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Hierarchical Modelinc




Nested data

It IS common for data to banestedl.e., observations
on subjects are organized by a hierarchy

Such data are often callégerarchicabr multilevel

For example,

¥ patients within several hospitals

¥ genes within a group of animals, or

¥ people within counties within regions within
countries




Iwo groups

The simplest type of multilevel data has 2 levels, In
which

¥ one level consists afroups

¥ and the other consists afnits within groups

In this case, we denot@;  as the data onthe  unit
within group




Hierarchical model

The sampling model should ref3ect/acknowledge the
hierarchy so that we may distinguish between

¥ within-groupvariability, and

¥ between-groupvariability

One typically uses the followirigerarchical modefor
] = 1,...,m with n; observations in each group

(Yaj, o Yo g 11}
g )

"o p(") (prior distribution)

I!d p(Y " J ) (within-group sampling variability)

I!d p(lJ ‘" ) (between-group sampling variability)




Varianility accounting

It IS Important to recognize that the distributions
p(y|!) andp(f|¢) both represent sampling variability
among populations of objects:

epresents variability among measurement
wiThi

n a group

£ p(0]o) represents variability across groups

In contrast,p(! ) represents information about a single
pPxed but unknown guanitiy

Theseare bothsampling distribution$he data are
used to estimated and ;buyi(¢®) is not estimated




Hierarchical normal mod«

A popular model for describing the heterogeneity of
meansacross several populations is thesrarchical
normal modelin which the within- and between-group

sampling models are both normal:
o= (5,9, POyl ) = N(Wj,"2)  withingroup model)

H = ($ ’ 0/&), p(lJ ‘#) = N ($, 0/8) (between-group model)

Note that p(!|") only describes heterogeneity across
group meansand not any heterogeneity in group-
specibc variances

The within-group sampling variability  is assumed tc
be constant across groups




Hierarchical diagram




The priors

The bPxed but unknown parameters in the models are
Y, 7% and! 2

For convenience we will use the standard semi-
conjugate normal and |G prior for these parameters
121 1G("o/ 2,"0! §/ 2)

# 1 1G($ol 2, S0l 2)
%! N (%, &)




Posterior Inference

The full set of unknown guantities in our system
include the group-specibPc meaps,...,Un} ,the
within-group sampling variability and the mean an
variancg! ,"4) of the population group-specibc mea

Posterior inference for these parameters can be mad
by GS which approximates the joint posterior

distribution
(U1, ..oy Mm, ! " S #Y,  Yim)

GS proceeds by iteratively sampling each parameter
from its full conditional distribution




Full conditionals

¥ Deriving the full conditional distributions in this
highly parameterized system may seem like a
daunting task

¥ But it turns out that we have already worked out
all of the necessary technical details

¥AII that Is required Is that we recognize certain
analogies between the current model and the
univariate normal model




Posterior essence

The following factorization of the posterior
distribution will be useful

p(:ulv"'v:uma! 7"27#2|y17°'°7ym)
| P(ylwﬂvymlula'” il "2) ) p(:ulw“numl! 7"2) ) p(l 7"27#2)

g 8/5’
(' ,"9), " p(t )p(" ) p(#?)
=1

This termis the result of an important conditional
iIndependence feature of our model

This relates back to our diagram ...




Conditional independenc

(1 "2 The existence of a

\\; pathfrom (! ," #) to
eachy; Indicates that
these parameters

provide information
abouty;

but only indirectly
throughp;

~—

Conditional on{ U1, ..., Um,!," % #°} the random
variablesyyj,..., Y, ; areindependent with a
distribution that depends only opj  and




Full conditional fao( ,"?

As a function off andl? , the posterior distribution is
proportional to

111

p( |1, " )p(! )p(" %)

j=1
And so the full conditional distributions ¢f  and
are also proportional to this quantity

Ym) = P | " 2)p(!)

ym) = p(y !, " 2)p("?)




Full conditional fao( ,"?

These conditionals are exactly the full conditional
distributions from the one-sample normal problem

Therefore, by analogy:

m@ "2+ | ol #2
m/ "2+ 1/ #
| 4
$o+m "2+ (" )2
2 2

Um," %} ! N

Am/ "2+ 1/ #]




Full conditional fo p;

Likewise, the full conditional distribution @  must be
proportional to

p(uj ‘I 1I'21#21U(! j)1y11 SN 1yn)

I

L POy L ED T Pl L)

=1
Hj is conditionally independent @t , Yk}  fde E |

/ \ While there is a path from

mo M eachy; to every othegu

l

VA the paths go throug ," °)

‘\\//” or!?




