As at [11, eqn (5.3)],
PA,A,&,q Sst ]PJA,)\,& q > 17 (23)

in the sense of stochastic ordering.

We introduce next a variant in which the box A possesses a ‘slit’ at its
centre. Let L > 0 and S, = [0, L] x {0}. We think of S;, as a collection of
L + 1 vertices labelled in the obvious way as x = 0,1,2,..., L. For m > 2,
B >0, let A, 35 be the box

A = [=m,m+ L] x [=38, 3/]

T2 2
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subject to a ‘slit’ along Sz. That is, A,, g is the usual box except that each
vertex x € S, is replaced by two distinct vertices + and z~. The vertex x™
(respectively, 7)) is attached to the half-line {z} x (0,00) (respectively, the
half-line {z} x (—00,0)); there is no direct connection between z* and ™.
Write S5 = {o% : 2 € Sp} for the upper and lower sections of the slit Sy
Let ¢y, 5 be the continuum random-cluster measure on A,, 3 with top/bottom
periodic boundary condition and parameters \, d, ¢ = 2.

It is explained in [11] that a random-cluster configuration w gives rise to
an Ising configuration on A, which serves (see [1]) as a two-dimensional rep-
resentation of the quantum Ising model of (1.2). We shall use ¢,, g to denote
the coupling of the continuum random-cluster measure and the corresponding
(Ising) spin-configuration.

Let €2, 3 be the sample space of the continuum random-cluster model on
Ay g, and X, g the set of admissible allocations of spins to the clusters of
configurations in €, 3. For o € ¥,, 5 and x € Sy, write o for the spin-state
of z%. Let ¥ = {—1,+1}*™! be the set of spin-configurations of the vectors
{xF : 2z € Sp} and {z~ : z € S}, and write 6] = (o] : * € S;) and
o, = (o, :x € 85L).

Let

g = Gmp(0] = 0L). (24)
Then,
Ump — Ay = (o] =07)  as f— oo, (2.5)
where ¢, = limg_,oc Oy 5.
Here is the main estimate of this section, of which Theorem 1.6 is an imme-

diate corollary with adapted values of the constants. It differs from [12, Thm
6.5] in the removal of a factor of order L.

Theorem 2.6. Let \,§ € (0,00) and write 0 = \/6. If < 1, there exist
C, M € (0,00), depending on 0 only, such that the following holds. For L > 1
and M <m <n < oo,

. Om(clop)elor))  dulclor)e(or)) < O, (2.7)
lell=1 G n

where v is as in Theorem 2.1, and the supremum is over all functions c :
Y1 — R with L*-norm satisfying ||c|| = 1.

The theorem should presumably be valid subject to the weaker condition
f < 2, since it is now known that 8 = 2 is the critical value of the associated
continuum random-cluster model on Z x R (see [7, Thm 7.1]). In constrast,
the value @ = 1 is the critical point of the continuum percolation model (see
[5, Thm 1.12]).
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In the proof of Theorem 2.6, we make use of the following two lemmas
(corresponding, respectively, to [11, Lemmas 6.8, 6.9]), which are proved in
Section 3 using the method of ratio weak-mixing.

Lemma 2.8. Let A\, 6 € (0,00) satisfy @ = \/§ < 1, and let y be as in Theorem
2.1. There exist constants A(X,0),C1(X,0) € (0,00) such that the following
holds. Let . )

Re = R(K, L&) = Cy(e 2™ + Lea™). (2.9)
Forall K, Lm>1, 3>1, and all e*, ¢~ € X, we have that

P
A2K (] _ < Pmplop =€, 0, =€) < A-2K(q
N R T ot I

whenever K, L, B are such that Rg < %
In the second lemma we allow a general boundary condition on A,, 3. As
in the discussion at the end of [11, Sect. 5], there are two types of legitimate

boundary conditions, depending on whether they indicate random-cluster con-
nectivity, or spin-values on the clusters thereof.

