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Abstract We review two areas of recent research linking proportional fairness
with product form networks. The areas concern, respectively, the heavy traffic
and the large deviations limiting regimes for the stationary distribution of
a flow model, where the flow model is a stochastic process representing the
randomly varying number of document transfers present in a network sharing
capacity according to the proportional fairness criterion. In these two regimes
we postulate the limiting form of the stationary distribution, by comparison
with several variants of the fairness criterion. We outline how product form
results can help provide insight into the performance consequences of resource
pooling.

Keywords Processor sharing - Multi-path routing - Diffusion approximation -
Large deviations

1 Introduction

The processor sharing discipline has been of great interest to queueing the-
orists since it was first used to model time-shared computer systems (20).
The discipline provides the two basic features desired in a time-shared sys-
tem, namely, rapid service for short jobs, and the appearance of a processor
continuously available, albeit a processor of varying capacity. The discipline
is also remarkably tractable analytically, a feature it shares with other sym-
metric queues such as the last-come-first-served queue and Erlang’s model of
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a loss system (1; 7; 14). Thus, for example, a processor sharing queue with
Poisson arrivals and independent, arbitrarily distributed service requirements
has the property that the mean sojourn time in the queue of an arriving
job is proportional to the service requirement of that job, with a constant of
proportionality that does not depend upon the overall distribution of service
requirements other than through the distribution’s mean (8).

In recent decades the interest in processor sharing disciplines has extended
to communication networks, where the importance of rapid transfers for short
files has been stressed recently by (11). For a system with multiple constrained
resources there exist several candidates for the natural generalization of proces-
sor sharing, reflecting the ambiguity of what might be meant by fair sharing
in the network context. A conveniently parameterized family, that of a-fair
rate allocations, was introduced in (25). The parameter « lies in the range
(0,00), and the cases @« — 0, « = 1 and a@ — oo correspond respectively to
an allocation which achieves maximum throughput, is proportionally fair or is
maz-min fair (25; 29).

Max-min is the fairness criterion most commonly discussed for communi-
cation networks, but it is not the only possibility. Proportional fairness, in
particular, has a claim to be the natural network generalization of processor
sharing, with a growing literature showing that it has exact or approximate
insensitivity properties (22; 23) and important efficiency and robustness prop-
erties (3; 21).

One aim of this paper is to further advance this claim, by reviewing two
areas of recent research linking proportional fairness with product form net-
works. We conjecture the heavy traffic and large deviations behaviour of the
stationary distribution of a flow model that describes the randomly varying
number of flows present in a network sharing capacity according to the propor-
tional fairness criterion. This flow level model is introduced by Massoulié and
Roberts (23). In Sections 5 and 6, we provide support for these conjectures
by studying the heavy traffic and large deviations behaviour of networks of
processor sharing queues. Theorems 1, 2 and 3 establish a close relationship
between networks of processor sharing queues and proportional fairness. Net-
works of processor sharing queues have a product form stationary distribution,
and this suggests product form results may hold for other stochastic systems
that more explicitly incorporate proportionally fair optimization. Some limi-
tations are necessary: the topology of the network under study may result in
modifications of the conjectured product form. In Section 7 we study grid net-
works, a class of network with a specific topology for which we can explicitly
calculate the limiting stationary distribution for the proportionally fair flow
model. In Section 8 we study modified proportional fairness, a variant of pro-
portional fairness. These Sections further refine and motivate our conjectures
for proportionally fair flow models. These conjectures are presented in Section
9.

There is currently considerable interest in multi-path routing within the
Internet, because of its potential to improve reliability, flexibility and efficiency
through resource pooling (33). The model of (23) has been generalized by Han



et al (12) and Key and Massoulié (19) to allow multi-path routing. A second
aim of this paper is to outline how product form results can help provide
insight into the performance consequences of resource pooling. In particular,
these results suggest an approximation for the mean transfer time of a file in
a network operating with multi-path routing under the proportional fairness
criterion. The approximation is expressed as a simple sum of terms, one for
each resource pool traversed by the file. Under the approximation, the network
shares the remarkable property of a processor sharing queue, that the mean
transfer time of an arriving file is proportional to the size of the file.

2 Flow models, multipath routing and resource pooling

In this section we introduce our model of flow through a congested network.
We begin by defining proportional fairness, in both the uni-path and multi-
path setting, following (16). Then we describe the stochastic process which is
the focus of this paper: the process was introduced and studied by Massoulié
and Roberts (23) as a flow-level model of Internet congestion control, and its
generalization to allow multi-path routing has been studied by Han et al (12)
and Key and Massoulié (19).

2.1 Fair sharing

Consider a network with a set J of resources. Let C_’j > 0 be the capacity of
resource j € J. Let R be the set of possible routes, and suppose that a unit
volume of flow on route » consumes an amount a;, > 0 of resource j for each
j € J, where Zjej ajr > 0 for each r € R. The simplest case is where we
can identify each route r with a non-empty subset of J, and where a;, = 1
if j € r, and a;, = 0 otherwise. In this case A = (a@j,,j € J,r € R) is a
0 — 1 incidence matrix. Let n,. be the number of flows on route r. We also let
J=1|J| and R = |R].

How might the capacities C = (Cj,j € J) be shared over the routes R?
An allocation policy A(n) = (A,(n),r € R) € RY is called proportionally fair
if vn € RE, AP (n) = 0 when n, = 0 and A" (n) solves'

maximise Z n, log A, (2.1)
reR

subject to Z ajrAr < Cj, jed, (2.2)
reR

over A, >0, reR. (2.3)

More generally, an allocation policy is feasible if each allocation A(n) satisfies
constraints (2.2-2.3) Vn € RE.

1 We assume throughout this paper that xlogz = 0 for x = 0, and we adopt the convention
that 00 = 1.



2.2 Multi-path routing and resource pooling

Next we describe a generalization of the earlier model that allows multi-path
routing. Let & be a set of source-destination pairs where s € S is a non-
empty subset of the set of routes R: we interpret r € s as indicating that the
route r is available to carry flow between the source-destination pair s. Let
H,. =1if r € s, and let H, = 0 otherwise. Thus H is an incidence matrix
containing only zeros and ones, and ) s H,, = 1 for each » € R. Here we
consider n = (ng : s € §), where we let ng; be the number of flows between
source-destination pair s. We also let S = |S].

In this multi-path setting, an allocation policy A(n) = (4As(n),s € S) € RY
is called proportionally fair if Vn € RS, AP (n) = 0 when ny = 0 and A7F (n)
solves

maximise Z nglog A (2.4)
sES

subject to Z ajryr < Cj, jed, (2.5)
reR
Z Hsryr = Asa s € 87 (26)
reR

over yr >0, 7r€R and A;>0, s€S. (2.7)

In this formulation, the variable y, represents the flow on route r, and the
equation (2.6) expresses the flow between source-destination pair s as the sum
of the flows over the routes serving source-destination pair s.