Full conditional fo i

We can think of this as meaning that the Os contrib
no information about each other beyond that

contained i ,"4 and ?
The terms In our conditional are

!Hj

p(yij I, 2) Y py |, #)

(product of normals) (normal)

1=1

Mathematically, this Is the same setup as our normal
model. So by analogy, the full conditional distribution

,, iy 12 4 i
i}, 1#2,)/1,] ,,,,, ynj,j}! N ( JI']T/J/|2_|_1/#2 ,[nJ/|2—|—1/#2] 1)




Full conditional fo! “

By similar argument$, is conditionally independent
of {! ,"“} giver{y1, ..., ¥Ym,H1,- .-, Hm}

The derivation of the full conditional b is similar to
that Iin the one-sample normal model, except that no
we have information abouit®* fromi separate groups

I-lm,yl

n

p(yij 1,1 9)" p(!t9)

1 (| 2)! 1o/ 2+1 e! "20!!28




Full conditional fo! “

Adding powers of ¢ and collecting terms in the
exponent, we recognize that this is an IG:

% %

v 1l . :
’§$ ol § + (yij " 1)* )
=1 =1 i=1

W

(2lyht 16" 5870+

Note that Yij — I )% is the sum of squared
residuals across all groups, conditional on the within-

group means

So the conditional distribution concentrates probabilit
around a pooled-sample estimate of the variance




ExampleMath scores in US public schools

Consider data that is part of the 2002 Educational
Longitudinal Study (ELS), a survey of students from &
large sample of schools In the United States

The data consist of math scores of 10th grade stude
at 100 different urban public high schools with a (10t
grade) enrollment of 400+

The scores are based on a national exam, standardiz
to produce a nationwide mean of 50 and standard
deviation of 10




Examplethe data

Scores with students within the same school plotted
along a common vertical bar:
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rank of school!specific math score average




Examplethe data

The range of average scores (36, 65) Is quite large

40

30

l

l

Frequency
20

l [ [ [ [
35 40 45 50 55 60 65 70

ybar

Extreme sample averages occur for schools with sme
sample sizes

This Is a common relationship in hierarchical datasets




Examplepriors

The prior parameters that we need to specify are
(Yo,"5) for p("?)
(#0, %) for p($°), and
(%, &) for p(%9

The exam was designed to give a variance of 100, bc
within and between schools

¥ so the within-school variance should be at most
100, which we take asg

¥ this is likely an overestimate, so we take a weak
prior concentration around this value withg = 1




Examplepriors, ctd.

Similarly, the between-school variance should not be
more than 100, so we likewise takko,"5) = (1, 100

Finally, the nationwide mean over all schools Is 50

Although the mean for large urban public schools ma
be different than the nationwide average, it should no
differ by too much

We shall take o =50 and § =25 ,so that the prior
probability that! ! (40,60) Is about 95%




ExampleGibbs sampling

Posterior approximation may now proceed by GS

Given a current state of the unknowns
{“(S) LS 1 (9) m2As) p2(s)y

a new state may be generated as follows

1.sample! 5*D 1 (1 |u(15),.. uis) 208y

2.sample! 5™ 1 p(! Z\H(S) ﬁns') (571

| 2(s+1) |

3. sample! (s) .

p(! 2177 ) Y Ym)
4.sample foreach! {1,...,m} sample

MJ(S+1) L p( " | w(s+1) | -2(s+1) | 52(s+1)

Ui )



ExampleGibbs sampling

The order in which the new parameters are updated
does not matter

What does matter is that each parameter Is updated
conditional uporthe most currentlue of the other
parameters

Checking for mixing or convergence problems with sc
many parameters can be difbcult

Calculating the ESS and plotting traces Is the state o
the art




ExamplePosterior summaries

| |
| |
| |
| |
| |
| |
| |
£ o
| |
| |
| |
| |
| |
| |
| |

80 85 90

sigma2 tau2
@=9.21 9=4.9/

¥ 95% of the scores within a school are within
41 921" 37 points of each other

¥ whereas, 95% of the average school scores are
within4! 497" 2C points of each other




ExampleShrinkage

One of the motivations behind hierarchical modeling
that information can be shared across groups

Recall that, conditional oh ," 2, #° and the data, the
expected value oty Is a weighted averag&fof
and!

