Part 9:

GLMs and Hierarchic:
L Ms and GLMs




ExampleSong sparrow reproductive success

Arcese et al., (199rovide data on a sample from a
population of 52 female song sparrows studied over
the course of a summer, during which their
reproductive activities were recorded
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2-year-old birddhad the highest median reproductive
success, declining thereafter




Examplelypical biology

This Is not surprising from a biological point of view:

¥ 1-year-old birds are in their brst mating season
and are relatively inexperienced compared to
two-year-old birds

¥ As birds age beyond two years they experience
a general decline in health and activity

We wish to bt a probability model to these data

¥ perhaps to understand the relationship between
age and reproductive success
¥ or to make population forecasts for this group

of birds




ExamplePoisson model

Since the number of offspring for each bird Is a non-
negative integef0,1,2,...} |, a simple probability
model for

Y = the number of o! spring
conditional on X = age

would be a Poisson model

(Y[x} ! Pois(! )

One possibility would be to estimate, separately fo
each age group




ExampleAdding stability

However, the number of birds of each age Is small an
so the estimates of, would be imprecise

To add stabillity to the estimation we will assume that
the mean number of offspring Is a smooth function of

age

We will want to allow this function to be quadratic so
that we can represent

¥ the increase in mean offspring while birds mature
¥ and the decline they experience thereafter




ExampleA linear model?

One possibility would be to expreds as
Oy = B1+ BoX + B3x°

However, this might allow some values!gf to be
negative, which is not physically possible

As an alternative, we will model the log-meanyf |
terms of this regression so that

logE{Y|x} =log !y = "1+ "oX + "3X*

which means that, for ak and
E{Y|x} =exp{! 1+ !2x+ !3x°} > C




Poisson regression

The resulting model

{Y|x} ! Pois(exp{x' !})

IS called &oisson regression modelr log-linear
model

The term x’ | is called théinear predictor

In the regression model the linear predictor is linked
to E{Y |x} via thelog function, and so we say that
this model has #0g link




Generalized linear mode

The Poisson regression/log-linear model Is a type of
generalized linear model (GLM) model which

¥ allows more general response distributions or
than the normal distribution

¥ relates a function of the expectatign= E{Y}

to a linear predictor! = X'
a(M) = !

through the link

These two choices debne the GLM




Priors

As In the case of ordinary regression, a natural class
prior distributions for! 1s MVN

However, It IS not the case that, when combined with
the GLM likelihood (e.g., Poisson sampling model anc

log link), the resulting posterior distribution would be
MVN

¥ a notable exception is when the Normal
sampling model Is used with the identity
link, recovering the standard Bayesian LM

Conjugate priors for a GLM are not generally availabl
except in the above special case




Inference by MCMC

Therefore, our only recourse will be to proceed by the
MH algorithm in the general case of the GLM

E.qg., for our motivating Poisson regression example

So we have thalog E{ Y; |x;} = ! 1 + ! 2X; + ! 3X?

where x; Is the age of sparrow

We will abuse notation slightly by writing
X; = (1, X;,X?) so that we may use the simplibed
expression

log E{Y;|x;} = x; |




MH acceptance ratio

Suppose we take the pridr ! N3(0, 10l 3)

Given the current value of (¥  and a value!of
generated from a symmetric proposa(! (9,1 *) ,the
acceptance probably for the Metropolis algorithm Is
min{ 1, A} where

p(! * |X,y)
p(' <S>\>< y)

, ", Pois(yi;x; !'")

A_

°_ N(!};0,10)
: oy
i:l F)OIS(yI 1 XI | (S)) j?):]_ N (' J(S) : O, 10)




Choosing a proposal

All that remains Is to specify the proposal distribution
a(! 9,1 7)

A convenient choice is a MVN with meanis

In many problems, the posterior variance can be an
efPbcient choice of a proposal variance

Although we do not know the posterior variance
before running the MH algorithm, it Is often sufpcient

just to use a rough approximation




Proposal variance

In a Bayesian LM, the posterior variance of  will be
closeto! 2(X' X) !, where! ¢ is the variance of