It is possible to rewrite the optimization problem (2.4-2.7) without the
variables y,., € R. Consider the problem

maximise Z nslog Ag (2.8)
seS

subject to Zajs/ls <y, jed, (2.9)
sES

over As >0, s€S. (2.10)

Then (13, Proposition 5.1) there exists a choice of J,A = (ajs,j € J,s €
8§), C independent of n such that C has positive elements, A has non-negative
elements and no column of A is identically zero, and such that the unique
solution for (A, s : ng > 0) to the optimization problem (2.8-2.10) is also the
unique solution (A, s : ng > 0) to the optimization problem (2.4-2.7).

The set J labels a set of virtual resources, or resource pools (33). A resource
pool might, in a simple case, correspond to a cut set of resources. Typically
resource pools correspond to generalizations of cut constraints, and illustrative
examples are described in (13; 17; 33). We define J = | 7|, the total number
of resources.

Note that while as in Section 2.1 it may be natural for the matrix A to
be a 0 — 1 route-resource incidence matrix, even in that case the elements



of the matrix A, corresponding to resource requirements at pooled resources,
may be non-integral. Note also that in the case where the matrix H is the
identity matrix, the multi-path routing model reduces to the simpler model of
Section 2.1.
The problem (2.8-2.10) is a straightforward convex optimization problem,
with optimal solution
APF(y= =" ses (2.11)
2ses Pi%s

where the Lagrange multipliers (p;,j € J) satisfy

pi >0, pi(Ci—> a; Al (n))=0, jeJ. (2.12)
SES

2.3 Flow level model

An allocation A(n) describes how capacities are shared, for a given number of
flows ng on each source-destination pair s € §. Next we describe a stochastic
model (23; 12; 19) for how the number of flows within the network varies over
time.

For an allocation policy A : Zi — Ri, define a A-stochastic flow level
model to be a continuous-time Markov chain on Zi ={0,1,2,...}° with rates

Vs if n/ =n+e,,
q(n,n') =< psAg(n) if n’ =n—e, and ng > 0, (2.13)
0 otherwise,

VYn,n' € Zf’;, where eg is the s-th unit vector in Zi.

This model can be interpreted as follows. Documents (or files) wishing to
be transferred between source-destination pair s arrive as a Poisson process
of rate vs. These documents are assumed to have a size that is independent
and exponentially distributed with mean p7*. If currently the number of doc-
uments in transfer across routes is given by the vector n € Zi then each doc-
ument on route s is transferred at rate As(n)/ns. Documents are processed
at this rate until there is a change in the network’s state, caused either by a
document transfer being completed, or by a document arrival occurring.

We can extend the definition of a stochastic flow level model, described in
the last paragraph, so that the sizes of incoming documents are independent
and of any positive distribution. Information on residual document sizes would
be needed for such processes to be Markov. Given this extension, a stochastic
flow level model with mean document sizes given by (u; ' : i € Z) is insensitive
if the stationary distribution for the number of documents in transfer does not
depend on the distributions of document size other than through the means
(u; ' 1 i € I). For more details please refer to Bonald and Proutiere (4; 5).



If the allocation policy is proportionally fair, A = APF(n), then, defining

Vs

ps = 45 S € S, the stochastic flow level model (2.13) is positive recurrent
provided (2; 10)
Zajsps <y, jed. (2.14)
s€S

An aim of this paper is to understand better the stationary distribution of the
flow level model when this condition is satisfied.

3 A network of processor sharing queues

In this section we introduce what we call a network of processor sharing queues.
Customers in this network belong to different classes and the load different
customer classes offer at different queues is given by the entries of the matrix A,
from Section 2.2. Thus our queueing network will implicitly share the capacity
constraints (2.14). In this section we collect some well known results about the
product form stationary distribution of queueing networks.

3.1 Definition

We now more precisely define a network of processor sharing queues. We con-
sider a network of queues indexed by the set of resources 7. Each queue j € J
operates under a processor sharing service discipline and has service capacity
C;. Each customer within the network has a class. The set of customer classes
is indexed by the set S, the set of source-destination pairs. A customer of class
s € § at queue j € J has an independent exponentially distributed service
requirement with mean ‘:js .2 Customers of each class s € S arrive into the
network as a Poisson process of rate v; and we define traffic intensities by the
notation ps; = £=. Upon arrival a customer chooses to visit, independently and
with equal probébility, a queue from the set J. Similarly a customer which has
just completed its service at queue ji and has visited queues j1,...,jxk—1 € J
will choose its next queue independently with equal probability from the set
J\{j1,---»Jk}- Once a customer has completed its service requirement at all
queues it leaves the network.

3.2 Additional notation

We now introduce some additional notation. The vector n = (ns : s € S) €
Zf_ ={0,1,2,...}° will be used to quantify the number of customers of each
class in our queueing network and the vector m = (m;s: j € J,s € S) € Z_{XS

2 If ajs = 0 we assume a customer instantaneously completes its service, thus in effect
never visits the queue. Processor sharing queues are insensitive thus the assumption that the
service requirement of customers is exponentially distributed is not necessary. We include
this assumption for the convenience of our analysis.



will be used to quantify the number of customers of each class at each queue.
Thus we have that
ng = Z Mg, seS.
JjET

We let (m; : j € J) € Z7 give the number of customers at each queue, so that

mj:ijs, ]EJ

seS

For each n € ZL we define X (n) = {m € Z** > jes Mjs = ns, s € S}, thg
set of queue states achievable given the number of customer in each class. *

We also define for each m € Zixs
( mj ) _ mj! )
mjs :S€S HsES(mjs!)

3.3 Stationary distributions

Let M;4(t) record the number of class s customers at queue j at time ¢ in a
network of processor sharing queues, and let M (t) = (M;4(t),j € J,s € S).
Note that (M (t),t € Ry) is not Markov: but a Markov description could be
constructed by augmenting M (t) with information on which queues each cus-
tomer has already visited. From standard results (1; 7; 8; 14) on product form
queueing networks we readily deduce the following proposition and corollaries.

Proposition 1 A network of processor sharing queues has stationary distri-
bution

P(M=m)=B"]] ((m] m;s . s) gg (%f)mj) 7 (3.1)

SV

for each m € 7%, where

C
B:= ( ? ) , (3.2)
]];[7 Cj - ZSES AjsPs

provided
Z ajsps < Cj, jed. (3.3)

seS

We can also consider the stationary distribution of the number of customers
of each class.

3 In Section 6 when referring to large deviations characteristics n, m and (mj :j€7)
will be used to refer to proportions of customers within the network.