o w2 n2y _ By [HEE )
E{:uj ‘yja! 9 7# } _ nj /#2+1/"2

As a result, the expected value Bf  Is pulled a bit
from @ towards! by an amount depending upan

This effect Is callednrinkage




ExampleShrinkage

Consider the relationship betwee@  versus
n = E{ply;,! ", #}
for) =1,...,mobtained in via our MCMC method

Notice that the relationship
follows a line with a slope
that Is less than one,
Indicating that high values
of ¥ correspond to
slightly less high values

of @ , and vice-versa for
low values

apply(mu, 2, mean)




ExampleShrinkage

It IS also Interesting to observe the shrinkage as a
function of the group-specibc sample size

Groups with low sample
sizes get shrunk the
most, where as groups
with large sample sizes
hardly get shrunk at all
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This makes sense:

The larger the sample size the more information we
have for that group, and the less information we need
to borrow from the rest of the population




ExampleRanking schools

Suppose our task Is to rank the schools according to
what we think their performances would be If every
student in each school took the math exam

In this case, It makes sense to rank the schools
according to the school-specibc posterior expectatio

{@1,...,8m}

Alternatively, we could ignore the results of the
hierarchical model and just use the school-specibc

average$yi,. .., Ym}

The two methods will give similar, but not identical
rankings




ExampleRanking schools

Consider the posterior distributions ofiss  angdlg>

Both schools have exceptionally low sample means, |
the bottom 10% of all schools

—— school 46
- = school 82




ExampleRanking schools

So school 82 Is ranked lower than 46 by the data
averages, but higher by the posterior group-means

Does this make sense?

The posterior density for school 46 Is more peaked
because It was derived from a much larger sample si

Therefore our degree of certainty aboiilse IS much
higher than that foips?

How does this translate into lack of faith in the data
averages If we are going to justify using the posterior
means Instead?




ExampleHypothetical absence

Suppose that on the day of the exam the student whc
got the lowest exam score In school 82 did not come
to class

Then the sample mean for school 82 would have bee
41.99 rather than 38.76, a change of more than three
points (and a change in ranking)

In contrast, If the lowest performing student in school
46 had not shown up, themwg would have been 40.9
as opposed to 40.18, a change of only 3/4




ExampleHypothetical absence

In other words, the low value of the sample mean for
school 82 can be explained by eithes? being very
low

... or just the possiblility that a few of the 5 sampled
students were among the poorer performing students
In the school

In contrast for school 46, this latter possibility cannot
explain the low value of the sample mean, because o

the large sample size

Therefore it makes sense to shrink the expectation of
school 82 towards the population expectatidh by a
greater amount than for 46




Examplels it fair?

To some people this reversal of rankings may seem
strange or OunfairO

While OfairnessO may be debated, the hierarchical
model rel3ects the objective fact that there is more
evidence thajyg is exceptionally low than there is
evidence thapgy IS exceptionally low

There are many other real-life situations where
differing amounts of evidence results in a switch of
ranking




Hierarchical variances

If the population means vary across groups, shouldnc
we allow for the possibility that the population
variances also vary across groups?

Letting gjz be the variance for group , our sampling

model would then become

ijd
Y]_,j, e 1Ynj 3 I! N (Llj, 0'32)

and our full conditional for eagly  would be
2

{HJ ‘yl,j 1'|"’ynj J ’lj ’" ’#2}
| njﬂ'f*‘ "/#2

N nj /1 e+ 1/#] 1




Estimatin ;

How does!  get estimated?

Suppose we were to specify that

i " |||2
1212 e 2, 20

=1y m 2 y 2
Then we can use our familiar result that the full
conditional distribution of J-Z is

o+ "old 4 (vt ow)?
2 b}

{l leyl,j ----- Ynj J 1“] 1"01 I 8} I IG

and estimation fof 7,...,! 2 can proceed by

iteratively sampling their values along with the other
parameters via GS




InefPcient independenc

If 1o and! § are bPxed in advance at some particular

values, then our IID IG prior on the variances implies
that, e.qg.,

p(t A1 Lt ) = pU )

and so the information we may have about

12...,12, . is not used to help us estimatey;

This seems Inefpcientiif, was small, and we saw t
£ ...,1 2, ,were tightly concentrated around a
particular value, then we would want to use this fact t

improve our estimation ofl 2




Heterogenelty In variance

In other words, we want to be able to learn about the
sampling distribution of the? Os and use this
Information to improve our estimation for groups that
may have low sample sizes

