
Part 8:
Model criticism, 

selection, and averaging



Model criticism
There is more to statistical inference than obtaining 
parameter estimates, forecasts/predictions, etc., and 
testing hypotheses based on these

These are the ÒmechanicsÓ of statistical inference

However, once we have settled on a few models, or 
families of models, there are some mechanical tools 
that can help us criticise and select models

The ÒartÓ of statistical inference is in model choice 

¥ (i.e., the choice of sampling model or likelihood)



Using the predictive
One approach to model criticism is via the (posterior) 
predictive distribution

Recall how we obtained sampled ÒdatasetsÓ from the 
posterior predictive and compared aspects of them to 
those calculated from the ÒtrueÓ data

Usually we are checking to see whether the ÒtrueÓ data 
would be an unlikely realization from the predictive 
distribution

¥ if so, then the chosen model may not be 
   appropriate



Bayesian model criticism
In Bayesian statistics model criticism extends to prior 
criticism

We have already seen a variety of ways in which the 
effect of certain prior parameterizations may effect 
posterior inference

¥ This prior sensitivity analysis is another type 
  of Bayesian model criticism



Model comparison
Posterior predictive checks, and prior sensitivity 
analyses represent a special type of model criticism 
that is absolute

ÒAll models are wrong [and thus easily criticised], but 
some are usefulÓ (Box and Draper, 1987, pp. 424)

This suggests that comparing models to one another, 
rather than criticising them in a vacuum, may be more 
useful

¥ i.e., we often prefer a criticism that is relative



Starting simple
There are many options in setting up a model for an 
applied problem

It is sensible to start with a simple model that is easy 
to work with, but may only use some of the available 
information, e.g.,

¥ not using some explanatory variables in a regression
¥ Þtting a normal model to discrete data
¥ ignoring evidence of unequal variances



Model expansion
Once we have successfully Þtted a simple model, we 
can check its Þt to the data and then try to expand it

An appropriate (relative) comparison would be to 
assess what has been gained by expanding the model

It may be that the larger model has the advantage 
Þtting the data better, and possibly making more sense

It is important to judge how much complexity is 
necessary to Þt the data

¥ harder to compute, or harder to interpret
But the Þt of the larger model may be



Key questions
The key questions of a model comparison are typically:

1. Is the improvement in Þt large enough to justify 
the difÞculty in Þtting?

2. Is the prior distribution on the additional 
parameters reasonable?

The statistical theory of hypothesis testing is 
associated with checking whether an improvement in 
Þt is statistically signiÞcant 

¥ i.e., whether it could be expected to occur by 
chance, even if the smaller model were correct



Posterior Odds Ratio
One very general way to compare models is through 
the posterior odds ratio (POR)

Suppose we wanted to compare one model       to 
another, possibly simpler modelM1

M 2

(Bayes Factor) (prior ratio)

The POR for       over       isM 2 M1

p(M2|y)
p(M1|y)

=
p(y|M2)
p(y|M1)

!
p(M2)
p(M1)



Bayes Factor
The Bayes factor (BF) is essentially the ratio of the 
likelihood of observing the data    under the two 
models with their parameters integrated out

y

(LTP)

(cond. prob)

(new notation)

p(y|M 2)
p(y|M 1)

=
�

p(! 2, y|M 2) d! 2�
p(! 2, y|M 1) d! 1

=
�

p(y|! 2, M 2)p(! 2|M 2) d! 2�
p(y|! 1, M 1)p(! 1|M 1) d! 1

!