Corollary 1 The number of customer in each class, N = (N5 : s € §), has
stationary distribution

By,
P(N:n)zfﬂpgs, nezs, (3.4)
seS

where

= > H((mﬁ SGS)H(?;)%) nezs. (35)

meX(n) jJET seS

From this we will be interested in the stationary distribution of a network
of processor sharing queues conditional on the number of customers of each
class within the network being given by a fixed vector n = (ny : s € S) € Z5.
From the last two results we can deduce that the conditional distribution is
given by

P(M =m|N =n)=B;"[] ((mjs SES> 11 (‘g])m> (3.6)

JjeT sES

for all m € X(n). We will be specifically interested in the rate class s customers
are processed by a network of processor sharing queues given that the number
of customers of each class is equal to n.

Corollary 2 For a queue j € J and a class s € S with ajs > 0, and condi-
tional on there being n € Zi customers of each class, the rate class s customers

are processed through queue j in a network of processor sharing queues is given
by

. ¢ . . . S
where B, is defined by (3.5) and ey is the s-th unit vector in Z7 .

Proof The probability the network is in state m €
Thus the throughput of class s customers at queue j is

C Mmists s !
Z aJS;nJ B H <<mls x4 68) H <Cl> )

Z7*% is given by (3.6).

meX(n): s'eS
mj>0
m’,
- T (g, ) TL(%) ) e
= roL = Us .
m/'eX(n—es) Bn leJg Mg 8 € S s’eS & Bn

Above we cancelled terms and substituted mj, = myy —1if (1,s") = (4, s) and

mj, = myy otherwise. O



4 The spinning network

We next define a stochastic flow level model motivated by the network of
processor sharing queues considered in the last section. In Corollary 2 we
determined the throughput of customers passing through a network of proces-
sor sharing queues condition on the number of customers in each class. From

this, for n € Zi, we define the spinning allocation to be the allocation policy
ASN(n) = (AN (n) : s € S) where

Bp_e, .
{Bn Zf Ng > O,

AN (n) = s€ES, (4.1)

0 otherwise,

where B,, is defined by (3.5). We call the stochastic flow level model defined
by (2.13) and operating under the spinning allocation A = AN the spinning
network. The spinning network is essentially the flow level generalization of a
network of processor sharing queues.

An allocation policy of this type was first considered by Massoulié, and was
consequently discussed in the thesis of Proutiere (27, Section 3.4). Bonald and
Proutiere (5; 27) showed that the spinning network is insensitive to different
document size distributions. Walton (30) has established the weak convergence
of a sequence of processor sharing queueing networks to the spinning network.

Balanced fairness is a further allocation policy that has received atten-
tion (5; 27). Balanced fairness has the unique property of being both insensitive
and Pareto efficient amongst the set of feasible allocation policies. As we shall
discuss in Theorem 3, in addition to being insensitive, the spinning allocations
asymptotically approaches the set of Pareto efficient allocations. In particular,
we shall see it converges to a proportionally fair allocation (30). It has been
conjectured that the balanced fair policy convergences to the proportional fair
policy, in the sense described in Theorem 3, see Massoulié (22).

The spinning network is reversible. By checking the detailed balance con-
ditions for the spinning network one can verify that its stationary distribution
is

B'fl n S
I[”(N:n)zFI_[pss7 nezy.
seS
From Corollary 1, this is also the stationary distribution for the number of
customers of each class in a network of processor sharing queues, which is
as we would expect, given the motivation for the definition of the spinning
network.

5 Heavy traffic and product form

In this section we consider a network of processor sharing queues as the sys-
tem approaches overload. We consider a sequence of networks, each in equilib-
rium, and explore the connection in heavy traffic between proportionally fair
stochastic flow level models and product form queueing networks.
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For each h € N = {1,2,...}, let M ™) be a stationary network of processor
sharing queues of the form described in Section 3, with traffic intensities pgh) =
ps — 3= for s € §. We assume that o5 > 0 for s € S. We also assume that
p € RY = [0,00)% is Pareto efficient, that is that Ap < C and V§ € RY,
A(p+0) < C implies § = 0. We shall say that queue j is in heavy traffic if
(Ap); = C;. Thus M () has a stationary distribution given by Proposition 1

with its consequence Corollary 1. Thus by definition we have that

N =3N"MP  ses, (5.1)
JjeET
where for all j € J and s € S
(h) (h) a; Pgh)
M 1M~ Binomial (M;, =) (5.2)
J

and M;h), j € J, are independent with

i Ajs0s
M;h) ~ Geometric(hw).

Cj
Letting h — oo,
MM .
(F—jed)=M;:j€T)

where M ; is exponentially distributed with parameter M if queue j is
J

in heavy traffic, Mj = 0 otherwise, and Mj,j € J, are independent. By the
strong law of large numbers for the binomial distribution (5.2), as h — oo,

M y

s . M .
(—:jeT,s€8) = (ajsps—>:j€T,s€S).
h Cj
Thus we have that, # =N , where
. M,
stzajspsaé, Vs € S. (5.3)

JjeJ

Thus the (scaled) number of customers on route s is distributed as the sum
of independent exponential random variables. In addition by comparison with
(5.3) and our conditions on the positivity of M;, j € J, we can see that the
conditions (2.11-2.12) are satisfied and thus, almost surely, APF(N) = p,,
s€S.

Let J* ={j € J : > ,csajsps = C;}. So that each route s traverses a
queue in heavy traffic we assume no column of the matrix (aj5,7 € J*,s € S) is
identically zero. We also let J* = | 7*|. Our argument above can be formalized
to give the next theorem.
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Theorem 1 Let M) have the stationary distribution (3.1) of a network of
processor sharing queues with parameters pt = (ps — 5= : 5 €8), and let
N® be given by (5.1). Then as h — oo

Mt N(R) A
) = (MLN)

where ]\ij,j € J, are independent, Mj is exponentially distributed with pa-
rameter Y g aJCj, jeJ*, and M; =0, j € J\T*, and where N is defined
by (5.3).

Moreover, almost surely the pair (p,n) = ((Ag—;)jej, (Ny)ses) satisfies the

proportional fairness optimality conditions (2.11-2.12) and
APF(NY =p,,  seS.

The proof of this theorem can be found in the Appendix A.1.

A connection between multi-class networks of single server queues and
the optimization formulation (2.8-2.10) has been noted several times in the
literature (15; 24; 28), and the above theorem provides a formalization, in
heavy traffic, of the connection.