In our Poisson regression, the model Is that the log of
Y has expectation equal to' |, so it is sensible to tr

a proposal variance d“(X' X) ' whefer is the
sample variance of

{log(yi +1/2),...,l0g(yn +1/2)}

If this results In an acceptance rate that Is too high or
too low, we can always adjust the proposal variance

accordingly




ExampleMCMC for Sparrows log-linear model
Trace Plots ESS
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ExamplePosterior marginals and predictive
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Binomial Regression

Another common GLM is for binary data and/or a
binomial response

Writing P(Y = 1|x) = E{Y|x} = !, 0one way to
parameterizel , Is as follows

exp(x’ ")
1+exp(x' ")

- X

sothat X "

This is Binomial regression with@git link, a.k.a.,
logistic regression




Binomial GLM links

Notice that the logit link forced, to be between zero
and one, even thougkr |  can range over the whole

real line
| exp(x’ ")

X T Trexp(x' ")
D X w pan
X" =log D logit(!y)
Two other commonly used link functions with this
property are

¥ probit:x* 1| =1 1(",),i.e.probit regression

¥ cumulative log-lagx’ | = —log(—log(1 — "))



ExampleBinomial GLM links

Binomal GLM Link Functions




Bayesian Binomial GLM

The essence of the typical Bayesian approach to
Inference under the Binomal GLM model is similar to
the Poisson GLM

¥ MVN priors on!
¥ MVN proposals for!

¥ and soon ...




Hierarchical regression

Here we shall extend the concept of hierarchical
modeling to regression problems

¥ the regression model shall be used to
describe within-group variation

¥ and a MVN model will be used to
describe heterogeneity between groups

¥ pbrst with LMs, then with GLMs




ExampleMath score data

Let us return to the math score data which included
scores of 10th grade children from 100 different large
urban public high schools

¥ we estimated school-specibc expected math
scores, as well as how these expected values
varied from school to school

Now suppose that we are interested In examining the
relationship between math score and another variable
soclioeconomic status (SES), which was calculated fr
parental income and education levels for each stude
In the dataset




ExampleMath score data

With our hierarchical normal model we guantibPed the
between-school heterogeneilty in expected math scor

Given the amount of variation we observed it seems
possible that the relationship between math score an
SES might vary from school to school as well

A guick and easy way to assess this possibility Is to E
linear regression model of math score as a function o
SES for each of the 100 schools in the dataset




math score

ExampleMath score data

To make the parameters more Interpretable we cente
the SES scores within each school separately, so the
sample average SES score within each school is zerc

¥ as a result, the intercept of the regression line
can be interpreted as the school-level average

OLS regression
— |ines for each
school, and the
average
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ExampleMath score data

It Is also informative to plot the OLS slope and
Intercept as a function of the sample size
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Schools with the highest sample sizes have regressic
coefpcients that are generally close to the average

¥extreme coefbcients correspond to low sample size




ExamplePooling data

The smaller the sample size for the group, the more
probable that unrepresentative data are sampled and
an extreme OLS estimate iIs produced

Our remedy to this problem will be to stabilize the
estimates for small sample size schools by sharing
Information across groups

¥ using a hierarchical model




Hierarchical LM

The hierarchical model in the linear regression setting
IS a conceptually straightforward generalization of the
normal hierarchical model

¥ we use an ordinary regression model to
describe the within-group heterogeneity

¥ then we describe the between-group
heterogeneity using a sampling model for
the group-specibc regression parameters




Within-group model
Symbolically, our within-group sampling model is

1 1 d

Yijg =%+t {3 VO,#9)
where zjj I1sap! 1 vector of covariates for
observationi In group;

Expressingryj,...,Yn j asavectdfj and
combiningryj,...,zy, j INtOam! p matrix,

the within-group sampling model can be expressed
equivalently a¥j ! Np (Xj!j,"“ln;)

The group-specibc data vectoys, ..., Y, are
conditionally independent givéni,...,!m  ahd




Between-group model

The heterogeneity among the regression coefpcients
L1, ..., m will be described with a between-group
sampling model

The normal hierarchical regressianodel describes
the across-group heterogeneity with a multivariate
normal distribution, so that

e m = Np(to,! o)




Hierarchical diagram
(Yo,! o)




Sampling model, not a pri

The graphical representation of the hierarchical mod
makes It clear that the MVN distribution for

11, ..., ' m isnot a prior distribution representing
uncertainty about a bxed but unknown guantity

Rather, it Is a sampling distribution representing
heterogeneity among a collection of objects

The values of ; anty are Pxed but unknown
parameters to be estimated

This hierarchical regression model iIs sometimes call
alinear mixed effects model




Full conditionals

While computing the posterior distribution for so
many parameters may seem daunting, the calculatio
iInvolved In computing the full conditional distribution
have the same mathematical structure as many
examples we have come across before

Once we have the full conditional distributions we ca
iteratively sample from them to approximate the joint
posterior distribution by GS




Full conditional o!1,....!'m

The hierarchical LM shares information across group:
via the parameter$o,! ¢ anb?