�
pM2 (y|! 2)pM2 (! 2) d! 2�
pM1 (y|! 1)pM1 (! 1) d! 1



Calculating BFs
Often POR = BF when the prior for the models is 
equal                                 , i.e., equal prior oddsp(M 2)/p(M 1) = 1

BFs/PORs are very general methods for comparing 
models, but they can be difÞcult to compute due to the 
integrals involved

Many specialized MC techniques have recently been 
developed to help approximate BFs

There are some important special cases where the 
integrals are analytically tractable



One example is the linear model, where we wish to 
determine which explanatory variables/covariates are 
useful for predicting the response

Y = Np2 (X2! , " 2Ip2 )

Y = Np1 (X1! , " 2Ip1 )
M2 :

M1 :

where      and      are two different design matrices 
with     and     columns, respectively

X1X2
p2 p1

e.g.,       may contain quadratic terms like     , and the 
simpler      may not

X2 x2

X1

Example: Bayesian LM



The important integral(s) for calculating the BF for 
comparing two linear models are like:

p(y|X) =
�

p(y, ! 2|X) d! 2

=
�

p(y|X, ! 2)p(! 2) d! 2

But p(! 2|X, y) = c1 × p(y|X, ! 2)p(! 2)

= c1c2 × IG
!

! 2;
an

2
,
bn

2

"

where      and      depend upon the prioran bn p(β,σ2)

Example: Key integral(s)



Since the IG density integrates to one, we have that

p(y|X) =
1

c1c2

p

In the case of the JeffreysÕ and g-prior it is possible to 
Òread-offÓ            and           which both depend upon   
        ,            the number of rows (  ) and columns (  ) 
of    , and gamma constants

c1(X) c2(X)
σ̂2(X)β̂(X) n

X

Therefore, the BF for two competing      and      is 
available in closed form

X 1 X2

Example: Closed form BF



Interpreting BFs
Jeffreys gave a scale for interpreting the BF

BF Strength of evidence
< 1:1 Negative

1:1 to 3:1 Barely worth mentioning
3:1 to 10:1 Substantial
10:1 to 30:1 Strong
30:1 to 100:1 Very strong

> 100:1 Decisive

The spirit is different than a classical hypothesis test
Bayesians donÕt ÒacceptÓ or Òfail to rejectÓ, but rather 
focus on the evidence in relative probabilities



Small collection of models
When we have a small, Þnite, collection of models 
                       to compare we may proceed by 
comparing the posterior model probabilities:
M 1, . . . , M k

p(M j |y) =
p(y|M j )p(M j )

! k
i =1 p(y|M i )p(M i )

which involves many of the same calculations and/or 
approximations as BFs

However, this quickly becomes unmanageable in a 
number of practical problems



Example: Bayesian LM for Diabetes data

Baseline data for ten variables                   on a group 
of 442 diabetes patients were gathered, as well as a 
measure    of disease progression taken one year later

x1, . . . , x10

y

From these data we hope to make a predictive model 
for     based on these measurements which is 
parsimonious, i.e., includes no more causes (  ) than 
will account for the effects (  )

y

y
x

It is suspected that the relationship between    and    
may not be linear, and that second-order terms like    
and         in the regression might aid in prediction

y x
x2

j
xj xk



Example: The covariates

The potential regressors therefore contain       
covariates:

p = 64

¥ ten main effects 
¥                interactions of the form                 
¥ nine quadratic terms 

x1, . . . , x10�10
2

�
= 45 xj xk

x2
j

!  one of the explanatory variables 
   is binary making it unnecessary to include

x2 = sex
x2

2

!  hypothesis testing of            /BFs needs scaling upβj = 0

A more clever model selection procedure is necessary 
to select a parsimonious set from
possibilities

264 = 1.8 ! 1019



The classical approach to model selection in linear 
models takes advantage of the nested structure of the 
models to proceed iteratively by:

Classical model selection

¥ backward elimination: remove the covariate 
whose (insigniÞgant) t-stat p-value is largest

¥ forward selection: add in the covariate whose 
(signiÞgant) t-stat p-value is smallest

and repeat until no changes are made and all t-stats are 
signiÞcant



Another similar approach proceeds by information 
criteria:

Using information criteria

AIC(M; y) = 2 |M| ! 2�M (öθ; y)

BIC(M; y) = |M| logn ! 2�M (öθ; y)