The support of N is the manifold

N = {n eR] : Ay(n) = ps, s € S}

={n:3Jq¢€ R{* s.t.ng = Z qjAjsps, for s € S}. (5.4)
JET*

The second equality above can be deduced from expressions (2.11-2.12) or
alternatively seen in (18, Theorem 5.1). In (18) it is shown that the propor-
tionally fair stochastic flow level model (2.13) has a fluid model in heavy traffic
which converges to exactly the manifold (5.4). Observe that there is a form of
state space collapse: the dimension of the manifold (5.4) is the row rank of the
matrix Ay = (aj5: j € T*,s € S), at most J*. In (13) a diffusion approxima-
tion is established for the proportionally fair stochastic flow level model, under
certain additional conditions, and the stationary distribution for the diffusion
approximation matches the distribution for N found above. These additional
conditions are that J* = 7, so that all resources are in heavy traffic, and a
local traffic condition. This condition requires that amongst the columns of the
matrix A there are the columns of a diagonal matrix, so that for each resource
j € J there is a traffic stream s € S which uses just resource j.

The local traffic condition implies that A has full row rank, and that the
dimension of the manifold A is J*. In Section 7 we shall discuss an example
where the matrix A is not of full row rank, and where, in heavy traffic, there is a
distinction between the limiting stationary distributions of the proportionally
fair stochastic flow level model and the corresponding product form processor
sharing queueing network.
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6 Large deviations and convergence of throughput

In the previous section we considered the stationary behaviour of a network of
processor sharing queues in a heavy traffic regime. We found in this analysis
that a network of processor sharing queues was able to capture certain aspects
related to the multi-path proportionally fair optimization problem.

In this section we continue to pursue this relationship. We now consider a
network of processor sharing queues in a large deviations regime. We will show
in Theorem 2 that for a network of processor sharing queues the stationary
distribution of the number of customers in each class obeys a large deviation
principle with good rate function

a,(n) = max Z N logé subject to Zajs/ls <Cj, jeJ.
AER‘SF s:mgs>0 Ps SES
(6.1)
Note that, apart from a constant term added to the objective function, the
optimization problem (6.1) is identical to the earlier problem (2.8-2.10).

We also state but do not prove an additional theorem, Theorem 3. The-
orem 3 considers the throughput of a network of processor sharing queues
conditional on the number of customers of each class being large but propor-
tional to some fixed vector n € Ri. Theorem 3 demonstrates that this quan-
tity converges to a solution of the multi-path proportionally fair optimization
problem (2.8-2.10).

The results in this section are proven in (30), with the main distinction
being that the paper (30) only allows a customer to have exponentially dis-
tributed mean 1 service requirement at each queue it visits. Here we allow
customers to have service requirements given by values in the matrix A; this
is important in the context of multi-path routing. The large deviations prop-
erties of the stationary distributions of product form queueing networks were
first considered by Pittel (26). Massoulié (22) first established the rate func-
tion (6.1) as the large deviations limit of stochastic flow level models operating
under modified proportional fairness.

To prove Theorem 2, first we prove a large deviation principle for the
stationary distribution of a network of processor sharing queues (3.1). Stirling’s
formula is used to find a rate function: label the rate function 3,(-). Applying
the contraction principle gives the large deviation principle for the number of
customers in each class and finds «,(-) expressed as the primal form of a convex
optimization problem. We calculate the dual of this optimization problem and
find it to be of the form of (6.1).

We start by finding the rate function §,(-).

Lemma 1 Suppose random variable M in Zixs has the stationary distribu-
tion of the number of customers of each class at queues in a network of proces-
sor sharing queues (3.1). If we take a vector m € R_{_XS and take {d" ey a

sequence of vectors in R7*S such that hm +d") € Zixs and supy, |dM| < oo
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then
Jim_ ElogIP’(M hm 4 dM) = —3,(m),
where we define
O
B,(m) = Z m;s log Mysty

m;ia;
JET,sES: i%jsPs
m;>0, a;s>0

Proof For all j € J define, d; ZSES s By Stirling’s formula

1
lim — logP(M = hm 4 d™)
h—oo h

1 (R)y (h)
hlin;o [Z log (hm; + d; )= Z log (hmjs + d; )
cJ JjeT,sES

+ Y (hmys+d)lo

JET,sES

_ ((hmjs +d") log(hmy, +d\¥) — (hmy, + dg.?)))

JET ,SES:
mjs>0
+ Y (hmys +d) log
jET,sES
. (my + 50N
- hlingo Z m;s log a = ~Bp(m).
e

Y ]

O

From this result one can more formally establish the following large deviation
principle. For details of how to formalize the following proposition please see

(30, Section 6).

Proposition 2 If random variable M in Zixs has the stationary distribution
of the number of customers of each class at queues in a network of processor
sharing queues (3.1) then, as h — oo, {%}heN obeys a large deviation principle

JxS
n Ry

DcC Rixs Borel measurable

with convex, continuous, good rate function B,(-). That is for all

— inf B,(m) < llmlnfp(% eD)< llmsupp(% € D) < — inf 3,(m),

meD° h—o0 h—00 meD

where D° is the interior of D and D is the closure of D.
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To prove Theorem 2 we require two technical lemmas about the function 5,(-).

Lemma 2 For all A € (0,00)%

0 Zf Zsesajs/lsg(]j, VjEj
—00 otherwise.

Proof Consider two probability distributions p and ¢ with the same sup-
port on S. One can verify with calculus that the relative entropy D(p||q) =
Do Ds 1og Ee of the two probability distributions p and g is such that

min D(pllg) = 0
and is minimized by p = ¢. Thus,

inf Ga(m)= inf Z mjzqu mysCi

JxS JxS m Qa; A
meR; mERLTT s>0 ses 3 %jstts

C, 0 ifE a:is s < Cs
= inf " 1 J — seS Wisits = Vi
n ; g m’; log . {

—o00 otherwise.

Lemma 3 For all A € (0,00)!, Ba(-) is a convex continuous function.

See (30, Lemma 6.3) for a proof of this lemma.

We now prove Theorem 2. The theorem helps explain how the collapse of
our original queueing model is related to the multi-path proportionally fair op-
timisation problem. On the one hand the expression (6.3) can be interpreted as
saying that a network of processor sharing queues wishes to minimize the en-
tropy of queue sizes subject to constraints on the number of customers in each
class. On the other hand the dual (6.4) can be interpreted as saying, given the
number of customers of each class, flows wish to maximize the proportionally
fair optimization problem.

Theorem 2 If N is a random variable in Zi has the stationary distribution
of the number of customers of each class in a network of processor sharing
queues (3.4) then, as h — oo, {%}heN obeys a large deviation principle on Rf_
with good rate function

. m;sC ,
a,y(n) == min g mngog# subject to E Mjs =Ng, SES
x ia
mer JET sES: MjajsPs jeg
m]'>0, ajs>0

(6.3)

A
= max Zns log == subject to Zajs/lS <Cj,jed. (6.4)
e s s€S
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That is, for all Borel measurable D C Ri we have that

N N
,nieanO a,(n) < lihrgiorolf]P(ﬁ e D)< liiiisogpp(ﬁ e D)< 732% ap(n).