Lemma 2.10. Let A\, € (0,00), and let v be as in Theorem 2.1. There
exists a constant Cy € (0,00) such that: for all Lym > 1, > 1, all events
A C XY x X, and all admissible random-cluster boundary conditions T and
spin boundary conditions n of Ay, s,

31,5((0302) € A)
¢m,ﬁ((0fa 02) < A)

whenever the right side of the inequality is less than or equal to 1.

2
— 1| < Cie 77, fora=m1n,

The above two lemmas are stated in terms of the box A, s with top/bottom
periodic boundary conditions. Their proofs are valid under other boundary
conditions also, including free boundary conditions.

Proof of Theorem 2.6. Let 0 < A < ¢, and let v be as in Theorem 2.1. Let
A, C4, Rs be as in Lemma 2.8, and let L > 1 and 1 < K < %L be such that
Cre 27K < i. (Other pairs K, L are covered in (2.7) by adjusting C'.) By
(2.9),

lim Ry = Cre K < 1, (2.11)
and we choose | = I(X, 8, L) > 1 such that B, < 3.

Let 2l < m < mn < oo and take § > m. Later we shall let 5 — oco. Since
Om.p <st On,p, We may couple ¢,, 3 and ¢, g via a probability measure v on
pairs (wy,ws) of configurations on A, g in such a way that v(w; < ws) =1. It
is standard (as in [9, 15]) that we may find v such that w; and w, are identical
configurations within the region of A, s that is not connected to d"A,, s in
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the upper configuration wy. Let D be the set of all pairs (wy,ws2) € Q, 5 X Qy, 5
such that: wy contains no path joining B to 9"A,, 5, where

B=|-r,r+ L] x [-r,7]
and r will be chosen later to satisfy
[<r<im, (2.12)
implying in particular that
Ror < Rp < 3. (2.13)

We take free boundary conditions on B. The relevant regions are illustrated
in Figure 1.

An.ﬁ Am,ﬁ

St

FIGURE 1. The boxes A,, 3, A, 3, and B.

Having constructed the measure v accordingly, we may now allocate spins
to the clusters of w; and wy in the manner described in [11, Sect. 5]. This may
be done in such a way that, on the event D, the spin-configurations associated
with w; and wy within B are identical. We write oy (respectively, oy) for the
spin-configuration on the clusters of w; (respectively, wy), and Uf’[L for the
spins of o; on the slit Sy.

By the remark following [11, eqn (6.4)], it suffices to consider non-negative
functions ¢ : ¥ — R, and thus we let ¢ : ¥, — [0,00) with [|c|| = 1. Let

o _ Ao, clofi)elon,) 21

a/mHB an?ﬁ
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so that

Smp(c(op)elor)) — buplelor)c(or))
am,p n,p

= u(S.1p) + v(S.lp), (2.15)

where D is the complement of D, and 15 is the indicator function of E.

Consider first the term v(S.1p) in (2.15). On the event D, we have that

+ _ =+
011 = 0y, SO that

L))

a/mHB

v(S.1p)| < \1 _ dmp (2.16)

a/n76

By Lemma 2.8, (2.13), and [11, Lemma 6.10],
Omplc(oD)e(or)) = Y ce)el)omplof =€, o =€)

eiGEL

< AT (14 Rp)dm,s(c(07))dma(c(or))

= A% (1 + Rp) (Z c(€)pm (o) = e))

EEEL
< AR+ Rp) Y bmplof =€), (2.17)
€EEL

where we have used reflection-symmetry in the horizontal axis at the interme-
diate step. By Lemma 2.8 and reflection-symmetry again,

Unp =Y Omplof =0, =¢)

€eEXy,

> AK(1=Rg) D dmplof = ).

eeXy,

Therefore,

n _
ons(e(01)eloE) _ 4L+ By 218)
Qm,B - Rﬁ

We set A = {0} = o} in Lemma 2.10 to find that, for sufficiently large
m > Ml (/\7 5)7

21,/3(‘72 =or)

bmp(of =0p)

1
< Cem ™ < -
=~ Le 9

-1

By averaging over 7, sampled according to ¢, g, we deduce that

— 1‘ < Ce™ 7™ < %,

Pnplof = op)
bmp(of =07)
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which is to say that