¥ Akaike information criteria (AIC)
¥ BayesÕ information criteria (BIC) 

Both are used with the forward/backward iterative 
algorithm, and more common that the t-stat approach



Example: Classical model selection for diabetes

A convenient R function called step and automates 
the forward and backward selection procedure

Coefficients: (with step via BIC)
              Estimate Std. Error t value Pr(>|t|)    
(Intercept)    139.802      3.706  37.721  < 2e-16 ***
sex           -243.263     58.393  -4.166 3.75e-05 ***
bmi            498.454     64.373   7.743 7.07e-14 ***
map            323.507     61.226   5.284 2.02e-07 ***
tc            -720.079    171.181  -4.207 3.16e-05 ***
ldl            529.116    160.846   3.290  0.00109 ** 
ltg            929.017     87.761  10.586  < 2e-16 ***
ltg2          7683.647   2650.725   2.899  0.00394 ** 
glu2          1879.022    761.878   2.466  0.01404 *  
age.sex       4536.187   1142.838   3.969 8.46e-05 ***
bmi.map       2786.852   1081.865   2.576  0.01033 *  
tc.ltg      -15296.288   5360.237  -2.854  0.00453 ** 
ldl.ltg      13545.468   4412.505   3.070  0.00228 ** 
hdl.ltg       6095.024   2315.547   2.632  0.00879 ** 



This iterative approach to model selection is powerful: 
i.e., it is fast and usually leads to parsimonious models

Criticisms

But it is also easy to criticise:

¥ since it is greedy: it often misses covariate 
collections which have high predictive power

¥ you never get what you often really want: a 
ranking of competing models which describe 
disparate relationships (i.e., plausible 
explanations) between the explanatory 
variables and response



The Bayesian approach
The Bayesian approach to model selection for LMs also 
takes advantage of the nested nature of the models, but 
it is less greedy

The idea is to set up a trans-dimensional Markov chain 
which walks around model space in accordance to the 
posterior probability of the models

We have already developed many of the expressions 
that are necessary to do this for the LM



Trans-dimensional MCMC
Each MCMC round    proceeds with two types of 
proposals from 

s
(M (s), θ(s))

1. Between model move:q(M(s),M�)

!  i.e.,                    usually by randomly adding a 
   column/covariate to         to form      or 
   randomly removing one

q(X (s), X �)
X (s) X �

2. Within model move: proceeding as usual

! (M(s),M! ) =
p(y|X !)

p(y|X (s))
× q(X (s), X !)

q(X !, X (s))

which is accepted (with                 ) according top(M ) ! 1



Bayesian model selection
Then model selection may proceed in any number of 
ways

¥ in addition to having a full posterior 
approximation to the model posterior 
probabilities

¥ we can report the maximum aÕ posteriori (MAP) 
model

¥ and much more

M̂ = arg max
M

p(M|y)

! M(s) where s = arg max
s=1 ,...,S

p(M(s) |y)



Example: Bayesian model selection

age        72.62051
bmi       399.58625
map       334.10853
ltg       519.41267
age.sex  3200.19700
bmi.map  2919.54000
bmi.glu  1464.18875
tc.glu   3687.06852
ldl.ltg  2488.12606

bmi     0.9998
map     0.9998
ltg     0.9998
sex     0.9914
age.sex 0.9416
hdl     0.8962
bmi.map 0.7676
tc.tch  0.5816
glu2    0.5694
ldl.ltg 0.5536
tch     0.5118
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Bayesian model averaging
Another advantage to the fully Bayesian approach is 
model averaging

¥ or any other function of quantities/parameters 
common to all models, e.g., σ2

¥ model averaged posterior prediction takes a 
full account of the uncertainties involved

p(÷y|y) =
�

p(÷y|M , y) dM

! 1
S

�S
s=1 p(÷y|M (s) , y)

= 1
S

�S
s=1 p(÷y|X (s) , y)