Proof Applying the contraction principle (9, page 126) to Proposition 2 using
the continuous map f : Rixs — RY such that f(m) = (Xjegmys 1 s €8)
shows that {%}heN obeys a large deviation principle with good rate function

m;sCj

subject to mjs =ns, SES.
el S g =,

JET

ap(n) = min E m;slog
X
meRT jeT ses:
m; >0

As (3, is convex, this is a convex optimisation problem. Let us calculate its
dual formulation. Using Lagrange multipliers A € R, its Lagrangian is

L(m,\) = Z m;s log LC] + Z As | ns — Z Mjs

m;ajspPs

JjET,sES: s:ms>0 jeT
m;>0,ns>0
m;sC}
)87
= E myjs 10g m + g AsTls.
JjET ,sES: 345sPs s:ms>0
m;>0,ns>0

By Lemma 2

min  L(m,A) = {ZS:"5>0 nsAs i Y es ajspse™ < Gy, je T,

meR] > —00 otherwise.
Thus we find its dual is
a,(n) = max nsAs subject to Zajspse’\s <Cj, jedJ.
AERS
s:ng>0 SES

Substituting A, = pses gives

A
a,(n) = max nslog —  subject to aisAs < C; e J.
P( ) Z S g J )s4ts VEI ]

AER‘SF s:ms>0 Ps seS

O

An important consequence of this result is given in the next result, Theorem
3. We state the result here, but refer the reader to (24, Section C) for an
accessible justification of the result and to (30, Section 7) for a proof. In
Theorem 3 we consider A5 (|hn]), the throughput of class s customers in a
network of processor sharing queues conditional on the number of customers of
each class being given by |hn| = (|hns] : s € §). Theorem 3 states that as h —
oo this throughput converges to a proportionally fair bandwidth allocation.
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Theorem 3 For alln € Ri and s €S
AZN([hn]) —— A (n),
h—o0

where we define |n] = (|ns| : s € S).

We note that this connection between the stationary behaviour of a product
form queueing network and a multi-path proportionally fair stochastic flow
level model has not required any rank condition on the matrix A.

7 Grid networks

In Section 5 we studied the stationary distribution of processor sharing queue-
ing networks in heavy traffic. For grid networks the stationary distribution
of proportionally fair stochastic flow level models is known. Therefore we can
form an analogous heavy traffic analysis to Section 5. We know from Theorem
3 that asymptotically the throughput of network of processor sharing queues
converges to a proportionally fair allocation. Therefore we might expect the
two models to agree in heavy traffic. In fact, despite this, we find that under a
heavy traffic scaling, the limit distributions of these two models do not agree.

A K x L grid network is a network with uni-path routing, that is the set
of routes can be identified with the set of source-sink pairs. A K x L grid
network has links 7 = {(k,1) : k=1,..,K,l=1,....,L} and routes R =S =
{RYE_ U {i}E, where k= {(k,0):1=1,..,L} and I = {(k,]) : k=1,...,K}.
We refer to routes indexed by k as vertical routes and routes indexed by [ as
horizontal routes. We let n,; denote the number of horizontal flows on route
k and we let n,; denote the number of vertical flows on route /. In addition we
use the shorthand n, and n, to denote the total number of horizontal flows
and vertical flows respectively. We assume all capacities are equal to 1, as are
all non-zero entries of the matrix A. For the proportionally fair stochastic flow
level model we assume that documents arrive as a Poisson process, of rate v, for
each vertical route and of rate v, for each horizontal route and that document
sizes are independent and exponentially distributed, with parameter p, for
each vertical route and of rate j, for each horizontal route. Finally we define

pz:l’:—zandpy::—z.
We can calculate the rates and stationary distribution of a proportionally
fair stochastic flow level model on a grid network. The following proposition

is due to Bonald and Massoulié (2).

Proposition 3 For all n € Zf+L, a K x L grid network operating under

proportional fairness has an allocation

K
APy = =k g
D ket Nak D211 Tyl
L
APF () = 2z Ml 1=1,..,L. (7.1)

=K T )
D k=1 Nk + D1 2q Myl
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Fig. 1 2 x 2 grid network.

Its proportionally fair stochastic flow level model has stationary distribution,

1 K . L n, K, Lo,
P(N — n) — (Zk_lglk( +nzkz:1 nyl) prkzl mkpy21:1 yl7 (72)
k=1""T

formn e Zf+L where

P gy N pkpl
Clpaspy) = ( ) I (7.3)
Y kz::l 2o\ k) (U= ps— py)FHl

Proof We first confirm (7.1). Note given we hold all vertical rates fixed then
the optimal horizontal rates must satisfy Ay = 1 — max; A; Vk = 1,..., K.
So the optimal choice of horizontal rates has all horizontal rates equal. By
symmetry the same must hold for all vertical routes: A; = Ay VI,I' =1, ..., L.
Also the capacity constraint gives that Ay = 1 — A;. These equalities reduce
the proportionally fair optimisation problem to a problem in two variables
which can be solved to give (7.1).

The detailed balance conditions can be checked to show that the process
n is reversible, with stationary distribution (7.2).

Finally, the normalizing constant (7.3) is found in Lemma 5 in the Ap-
pendix. a

Consider a network of processor sharing queues from Section 3, with the
topology of a K x L grid network. We know, as shown in Theorem 1, that the
geometrically distributed queue sizes approach exponential distributions under
a heavy traffic scaling. Thus the total number of customers in the processor
sharing queueing network, under the same scaling, will approach an Erlang
distribution with parameters K x L and o, + 0. If the heavy traffic stationary
distributions of both the queueing model and the proportionally fair model
were the same then the distribution of the total number of documents in
transfer in the proportionally fair model would be Erlang(K x L,o, + o).
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The next resultshows that this is not the case and that the distribution is in
fact Erlang(K + L — 1,0, + 0y).

Theorem 4 For each h € N, let N have the stationary distribution of a
proportionally fair stochastic flow level model on a K x L grid network with
traffic intensities péh) =Pz — Péh) = py — %y and py + py = 1. Let N'(h)

be the total number of documents in transfer in this model, then

N/ .
- = N’

where N’ has an Erlang distribution with parameters K + L —1 and o, + oy.

Proof The moment generating function of distribution of the total number of
documents in a K x L grid network (7.3) is given by,

C(pmee, pyee)
Clp) 7

The highest order term in (7.3) is from k = K — 1 and | = L — 1, in that

feC.