R
G 3 - 2

We make a note for later use. By the remark after Lemma 2.10, a version of
inequality (2.18) holds with ¢,, g replaced by the continuum random-cluster
measure ¢p on the box B with free boundary conditions, namely,

¢p(c(af)c(or)) _ax 1+ Rar
<A S 2.20
aB — 1 _ R2T7 ( )
where R, < % by (2.13). By (2.19), we may take C' and M; above such that
a

(2.19)

n 1
h_ 1‘ < Ce 7 < =, r > M'()\9), (2.21)
ap 2

where ap = ¢g(of =0o;).
Inequalities (2.18) and (2.19) may be combined as in (2.16) to obtain

L+ R 2

p)| < O AT 2.22
V(Si1p)| € G T (2.22)
for an appropriate constant C; = C1(\,d) and all m > M.
We turn to the term v(S.15) in (2.15). Evidently,
v(Selp)| < Ap + B, (2.23)
where . - . -
A — ’/(C(ULL)C(ULL)lﬁ) B — V<C(U2,L)C(U2,L)1E>
m am’ﬁ Y n an’ﬁ .
There exist constants Co, M” depending on A, §, such that, for m > r > My,
V(E a —
By = “Peot )elo5,) 1 D)
an A3
v(D)
T ¢nﬂ(¢B( (02 AL (UzL)) | D)
n,8
< "D spnfetotyetor) (2.21)

by Lemma 2.10 with ¢,, s replaced by ¢p, and (2.21). At the middle step, we
have used conditional expectation given the configuration 7 on A, 3\ B. By
(2.20), there exists C5 = C3(A,0) such that
14 Ry
—¢B( (03L)c(03,,)) < C3 AT =
1 - R27‘
Inequalities (2.24)—(2.25) imply an upper bound for B, in terms of v(D). o
A similar upper bound is valid for A,,, on noting that the conditioning on D
imparts certain information about the configuration w; outside B but nothing

(2.25)
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further about w; within B. Combining this with (2.23)—(2.25), we find that,
for r > Mj3(A,0) and some Cy = Cy(A,9),

_ 1+ Ry
(S, 15)] < p(D)Cy A~ (2.26)
1—- R2r
Let r = max{2l, M3} to obtain by (2.3), (2.12), and Theorem 2.1 that
v(D) < Csre 27 < Cge™37™, m > My, (2.27)

for some Cjs, Cg, My > 2M5. We combine (2.22), (2.26), (2.27) as in (2.15).
Letting  — oo and recalling (2.11), we obtain (2.7) from (2.5), for m > M :=
max{]\/[l, MQ, M4}

Finally, we remark that C' and M depend on A and §. The left side of (2.7) is
invariant under re-scalings of the time-axes, that is, under the transformations
(A, 0) — (An,don) for n € (0,00). We may therefore work with the new values
N =0, =1, with appropriate constants «(6, 1), C(0,1), M(6,1). O

3. PROOFS OF LEMMAS 2.8 AND 2.10

Let A be a box in Z x R (we shall later consider a box A with a slit Sy, for
which the same definitions and results are valid). A path m of A is an alter-
nating sequence of disjoint intervals (contained in A) and unit line-segments
of the form [207 Zl], blg, [ZQ, 23], b34, ceey bgk_LQk, [ZQk, ng_H], where: each pair
Z9;, Z2i41 is on the same time line of A, and by;_; 9; is a unit line-segment with
endpoints zo;_1 and zy;, perpendicular to the time-lines. The path 7 is said to
join zy and z9x11. The length of 7 is its one-dimensional Lebesgue measure.
A circuit D of A is a path except inasmuch as zy = 29511. A set D is called
linear if it is a disjoint union of paths and/or circuits. Let A, I" be disjoint
subsets of A. The linear set D is said to separate A and I' if every path of A
from A to I' passes through D, and D is minimal with this property in that
no strict subset of D has the property.

Let w € Q5. An open path 7w of w is a path of A such that, in the notation
above, the intervals [zo;, 20;11] contain no death of w, and the line-segments
bai—1.2; are bridges of w.