As a result, conditional ohg,! o," ¢ ,the regression

coefpcientd 1,...,! n, are independent

Therefore {! ;|y;,X;," %,V 0,! o} is MVN with

Var[!j|yj,Xj,"2,!o,! O]:(! 614_ XJ Xj/llZ)! 1
E{L 515 X5, % bo, o = (o + X XG5 (g Mo+ Xyl ")




Full conditionals ¢ (6o,! o)

Our sampling model for the; Os is that they are IID
samples from a MVN with meary and covariahge

Therefore,if' 0! Np(Ho,! 0) then our previous
result for MVN posterior conditionals gives that

{!0“1’---1!m1! O} | Np(p-frm" m)

] | —_— ] | !1!1
m_( O+m!0

where
M = ) m(" oMo T m! I():Llﬂ)




... continued ...

Likewise, ifl o ! IW(!g,S; ") then

("ol'ostaye.s, Im} ! IW(" o+ M, [So+ ST )
!m
where S = (1" 1o)(!j" 'o)
=1




Full conditional o! 4

The parametet ¢ represents the error variance,
assumed to be common across all groups

As such, conditional ohq,...,!, ,the data provide
information about “ via the sum of squared residual
from each group

With prior o= ! 1G(wo/ 2, voog/ 2)we have

(02 ",




ExampleAnalysis of math score data

| | |y is extremely
unlikely to be

— bemat negative, but a

- - beta.new[,2] new! new‘! 0,V
may indeed

be negative

posterior density

P(! hew < Oly) ! 0.086!

slope parameter

¥ therefore the population average slope is
positive: higher SES yields higher score

¥ but it is not unlikely for a particular
school to observe a reverse trend




ExampleAnalysis of math score data

hardly any
- slopes are
negative

math score
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¥ compared to the plot of OLS lines that we saw
before, these are more homogeneous

¥ this indicates how the hierarchical model is able tc
share information across groups, shrinking extrem:
regression lines towards the average




Hierarchical GLM

The same Bayesian hierarchical modeling techniques
extend to GLMSs

¥ sometimes called generalized linear mixed
effects model

Such models are useful when we have a hierarchical
data structure but the normal model for the within-
group variation is not appropriate

For example, if the variab  were binary or a count
then more appropriate models for within-group
variation would be logistic or log-linear models,
respectively




Basic model

A basic hierarchical GLM iIs

jd
1,0 tm T Np(lo,! o)

n

ply; IX;, 1,y = plyiy Xt

1=1

with observations from different groups also being
conditionally independent

In this formulationp(y|x' ! ,") is a density whose
mean depends ox’ ! ,and is an additional
parameter often representing variance or scale




For example

In the normal modep(y[x '!,")= N(y;x'!,")
where v represents the variance

In the Poisson model

p(y|x' !,") = Pois(y;exp{x' !})

and there Is noy parameter

Likewise, In the Binomial model

exp{x’ !}
" 1+exp{x'!}

p(y|x' !,")=Bin y;n

and there Is noy parameter




Inference

Estimation for the Hierarchical LM was straightforwar
because the full conditional distribution of each
parameter was standard, allowing for GS

In contrast, for non-normal GLMs, typically ohly  an
I o have standard full conditional distributions

This suggests using the Metropolis-within-Gibbs
algorithm to approximate the posterior distribution of
the parameters

¥ using GS for updatind o,! o) ,and
¥ MH for each! ;

In what follows we assume there is mo  parameter




GS for(to,! o)

Just as In the hierarchical GLM, the full conditional

distributions of! ¢ and o depend only on

Il,,lm

This means that the form op(y|x' ! ) has no effect

on the posterior conditional distributions dfg
and! 0

Therefore, the full conditionals are MVN and W,
respectively




MH for!'41,...,I'n

Updating! ; In a Markov chain can proceed by
proposing a new value df;  based on the current
parameter values and then accepting or rejecting wit
the appropriate probability