K—-1,L-1

)2 (), 2\ _ Pz Py K+L-1 K+L+1
Cpy"en, p, 6})_(0$+ay—9)K+L—1h +o(h ) as h— o0
Thus,
R K+L-1
Eef 7 = (02 + o) +o(1)
(05 + 0y —O)E+L—1
(UJJ +ay)K+L_1 _EeﬂN’
h—oo (0g + 0y —O)EK+L=1
Thus by Lévy’s Convergence Theorem the result holds (32). O

7.1 The 2 x 2 grid network

We now consider more explicitly the behaviour of 2 x 2 grid networks. The
limiting distribution of a 2 x 2 grid network is characterized in the following
proposition. This distribution differs from the distribution found in Theorem
1 and does not have the same heavy traffic limit as the queueing model. In-
terestingly we find that the limiting distribution can be expressed in terms
of K x L independent exponential random variables conditioned on belonging
to a certain linear subspace. This suggests a stronger form of collapse occurs
for the proportionally fair stochastic flow level model. The following result is
proved in Appendix A.2.
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Proposition 4 For each h € N, let N have the stationary distribution of

a proportionally fair stochastic flow level model on a 2 x 2 grid network with
(h) (h) Oy

traffic intensities py ' = pe — 5=, py = py — - and py + py, = 1. Then
N(R) -
— =N
h

where
N = (pw[Q(l,1)+Q(1,2)]7pm[@(2,1)+c~2(2,2)]apy[@(l,l)+@(2,1)]7py[@(l,2)+@(2,2)])

and Q has the distribution of four independent exponential random variables
constrained to the space {q € R% : 41,1y + q2,2) = 2,1y + qa,2) ) with density
function

p(g) = C'llg 1) + de2) = @) + qaze” o TIe D T02 Te)
where C' is a scaling constant and integration is taken over 4,1y, 4@1,2) ond
m = q,1) + q2,2) = qe2,1) + q(1,2) with respect to the Lebesgue measure on

3
R7.

Even though the stationary heavy traffic behaviour of the processor shar-

ing queueing network and the proportionally fair flow model differ, the large
deviations behaviour of both stationary distributions is the same.

Lemma 4 If N has the stationary distribution of a proportionally fair stochas-
tic flow level model on a 2 x 2 grid network with traffic intensities ps, py and
Pz +py <1 then
1
lim —logP(N =
Jim - log P(N = [An])

1 Am2

A A
= — max 7ng log + o log + ny1 log L ny2 log T2
A€Ry Pz Pz Py Py

subject to Ay + Ay <1 for k=12, 1=1,2.

Proof Using Stirling’s approximation on the distribution of N gives
1
hllngo 7 logP(N = |hn])

o 1 Lhng1] + [Anaz| + [hngr | + [hnya ] \ | hngy 4 Lhnes | (i |+ hngs |
N hh—>ngo h log < Lhng1 ]| + [ hngs] Pz Py

. 1
= lim — [h(nml + nzo + ny1 + ny2) log(h(ngr + e + ny1 + ny2))

h(ng - h
7(71 ) — h(ny1 + ny2) log (1 +le2)]

Pz Py
Ng1 + Na2

Px (nzl + ngo + Ny1 + nyZ)
Nyl + Ny2
py(nzl + Ng2 + Ny1 + ny2)

— h(ng1 + ng2) log

= —(ng1 + ng2) log

— (ny1 + ny2) log

We know from Proposition 3 that this solves the proportional fair optimisation
problem for a 2 x 2 grid network. a
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8 Performance of modified proportional fairness
As we have seen for grid networks, product form networks of processor sharing
queues do not capture the heavy traffic behaviour of proportional fairness. In

order to study this behaviour in more detail we turn our attention to modified
proportional fairness, an alternative allocation policy introduced in (22).

8.1 Modified proportional fairness

To define modified proportional fairness, we first let

afn) = {Zses mlog ALT(n).  me s
o0, otherwise.

Also from expression (6.1) recall a,(n). We define the modified proportionally
fair allocation by

AMP(n) = exp{a(n) —a(n —es)}, neRS. (8.1)

In the following theorem we collect several results found in Massoulié (22) that
relate modified proportional fairness and proportional fairness.

Theorem 5 i) A stochastic flow level model operating under modified propor-
tional fairness is reversible and has an invariant measure given by

P (n) = e~ nezs. (8.2)

it) The following large deviations relationship holds

1

N log WZ)V[P(ULTLJ) = —a,(n).

lim
h—oo
iii) For s € S such that ns > 0,

AN (hn) - AZE (n).

Proof 1) This can be verified with the detailed balance equations.
ii) This holds noting that a,(-) is continuous and that «,(hn) = ha,(n).
iii) This can be verified using Lemmas 1 and 2 of Massoulié (22).
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8.2 Modified proportional fairness in heavy traffic

We next explore how the invariant measure (8.2) behaves in heavy traffic. Let

pgh) = ps — ¢ for s € § where as in Section 5 p € R is Pareto efficient.

First note

( )
a,m (hn) — a,(hn) = a(hn) — a(hn) Z hng

seS
o
= —ths log(1 — —>).
seS hps
Therefore
e—ap(h)(hn) e~ hap(n) H . (83)

SES

Now we consider the e="®¢(") term in the above expression. We know that
a,(n) > 0 since «, is a rate function. Further,

APF
ap(n) =0 <= Znslogsi(n) =0
sES s
— anlogAPF Znslogps
sES seES

<— AfF(n) = ps,

the final equivalence follows from the fact that p is feasible and achieves the
optimal value of the objective function, and is therefore the unique optimum.
Thus the only values of n € Rﬁ without a leading exponential decay term in
expression (8.3) are those on the manifold A given by (5.4). From (8.3),

e~ %pm) () _ _ha”(n)H
seS

—— f(n) = [neN]e_ESES"S%.
h—o0
Note that the support of the density f(n), the manifold A/, may well have
dimension less than J. The density f(n) is consistent with the results found
for grid networks operating under proportional fairness in heavy traffic. Thus
it seems plausible that the stationary distribution of proportional fairness in
heavy traffic will agree with the above distribution. We present this as a con-
jecture in the following section.

9 Conjectures
The results from Sections 5 and 6 suggest a close relationship between the sta-

tionary behaviour of networks of processor sharing queues and proportionally
fair stochastic flow level models, but the results in Section 7 put limitations on
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any such relationship. Based on these results we state a heavy traffic conjecture
and a large deviations conjecture for the asymptotic behaviour of proportion-
ally fair stochastic flow level models.

As in Theorem 1 we choose p(® to be such that pgh) =ps— G forses
where p € Ri is Pareto efficient. We also define 7* = {j € J : > .5 ajsps =
C;}. Define Ay« = (ajs : j € J* s € S), the submatrix of A formed by
removing the j-th row for each j € J\J*. Consider Ker(A%.), the kernel of
the transpose of Ay« and let K = Ker(A%.)* be its orthogonal complement.
Note K is chosen so that the map K — N, ¢ — (n:ns = Zjej* gjAjsps) is
bijective.

