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OPTIMAL INVESTMENT: Example Sheet 2

1. The (infinite-horizon) Merton consumption problem has wealth dynamics
(1) dwt = thdt + Ht(O'th + (M - T)dt) — Ctdt

and objective (u(z) =z %/(1 - R),0 < R# 1)

(2) s;’léaE[/O e "u(ey) dt .

Let m = (u —r)/0?R. Assuming that v = R™'{p+ (R — 1)(r + 30°7*R)} > 0, prove
that the policy
Ct = YWy

Qt = TWt
is optimal.

2. Find the value function and optimal policy for the Merton consumption problem
with u(z) = log(x).

3. (i) Consider the problem of maximising Elu(wr)] for CRRA u and with wealth
dynamics

(3) dwy = r(wy — 0)dt + 0,0 (AW, + adt) — cidt,

but with uncertain a; assume a N(dg, 7, ') prior for a. Show that the value of this
problem is (b=1— R™1)

1/2 (7_0 + T)(R—l)/Q

OAéO — T/O’)QbT()T
u(w)To (7_0 n bT)R/2

2(7’0 + bT)

exp| r(1 —R)T — (

Confirm that as 7p — oo this expression converges to the value that would be obtained
by the investor who knew for certain that the true value of a was «y.

(ii) Suppose now that the wealth dynamics are given by (3), where « has a
N(bg, 7y ") distribution. Investor A is told the true value of a before he starts to
invest, but investor B has to filter it from the observation of the stock price. By averag-
ing over the distribution of «a, calculate the expected value to investor A, and compare
with the expected value to investor B. Deduce that investor B has efficiency

(- wem)

relative to investor A.



4. As a variant on the Constantinides habit formation example, let us suppose that
the historical level of consumption is measured (as before) by

t
x =e x4 b/ et ¢, ds,
0
but that the objective is to obtain
V(w,z) = supE[/ e Pu(cy /) dt ’ Wo = W, Tg =T
0

Find the HJB equation for V. Can you solve it?

5. (Dybvig’s ratcheting of consumption erxample - quite challenging!.) Suppose an
investor wishes to optimise (2) with wealth dynamics (1), but subject to the constraint
that the process ¢ should be non-decreasing. If V' is the value function

V(w,c) = supE[/ e Plu(cy) dt ‘ wy = w,co = ¢ |,
c,0 0

show that V(w,c) = ¢} BV (w/e, 1) = ¢! Fu(w/e). Derive the HJB equations
0=sup[(1—R)"" = pv(2) + $6°0°0" (2) + (rz + 0(u — 1) — 1)v'(2)],
0

0> (1— R)v(z) — 20'(2), with equality for z > 21,

where z; is a value that is to be found. By passing to the dual variables y = v’(2),
J(y) = v(z) — 2y, re-express the HJB equation as

0= 422" (9) + (p = )" () = pI () —y + .
0> (1—-R)J(y)+ RyJ'(y)

where kK = (u— 1) /0.
Argue that if z = 1/r then v(z) = 1/p(1 — R), and for z < 1/r, v(z) = —oo. Show
that (under well-posedness conditions), there exists some yy > 0 and positive A and Ay

such that
)1 1/R

(y/yo
J(y) = —Aom (

Yy
:_§+ (
Qx

Here —« is the negative root of the quadratic
Yo, A, and Ag as explicitly as you can.

IA

Yo)
) > Yo)-

= irx%x(x — 1)+ (p—r)z — p. Find

\_/S|ms