A standard proposal distribution In this situation woulc
be a MVN with mean equal to the current value!q(fs)
and some proposal varians@(s)

In many cases, setting(s) equal to a scaled version
»t*) produces a well-mixing Markov chain, although
the task of Pnding the right scale might have to
proceed by trial and error




The MCMC metho

Putting these steps together results in the following
MH algorithm for approximating

p(!11-.-1!m1-01- O‘X].!""Xm’yl""’ym)

Given the current values at scan of the Markov
chain, we obtain new values as follows

1. Samplé , (S*" trom its full conditional distribution
2.Samplé o (s from its full conditional distribution
3. For eachn 1 {1,...,m}

a) propose a new value df;

b) set! (S+1) equal td § or' J( ) with the

approprlate probablllty




ExampleAnalysis of tumor location data

Halgis et al. (2004eport on a certain population of
laboratory mice that experiences a high rate of
Intestinal tumor growth

One item of interest to researchers Is how the rate of
tumor growth varies along the length of the intestine

To study this, the intestine of each of 21 sample mice
was divided into 20 sections and the number of tumo
occurring In each section was recorded




ExampleVisualizing the data

Each line represents the observed tumor counts of a
mouse versus the segment of the intestine
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(Although it is hard to tell ...) the lines from some mic¢
are consistently below/above the average




ExampleHierarchical modeling

Therefore, tumor counts may be more similar within &
mouse than between mice, and a hierarchical model
with mouse-specibc effects may be appropriate

A natural model for count data such as these Is a
Poisson distribution with a log-link

LettingY,; be mousg Os tumor count at location
of their intestine, we shall use the model

Yxj ! Pois(exp{f;(x)})

wheref; is a smoothly varying function ®f! [0, 1




ExamplePolynomial covariates

A simple way to parameterizg Is as a polynomial, s
that

V4

— 2 11
fj(X)—!l,j+!2,jX+!3,jX+ af | pJXp

for some maximum degrep! 1

Such a parameterlzatlon allows us to represent gach
as a regression off, x, x 4 xP' 1

For simplicity, we will model eadh  as a tfourth-degre
polynomial,l.ep =5




ExampleBetween-group sampling model

Our between-group sampling model for the  Os will |
as In the previous section, so that
1yt NG(To, ! o)

Unconditional or ; , the observations coming from a
given mouse are statistically dependent as determine

by' 0

Estimatind o In this hierarchical model allows us to
account for and describe potential within-mouse
dependencies In the data




ExampleBetween-group sampling model

The unknown parameters In this model drg  ang
for which we need to specify prior distributions

Using conjugate normal and IW priors will allow us to
proceed as usual for these parameters

We may take a similar approach as before, and base
our priors OLS estimators with small sample sizes

e.g., by regressing
tlog(y1; +1/20),...,log(yn; + 1/20)}

on{X1,...,Xz} Wherez, = (1,x;, 2%, a3, z7) for
X;j ! (0.05,0.10,...,0.95, 2)




ExampleMH-within Gibbs MCMC

The proposal we use fdr; is

1 NR(HE, 1 807 2)

Since the mixing is likely to be worse than the Ofully
GibbsO sampler from the hierarchical LM, we will nee
to obtain many more samples, and check the
acceptance rates, autocorrelations, and effective sam
sizes carefully




ExampleChecking for good mixing

The ESSs obtained for the componentsigf  were

Intercept

liInear

guadratic

cubic

guartic
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A trace obtained for 4 5 was




ExamplePredictive distribution(s)

Sources of uncertainty in the posterior i

predictive: v g -
across-mouse

heterogeneity:

lambda

¥bxed but
unknown
value of! g

lambda.O

number of

location

¥within-mouse
variability

number of tumors

Texp{x’ Bo}

\
\

number of tumors

location

What is the point?

location



ExampleUnderstanding uncertainty

Understanding these different sources of uncertainty
can be very relevant to inference and decision makin

For example, if we want to predict the observed tumo
count distribution of a new mouse, we should use the

conbdence bands f@rY X}

Whereas the bands forg would be appropriate if we
just wanted to describe the uncertainty In the
underlying tumor rate for the population