Conjecture 1 If, for each h € N, N has the stationary distribution of a

proportionally fair stochastic flow level model with traffic intensities
pM) = (ps— %= : 5 €S) then, as h — oo,

h
where R y
N, = Z ajspsQ; seS.
JET*
Here, for each j € J\J*, @j =0, and (Q] 1§ € T*) are independent exponen-
tial random variables with parameters ) s ajs0s conditioned on belonging to
the subspace K; that is (Q] :j € T*) has density

plq) = C/]I[q € Kle~ Yiegr Xses 1js0s

where C' is a scaling constant and integration is taken with respect to the
Lebesgue measure on K.

Note that if Az« is of full row rank then I = R{ " and the conditioned
random variables (QJ :j € J*) of the conjecture remain independent expo-
nentially distributed random variables.

Tt is interesting to compare this with a conjecture of Massoulié (22).

Conjecture 2 If N has the stationary distribution of a proportionally fair
stochastic flow level model with traffic intensities given by p € Ri then, as
h — oo, {%}heN obeys a large deviation principle with good rate function

A , .
a,(n) = /Ilrgé ans log p—: subject to X;ajs/ls <Cj,jed. (91
se se€

That is for all Borel measurable D C Ri we have that

N N
— inf a,(n) <liminfP(— € D) <limsupP(— € D) < — inf a,(n).
inf_ay(n) < liminf P(5- € D) < limsup B(5- € D) < — inf a,(n)

This conjecture suggests that the large deviations behaviour of the station-
ary distribution of a proportionally fair stochastic flow level model is unaffected
by the row rank of the matrix A and that it agrees with the results found for
networks of processor sharing queues in Section 6.
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10 Concluding remarks

We conclude by recalling one of our aims, to provide insight into the perfor-
mance consequences of resource pooling. A network of processor sharing queues
has the remarkable property that the mean sojourn time in the network of an
arriving document of class s is

3 Ci  ajs

jeT C] Pj s

where p; = > s a;jsps is the load on resource j, even when service require-
ments have arbitrary distributions (8; 14). The results we have reviewed are
motivated by the possibility that an approximation of this form may be jus-
tified under proportionally fair multi-path routing, where J labels the set of
pooled resources.

The heavy traffic results of (13) are suggestive, but the results concern the
stationary distribution of a diffusion limit, rather than the limiting form of a
stationary distribution, and also require the local traffic condition. The local
traffic condition is, unfortunately, difficult to verify with multi-path routing.
We have studied an example where the condition is not satisfied, the grid
network of Section 7, and where the number of documents in the system has
approximately an Erlang distribution, but arising from the sum of K + L — 1,
rather than K L, independent exponential random variables. Nevertheless, the
behaviour of modified proportional fairness suggests a simple heavy traffic
description of stationary proportionally fair flow models. This description co-
incides with that found in networks of processor sharing queues, under the less
restrictive assumption that the matrix A is of full row rank.

A Appendix

A.1 Proof of Theorem 1

The characteristic function of (M](?) jeT,s€S)is

; 0 c; — ot
Ee! Xgs 03 Mjs™ H< § = 2ses Ayshs 0 € RS

h) 0.
jeg \Cj =2 ses ajspg it

The characteristic function of (M] 1jeJ)is

Ee Ticr 4% — T (Z Lses %s0s ) ¢ € RY.

jeg \ 2ses 4js0s — 10 ¢;
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(h)
Thus (N;L : s € 8) has a characteristic function that converges in the following way

C’j - ZSES a]'s(Ps _ %)

s

1€7\Cy = T yes ajalps = G)e

ZSGS AjsTs >

h—oo 27, <Zse$aj505 — 1Y gcs @jsls

. N
Ee® Yses s —H— —

i ) Qi 0ot . -
—Fe 2ses jeg sfs Cj — Rel2XsesfsNs,

Thus by Lévy’s Convergence theorem ( = N as h — co.
Now consider the proportionally fair optimisation problem

) N(R)

max E N, log As subject to E ajsAs <Cj, 7€ 7.
AeRS <
s:Ng>0 seS

The proportional fairness optimality conditions (2.11-2.12) are satisfied by As = ps fors € S
and g; = % for j € J. Therefore
J

ps =ATF(N)  ses.

O
A.2 Proofs for grid networks
First we calculate the scaling constant for a K X L grid network.
Lemma 5
K L
Cloy= > (Zk:l P+ iz ) pirk= Mok ot (A.1)
nezk+t 2p=1 Nk
K-1L-1
:ZZ(k+l) PI;F’L (A.2)
=\ R ) (L= pe = py)kHiHL

Proof From (A.1) we can deduce the following.

Shey nak + iy g\ SE ek SEL
Z K Pz Py

Ngk
K =1 Nz
nEZ++L k

oo
— Ng + Ny ng My
= E E 5 ng Pz Py
n'=0 (ng,ny): , nEZf+L:Zk Ngp=Ng
ngtny=n Zl Ny =ny

i Z ng +K—1 ny +L—1 Ng + Ny ng My
K—1 L—1 ng )P Py
n'=0 (ng,ny):
nz+ny:n/

i Z ( ) )K*l (i)L71 ,0571 pﬁ*l (nz"l‘ny)pnzp’ﬂy
= ( ). \Opz Opy (K — 1) (L—1)! N €
n’'= Mg, ,My):

nz+ny =n'

b K-1 b L—-1 0 pi{*l pL—l "
) () LZ_%(KU!(L?/D!(”””““}
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8 K-—1 8 L—1 pK—l pL*l 1
9 9 « Y
<3px) (8py) (K=D)L =)' (1= pa —py)

B K*lLLY:l 1 81(71716%15{71 1 aL—l—lpéz—l ok+l 1
= o (K =1 9pE Tt (L1 gppTt Tt 9pkapl (1 - pa — py)
_Kz’u’l(wrl) PPl
SaE N k) (L= pa—py)ktitt
as required. O

To establish Proposition 4 we calculate the prelimit and limit characteristic functions
and then prove convergence.

Lemma 6 The characteristic function of the stationary distribution of a 2 X2 grid network
operating under proportional fairness with intensities pz, py such that px + py < 1 is

Eetfz1Nae1+i0z2 N2 +i6y1 Ny1+i0y2 Ny2

1 ) ) ) )
c, o preifzlp, etfyl _ pgeifal pyetfu2
(pmeiewl—pxei9m2)(pygiey1 —pyeleyQ) 1—pgeifel 7pyeleyl 1—pgetfal 7pyeley2
preifs2p, eyl preifs2p, ety2
1= ppei¥a2 7ﬂyeley1 171)161'9127%619&,2
-1 2ppet?a2p,efy2 + puetf2 4p, etfy2
4 _ 040 _ 104243 _ 059 _ 0422 _ 00 042
(1—pze*?z2 —pye ) (1—pge*=2 —pye ) (1—pze*=2 —pye )
= Cp_l ppeifzl pyeieyl puetfzl pyeieyz
py(eieyl ,ei9y2> (1—pgeifol 7pyei9y1 )2 (1—pgei®el—p, e10y2 )2
6

ppe’’vl prefy?