This can be done by treating ahg  as parameter:
to be estimated by thinking of

2 2 0o "0 o

I I BCRC R R S S 2 y 2
as a sampling model for across-group heterogeneity |
population variances (not as a prior distribution)

2
0




Hierarchical diagram

Putting this together with our model for heterogeneit
IN population means gives




Unknown parameters

Now, the unknown parameters to be estimated
iInclude:

, representing the
¥{(2,' 1), (Hm. ' 7))} within-group sampling
distributions

(1 "2 representing the across-group
’ heterogeneity In means

Y1, "2 representing the across-group
0 0] heterogeneity in variances




Gibbs sampling

As before, the joint posterior distribution for all of
these parameters can be approximated by iteratively
sampling each parameter from its full conditional
distribution given the others

The full conditional distributions for ardd are
unchanged in this new setup

We just derived the full conditionals fat;  ard

What remains to do Is to specify prior distributions fo
1pand! § and obtain their full conditionals




Conjugate prior fo ! §

A conjugate class of prior densities fbﬁ are the
Gamma densities

f1 51 G(a,b) then it is straightforward to show that

1 1
‘!1,...,-m,0}| G a+t Em 0,b+§0

Notice that for small values ch arfd the conditione
mean ofgg IS approximately the harmonic mean of

E = , [ ] m




NoO conjugate prior fol: g

A simple conjugate prior forg does not exist

We shall restrictt ¢ to be a positive integer, so that it
may retain Its interpretation as a prior sample size

If we let the prior on: g be the geometric distribution

on{1,2,...},sothatp(!g)! € ' ° then the full

conditional distribution Is proportional to

“ml'o,"8)" P(to)




Awkward conditional fo ! g

While this not pretty, this un-normalized probability

density can be computed for a large range of -valu
and then sampled from

In fact, since the Interpretation o Is that it Is the
Oprior sample sizeO for thé¢  Os, it is reasonable to

restrict it to be smaller than the data sample size
!III
U
j=1

The expression fop(!o|"§," %,...," %) may easily

be evaluated (and re-normalized) over this range




Examplea particular full conditional forg

Consider the full conditional forg conditional upon
1§=100and! 7 =11 85 forallj =1,...,m




Gibbs sampler

Therefore, we may complete the GS algorithm by
sampling from the full conditional fop , which is a
discrete distribution over a pPnite set of values

(1,2,...,N}

This may be accomplished with tesample function
INR




Examplemath score data

Let us re-analyze the math score data with our
hierarchical model for school-specibPc means and
variances

We shall take the parameters in our prior distributions
to be the same as before, with the addition lof= 1
and{a=1,b=1/100 for the prior distributions on
1o and! § , respectively

We shall run the GS algorithm for 5,000 iterations, as
before, and compare our results to the hierarchical
model with a common group-variance




Examplegroup means and variances

04 0.6

0.0 0.2

I
80

sigma2.0




Examplegroup variances

Our Prst hierarchical, in which all within-group
variances are forced to be equal, Is equivalent to a
value ofr g = In our current hierarchical model

In contrast, a low value dfy =1 would Indicate that
the variances are quite unequal, and little information
about variances could be shared across groups

The posterior summaries from the GS output indicate
that neither of these extremes Is appropriate, as the
posterior distribution Is concentrated around a
moderate value of 14 or 15




Examplegroup variances

This estimated distribution of 2, ..., 12 is used to

shrink extreme sample variances towards an across-
group center

~—~
c
®
Q
S
N..
C\!h
N
@©
=
=
2
~
=
o
Q
@©

(s2 ! apply(sigma2.2, 2, mean))[o]

100 150

s2

The larger amounts of shrinkage generally occur for
groups with smaller sample sizes




Hierarchical binomial mod

Another commonly used hierarchical model is the
Beta-binomial model, where

Yj | Bin(nj,!j)
i | Beta(", #)
(" #) D p(t,#)

Conditional on: and the posterior conditional for
| ; 1s the familiar Beta distribution

!j‘Yj,",#! Beta(" + yj,#+ n; " yj)




Hierarchical diagram

\ 4
Ym! 1

[lm as known




Hyperprior

Unfortunately, there is no (semi-) conjugate prior for
- and!