The (one-dimensional) Lebesgue measure of a measurable subset S of Z x R
is denoted |S|. Let S and T be measurable subsets of A. The distance d(S,T)
from S to T is defined to be the infimum of the lengths of paths having one
endpoint in S and one in 7.

Let ¢, denote the random-cluster measure on {2, with parameters A, ¢, and
q = 2 (with top/bottom periodic boundary condition). Let I' be a measurable
subset and A a finite subset of A such that ANT = @. We shall make use of
the ‘ratio weak-mixing property’ of the spin-configurations in A and I' that
is stated and proved in [11, Thm 7.1]. Let ¢ denote the continuum random-
cluster measure on A with parameters A, §, ¢ = 2, but subject to the difference
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that the set of clusters that intersect A UT count only 1 in all towards the
cluster count k(w) in (2.2). We call ¢ a ‘wired random-cluster measure’.
We now prove Lemmas 2.8 and 2.10. Consider the box A,, 3 with slit S.
Let K be an integer satisfying 1 < K < %L, and let
A={zt:2e S, K<xz<L-K},

3.1
F={z :2eS, K<z<L-K}. (3.1)
The following replaces [11, Lemma 7.24].

Lemma 3.2. Let \,6 € (0,00) satisfy 0 = N6 < 1. There exists C; =
C1(A,0) € (0,00) such that the following holds. Let

R=R(K,L,B) = Ci(e " + Le~177),
and let v > 0 be as in Theorem 2.1. For €}, € ¥a, €5 € Xr, we have that

Omplon = 6}?, or = €x)

—1
Omp(on = €4)Oms(or = €x)

<R,

whenever R < %

Proof. Take
D= ([—m, 0) x {0}) U ((L, L+m]) x {0}) U ([—m, m+ L] x {%/3}),

the union of the two horizontal line-segments that, when taken with the slit
Sp, complete the ‘equator’ of A, 3, together with the top/bottom of A, 4.
Recalling that we are dealing with the top/bottom periodic boundary condi-
tion, D is a linear subset of A,, 5 that separates A and I'. Let ¢, t5, ¢ be as
in [11, Thm 7.1], namely,

_ — t t
H=3(Ao D), th=1/dDoT), t:t1+2t2—l—ﬁ. (3.3)
2 2

Since ¢ < Py, there exist constants Cy, C3, depending on A and 4 alone,
such that

|L/2) | 1
tl S 2 Z Cge_w + 2[16_5%8
=K
S Cg@i’yK + 2L€7%7’8,

and furthermore t3 = ¢;. The claim now follows by [11, Thm 7.1]. O

Proof of Lemma 2.8. Let «v be as in Theorem 2.1. With 1 < K < %L, write
aiK = (0f : K <2 < L—-K). First, let x = (L,0), and let e, ¢~ €
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{—1,+1}*"! be possible spin-vectors of the sets S} and S, respectively. By
[11, Lemma 7.25] with S = S} US; \ {z1},

Smp(of =€, 05 =€)
> %gbmﬁ(a; = e; forye Sf\{z"}, 0, = 6_)PAm,B,>\,5($+ «+ 9).
Now, Py, ;as(7 « S) is at least as large as the probability that the first

event (death or bridge) encountered on moving northwards from z is a death,

so that
)

2N+

Pa,, sas(x 2 S) >
On iterating the above, we obtain that
Gmplof =€, 0p =€) 2 A0 5(07 i = €k, 0Lk = €x); (3.4)

where ei is the vector obtained from ¢* by removing the entries labelled by
vertices x satisfying 0 <z < K and L — K <z < L, and

() "

+

In summary, for et € ¥,
A p(0f i = €ks O =€) < Smplof = €5, o =€)
< ¢mﬁ(gz,f< = 6}7 oLk = € ) (3.6)
With A, T" as in (3.1), we apply Lemma 3.2 to obtain that there exists
Cy = C1(\,0) < oo such that
‘bmﬂ(az,}( = G}ro ULk = €x)

— — —1
¢m,ﬁ(UZ,K = 6})¢mﬁ(aL,K = €x)