(1—pye“’wl _pzeigyl) (1_pyei911 —pzewy?)

1 . ) ; )
Cp pyezeyl P 67'9-"71 _ pyezeyl pzels"”Q
pz(etf21 —etf22) (1,py619y1 —peeifa1)? (1,%6@%1 —peeifa2)2
0

Pwei zl pxeiBTQ

(1_Pyei9y1 —paeifrl) (1_Pyei9y1 —paetfs2)

where the 4 cases above correspond respectively to the cases: 0z1 # Oz2 and Oy1 # Oy2;
0r1 = 022 and O0y1 = 0y2; 021 = Oz2 and Oy1 # Oy2, and Oz1 # Oz2 and 0y1 = Oy2.

Proof Suppose 01 # 02 and 6y1 # 0y2.
CpEei9m1Nzl+i9szm2+i9y1Ny1+i9y2Ny2

Ngl + Nz2 + Ny1 + Ny2 051 \Na1 040\ a2 10,1\ Ty 1 10,2 \Ny2
— etz x etz x e’y y ey Y
Z>o( na2 + (b€ 1)1 (pyei®22) 02 (101 )91 (g 1002
n

(o) K
ZZ([;) ST (pee®®n2) (pyeif) Kk (eife1—i0azyna (o101 F 02y

K=0k=0 n:ingl+nga==~k
ny1tny2=K—k
o K _ ) B 1 — (1021 —i0z2)(k+1) 1 — (i0y1—i0y2) (K —k+1)
=327 () ) (e ) (py ety K s
k v 1 — eibz1—1042 1 — e0y1—i0y2

=0k=0
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1 1
T\ gi0sz _ i1 0i0yz _ giby1

oo K
X Z (f) |:€i9"”2€wy2 (pweiemg)k(pyei9y2)l(—k _ ewmleieyz (pxeiﬁzl )k:(pyeiHyQ)K—k
K=0k=0

_ eieﬂewyl (pxewﬂ)k(pyewyl )K—k: + eiemlewyl (pxewml )k(pyeieyl )K—ki|

1 1
T\ gibaz _ i1 ci0yz _ gify3

K=0

17 16 17 10 K 16 16 10 16 K
|:el w202 (p et002 4 p e0u2) I _ oi0e16i0y2(p 001 4 10y2)

_ eiewgeile (pzeiGwz 4 pyeieyl )K + €i9w1€i9y1 (pzeig”‘l + pyeiGyI)K:|

1 1 6022 i0y2 et021 ¢10y2
= eibr2 _ gibr1 eieyg _ eieyl 1— pmewm? _ pyei9y2 1— pxewwl _ pyeieyz

ei9126i9y1 eigwleieyl :|

11— preife2 — pyetful 1 — ppeifar — p et

This gives the 031 7# 0;2 and 0,1 # 0y2 case. The 031 = 6,2 and 0,1 = 0,2 case is given by
Lemma 5. The remaining cases have a proof that is very similar to these two cases. m}

Lemma 7 Let N be a random variable in ]Ri with a density given by exponential random
variables constrained to a linear subspace

o
p(n) = C';1H Nal +NMa2 _ Nyl +7y2 6—%(n11+n12)6—75(ny1+ny2>
Pz Py
= 2 . . . .
where C, = ﬁ and integration is assumed to be taken over dngidnyidm with m =
"11:'"'”2 = nyl:n”2, Then N has characteristic function
x y

c! 1
I —
(1021 —1022) (1041 —10y2) [fforffy*Pmtiz*waw Ox+0y—pzifz1—pyify2
1 1
. Out0y—paibfza—pyiby1 + Og+0y—prilz1—pyifzyl
P 2C, " pzp
0-N __ P Y §
Ee - (<7uv*:ffyfpmi6wl*Pyieyl)3
. C”. [ Pz _ P ]
(19y1~*119y2) (02+0y—paibz1—pyify1)2  (0xt0y—pzifs1—pyify2)?
; Cp‘ [ Py _ Py
(1021 —1022) | (0x+oy—paibz1—pyify1)> (0otoy—paibza—pyibfy1)?

where the four cases above correspond respectively to the cases: O0p1 # Or2 and 0y1 # Oy2;
0z1 =022 and O0y1 = 0y2; 021 = 022 and Oy1 # Oy2, and Oz1 # O0z2 and 0y1 = Oy2.
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Proof Once again we only consider 0,1 # 02, 0y1 # 0y2 case (the other cases follow
similarly).

]EewN

®

- oo prmpy mpgz | . ) ]
1 / / / ezemlnzl 6291-2<P:L'm7"7'm1>619y1ny1 elgyZ(Pym7"y1)87<0w+0y>mdnzldnyldm
0 0 0
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as required. m}

Proof (of Proposition 4) We consider the limit behaviour of the characteristic function of
NTh. We only consider the case where 6,1 # 0;2 and 6,1 # 0y2. The other cases follow
similarly. For § € R* with 6,1 # 02 and 0y1 # Oy2,

(h) ) (h)
C, 'Ee'a1 Nal g, Va2 yin, N(}h)yl +i0y2 Niz
i0,0 10 0, 0
< 1 > 1 ><|: e hze 132 e hle }?2
- 051 049 0,1 6,9 0y 0,0 0y 16,9
e h —e h e 3 —e 3 1—p§ch)e h2 —p;h)e 7 l—pgch)e hl —p?(Jh)e 7
i0g2 0y1 051 20y1
e h e h n e h e h :|
N 0, i0y1 10, i0y1
1-pMe i —pMeis 1 pe i — plMe
_ R3 { 1 1
(1021 — 1022)(10y1 — 10y2) | 0w + 0y — 10z2pz — 10y2py Tz + 0y — 10z1p2 — 10y2py
1 1
- , . , |+ o).

Oz +Uy _7/912,01 _Zeylpy (o) +O'y _Zezlpz _Zeylpy

Similarly,
h h h h
C o = 20" p})" " " + oV n 1
pth) h h h h h h
R ) N R
2
= PPy 34 o(m3).
(02 +0y)3

Thus comparing these two expressions gives that

5 N o
Eeit X5 et N

h—o0

for all 0,1 # 0z2 and 0y1 # 0y2. The other cases follow similarly. Thus, by Lévy’s Conver-

h ~ ~
gence Theorem (32), N}(l ) = N where N has density as given in Lemma 7.
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The linear map given by matrix

Nzl pz pz 0 0 4(1,1)
Nx2 _ 0 0 Px Pz q(1,2)
nyt |~ | py 0 py O q(2,1)
Ty2 0 py 0 py q(2,2)

ngi1tngs _

is bijective from {q € ]Ri D g ta2,2) = qa,2) + a2} to {n € Ri : -

%}. Therefore we can express the density function from Lemma 7 in the form given
Y

in Proposition 4. O
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