However, It Is possible to set up a noninformative
hyperprior that iIs dominated by the likelihood and
yields a proper posterior distribution which leads to a
convenient Metropolis-within-Gibbs sampling method




A hyperprior choice

A reasonable choice of diffuse hyperprior for the Bete
binomial hierarchical model is uniform on

! -!l-" ’(| + n)! 1/ 2

A Ochange of variablesO shows that this implies the
following prior on the original scale

(1" ) o (1 4+ 3

There are many other possibilities. Why Is this a
sensible choice?




A hyperprior choice

p(!,") oc (! +")! 5/ 2

It may be shown that it gives a Oroughly uniformO pri
distribution to the log standard deviation of the
resulting! . I Beta(" ,#) sampling model

It may also be shown that the posterior marginal

pCt " ly)

IS proper with this choice as long @&<y; <n; for
at least one experiment




The posterior marginal

How can we calculate that posterior marginal
distribution?

(cond prokz.) ‘ )
ooy — PULT LAY
(V) =
p— p(y #)p(#“ ’")p(! ’") (cond indep. & cond prob.)
o PELY)
- 1Bm(yj N, %) L Beta(#;!,")" p(t,")

= 1Beta(#] L +y," +nj #y;)
)M (1 ey (g # )
OO )

J:

() bop(t,t)




Metropolis-within-Gibbs
We may samzz)le from the margina(! ," |y) by
generating! ¢*Y " 5*D ) frong! (8) " (S))  yia
1. propose! ' ~ Unif(! (817 2,21 (3))
2.1f L n (s) (s)

< pCt " ly) ! >

p(! (), Sy) 1
then! S*D 1 1" elsgd S*D 1 1 (8)

3. propose! ' 1 Unif(! (8)/ 2,21 (3))

4. if (s+1) §! (s)
U < pla 1Y) | b for u ~ Unif(0, 1)
p(atstt), B y) 3

for u ~ Unif(0, 1)

then! 5*D 1 11 elsel (5*D) 1 1 (9)



Completing the MC

Conditional on sampled ()" (3))  we may complete
the MC method for sampling from the joint posterior
distribution by sampling from the conditional(s)

!j(s) | Beta(" ™ +y; , #5 + n;j " y)

for) =1,...,m

We may also obtain samples from the posterior
predictivep(gly) = p(&1,.- ., mly1,.-.,ym) as

¥ 1 Bin(nj,! %)
for) =1,...,m




Examplerisk of tumors In a group of rats

In the evaluation of drugs for possible clinical
application, studies are routinely performed on rodent

In a particular study, the aim Is to estimate the
probability of a tumor In a population of female rats
OF3440 that receive a zero-dose of the drug (control

group)

The data show that 4/14 rats developed endometrial
stromal polyps (a kind of tumor)

Typically, the mean and standard deviation of underly
tumor risks are not available to form a prior




Exampleprior data

Rather, historicatlataare available on previous
experiments on similar groups of rats

Tarone (1982 )provides data on the observations of
tumor incidence in 70 groups of rats

# tumors

# of rats in group




ExampleBayesian analysis

We shall model thean = /1 rat tumor data with a
hierarchical Beta-binomial sampling model with MC
(MC) Inference, as just described

ESS = 340

I

alpha

First we
must obtain

I

0 5 10 15 20
l

i

o l l

samples from o
the marginal
posterior of

(H")

ESS =347

60 100

I l l l l l I

beta

0 20




Examplerhe posterior marginal

Once we have determined that the mixing Is good, anc
we think the chain has achieved stationarity we can
iInspect the marginal posterior in a number of ways

On the original scale

~~
©
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©
e
o
@©
~—
(@)
L=

log(alpha/beta)

A sensible transformation




ExampleMean Shrinkage

As In the normal hierarchical model, we can assess th
amount of shrinkage In the group-specibc means, whi
may be obtained by direct MC, In a number of ways

thetalbar
0.2

0.1

thetalbar ! y/n

0.0

0.15 0.20

y/n




ExampleRat group F344

We can now present the posterior distribution for
for our 71st rat group, and compare it to the

population mean of tumor rates in the 70 OpriorO rat
groups

— rat F344

-~ al(a+h) ‘ E{671]y} =0.19¢




In summary

We have seen how hierarchical models may be used

¥ model data which areestedor have anatural
hierarchy

¥ pool information about groups of similar
populations so that smaller groups may borrow
Information from larger ones (l.eshrinkagé

¥ provide an efbcient way of using Oprior dataO in
an appropriate way