< C’l(e_%vK + Le_iw),

whenever the right side is less than or equal to %
By a similar argument to (3.6),

AK¢m,6<‘7fK = 6?{) < ¢m,6<‘7f = Gi) < (bm,ﬂ(o-i[( = Gli()
The claim follows. O

Proof of Lemma 2.10. Let A = S} US, and I' = 9"A,, 5. Let k = 2m and
assume for simplicity that k is an integer. (If either m is small or k is non-
integral, the constant C' may be adjusted accordingly.) Let Dy be the circuit
illustrated in Figure 2, comprising a path in the upper half-plane from (—k,0)
to (L + k,0) together with its reflection in the z-axis. Let D = Dy N A, p.
Thus, D = Dg in the case § = (5 of the figure. In the case 8 = (i, D
comprises two disjoint circuits of A,, g (with top/bottom periodic boundary
condition). In each case, D separates A and ¥.
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FiGURE 2. The circuit D, is approximately a parallelogram
with A at its centre. The sides comprise vertical steps of height
2 followed by horizontal steps of length 1. The horizontal and
vertical diagonals of Dy have lengths 2k+ L and (approximately)
4k + 2L respectively, where k = %m. Two values of 3 are in-
dicated. When 8 = f5, Dy is contained in A,, 3 and we take
D = Dy. When 8 = 1, Ay, 5 is the shaded area only, and we
work with D = DyNA,,, s considered as the union of two disjoint
circuits that separates D and X.

Let ty, to, t be as in (3.3). By the ratio weak-mixing theorem [11, Thm 7.1],

ma((0h,00) = (e",€7))
Cbmﬁ((J}f’UZ) = (e, ¢7))

whenever t < % We ‘multiply up’ and sum over (e*,e”) € A to obtain

qﬁ%ﬁ(UA € A)
qu”g(UA - A)

— 1| <2t a="n,T, e ey,

- 1‘ <o, (3.7)

whenever t <
Since ¢ <4 Pa x5, there exist Cy, Cs, ¢4 > 0, depending on A, 9, such that

N

LL/2] LL/2] . 2
t1 <4 Pas((6,0) <> Do) <4 Coe ) < Cgem 7™, (3.8)

1=0 i=0
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and similarly,

[k+L/2]
4 . 4
t5 <8 Z Coe 1Gmtet) < Cye=77m, (3.9)
i=0
The claim of the lemma follows by [11, Thm 7.1]. O

4. QUENCHED DISORDER

The parameters A and 6 have so far been assumed constant. The situation
is more complicated in the disordered case, when either they vary determin-
istically, or they are random. The arguments of this paper may be applied
in both cases, and the outcomes are summarised in this section. Let the
Hamiltonian (1.2) be replaced by (1.11), and write A = (A, 441 : @ € Z) and
0=(0,:z€2).

The fundamental bound of Theorem 2.6 depends only on the ratio § =
A/d. In the disordered setting, the connection probabilities of the continuum
random-cluster model are increasing in A and decreasing in &, and the function
A(N,9) of (3.5) is replaced by functions of the form

A =11 (5 o ) , (4.1)

ey +i + Aotizrio1l F Aptigtritl

which are decreasing in A and increasing in §. By examination of the earlier
lemmas and proofs, the conclusions of the paper are found to be valid with
v = (A, §) whenever (1.13) holds with some A, § > 0. Hence, in the disordered
case where (1.13) holds with probability one, the corresponding conclusions
are valid a.s. (subject to appropriate bounds on the ratio A/d). This proves
Theorem 1.12.

Consider now the situation in which (1.13) does not hold with probability
one. Suppose that the A\, ,11, z € Z, are independent, identically distributed
random variables, and similarly the d,, x € Z, and assume that the vectors
A and § are independent. (One may work with weaker assumptions on the
dependence structure of A and 8, but for convenience we assume the above
independence.) We write P for the corresponding probability measure, viewed
as the measure governing the ‘random environment’, and A, A for random
variables with the same distributions as A, , and d,, respectively. The mean
of a random variable Z under P is denoted P(D). Let Py s be the probability
measure of the quenched continuum percolation process, condiitonal on A, 4.
In applying the methods of this paper within the random environment, one
needs to deal with sub-domains of Z where the environment is not propitious
for the bound of Theorem 2.6.

As before, we perform a comparison of the continuum random-cluster and
percolation models in a random environment, and we shall appeal to [11, Thm
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8.2] (see [14] and [1, Thm 1.6]). For (z,s), (y,t) € Z x R, let
d(z, s;y,t) = max{|z — y[,In" |s — ¢[}, (4.2)

where In™ 2 = max{In z, 0}.

For the remainder of this section we assume that the conditions of [11, Thm
8.2] are valid, and we shall work with v > 1, and the identically distributed
random variables D, given in the theorem. We let L > 8, 1 < K < %(L - 1),
and consider the event

L-K
Ak = n {D, < min{z, L — z}},
=K

noting that

P(Agp)>1-2)Y P(D>u),
=K
where D has the distribution of the D,. By [11, Thm 8.2], there exists n > 1
such that P(D") < oo, whence

P(Akr)>1—-CK""—1 as K, L — co. (4.3)

The conclusion of Lemma 3.2 is valid whenever the event A j, occurs. The
conclusion of Lemma 2.8 holds on Ak j, with A(\,0) replaced by Xk 1, where

2
Oz
Xpr —
ot (g 590 + )\x,xfl + )\I,I+1> ’

where, in the notation of the proof of Lemma 2.8, © = (S} \ A) U (S; \ T');
cf. (4.1). Now,

K-1 L
mXpp=-2Y Z:—2 Y Z (4.4)
x=0 r=L—-K+1
where
Z,=1n (1 4 Qe ; A:’“”“) .

The two summations in (4.4) are independent of one another, and each is the
sum of a 1-dependent sequence of random variables. Also,

Z.<In <1 + Am{;’”) +1n (1 + —Am(’;”“) ,

so that, by [11, ass. (8.4)] and the Minkowski inequality,

VP(Z2) < 2\/P([ln(1 + (A/A))}Q) < 00.
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By the central limit theorem for 1-dependent sequences (see, for example, [13,
Thm 19.2.1]),

P (XK,L > e—aﬂf> 51 as K, L — oo, (4.5)

for any ay satisfying ay — co as K — o0o. Let Bi p(a) = { Xk > e““/?}.

Some changes are necessary to the proof of Lemma 2.10, reflecting the fact
that the distance function of (2.13) is sublinear in time. The circuit illustrated
in Figure 2 is generated by translation, discretisation, and reflection of the
Cartesian line y = 2z. In the disordered setting, we work instead with the
curve y = €%, and we assume (5 > 5emt3L. We define two further events
that depend on the environment. Assume for simplicity that m is even, write
k= %m, and let

L

Crm = ﬂ{Dﬂﬁ < %min{k+I,L+k—x}},
=0
L+k

Drm = ﬂ {D, <min{m +x, L +m —x}}.
r=—k

In the current setting, (3.8) becomes
th < Cle’%’m on the event Cfp ,,,

for some constant C depending on ~. Similarly, (3.9) is replaced by
t% < 026_%77% on the event Dy ,,.

An amended version of Lemma 2.10 thus holds, so long as the event C7,,, N
Dy, occurs.
We estimate P(Cr, N Dy, ) as follows. First, since P(D) < oo,

L5L)
P(CL,m>21_QZP<Dx2%(/{+$))—>1 as k=3m —oco. (4.6
z=0
Similarly,
L5L]
P(DL,m)El—QZP(Dx2m+x)—>1 as m — 0o. (4.7)
r=—k

[Note: The following is subject to editing.] Let ax — oo as K — oo, and
let Ex = Ak, N Bk (ax)NCL N Dy m, noting from (4.3), (4.5), and (4.6)—
(4.7) that Py 5(Ek,) = 1 as K — co. On the event Ex 1, the estimate (1.7)
holds with C' replaced by Ce“x VE for some absolute constant ¢ > 0. The
proof of Theorem 1.9 may be followed to obtain that there exists a random
variable ¢; < oo such that S(pk) < ¢;.
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