Part o:

Multivariate Normal
and Linear Models




Multiple measurements

e Up until now all of our statistical models have been
univariatemodels

| models for a single measurement on each memb:
of a sample of individuals, or each run of a repeat
experiment

® However, datasets are frequentiyultivariate having
multiple measurements for each individual or
experiment




Multivariate model

® The most useful (commonly used) model for
multivariate data is the multivariate normal model

e For a collection of variables, it allows us to jointly
estimate population

| means
| variances

| and correlations




Examplereading comprehension

A sample of 22 children are given reading
comprehension tests before and after receiving a
particular instructional method

Each student will have two score¥,1  avd,
denoting the pre- and post-instructional scores
respectively

We denote each studentOs pair of scores as a
vectorY ;, so that

score on prst test
score on second test




Examplegquantities of interest

The things we might be interested in include the
population meaim

_ E{Yii} _ n
LY = E{Yi,i} - Hi

and the population covariance matrix

| :Cllov[Y]

E{Y7} ! E{Y1}? E{Y1Y2} ' E{ Y1} E{ Y2}
CE{Y1Y2} L E{Y1}E{Y2) E{Y2}! E{Y,}?
' 2

!!1 !_’ where t12= 1! 1!

for '! [0, 1




Exampleposterior inference

Having posterior information aboywt and may help
us In assessing the effectiveness of the teaching met

either via

® L2 ! Hj,0r

® the consistency of the reading comprehension
test, via the correlation coefpcient




Moments

Notice thatp and! are both functions of the
populationmoments or population averages of powers
of Y, andY,

In particular, they are functions of the

brst-order moments E{Y1}, E{Y>}
second-order moments E{ Y%}, E{Y1Y2}, E{ Y5}

Recall that a (univariate) normal model describes a
population in terms of its mean and variar{ge! <)
or equivalently, its brst two moments

(E{Y} = W E{Y?} =171 p?)




Multivariate normal

The analogous model for describing Prst- and seconc
order moments of multivariate data iIs theultivariate
normal model

We say that @ -dimensional data vectr has a
multivariate normal (MVNdgistribution If its sampling
density IS

ply |, 1) = (Zﬂ)p,zl‘! 77 P %(y! wy Iy ! o)

where . o s
o7 A&dédaoyy

HY1; ;Hl; " ;
y:#;é)u:#;é’!:#; (é
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Examplebivariate normals
1,,=148[ =105

= (50, 50"
(12,19 = (64,144




Notation & marginals

We shall write
Y ! Np(, %)

whenY has @ -dimensional MVN distribution

An Interesting feature of the MVN distribution Is that
the marginal distribution of each variable Is a univarie
normal:




Semiconjugate prior

Recall that IfY1,...,Y, arellD (univariate) normal,
then a convenient conjugate prior distribution for the
population mean Is also (univariate) normal

Similarly, a convenient prior distribution for the

multivariate meamu Is a MVN distribution, which we
will parameterize as

P(K) = Np(H; Ho,! o)

where g and ¢ are the prior mean and variance
of U, respectively




Posterior full conditional

What Is the full conditional distribution gh  given
Y1,---1Yn andl 7

In the univariate case, having normal prior and sampl
model resulted in a normal full conditional for the
population mean

We shall see If this result holds for the multivariate
case




The essence of the prio

We have that ifu ! Np(ro,! o) ,then

1

p(n) ! exp ” 5 Aol + U

whereAg = ! , tandby = ! ;, "o

Conversely, this result says that if a random veqtor
has a density ilRF  that is proportional to

1
exp | Q”! Al + ' b
for some matrixA and vectoh ,thep must have a

MVN distribution with covariancd&' ! and mean 1h




The essence of likelihoo

If the sampling model Is

(Y1, ., Yl DT Np(u, 1)

then similar calculations show that the joint sampling
density of the observed vectorgs,...,yn IS

1

i"d

P(Y1,---»Ynl, ') ! exp " éu! A+ W' by

11

where A; = n! ', bp=n!' g and

?z(% J !% Yi,n)




The essence of posterio

Combining the prior and likelihood gives the posterio

1 ! |
p(”‘y11---,YH1! ) | €XP é” A1u+ o bl
I 11
N 1 | |
exp SH Aol + 1 by
I |
| 1 | |
= exp SH Anp+ 1 by

AO+A1:!!01+nn!1
1

b+ =15+ " 1y




The posterior

This implies that the posterior conditional distribution

of u must therefore be MVN with covariandg, ! anc
meanA ' *h, , so

Covllly1,..-,¥Yn,!' ]= " n
E{lly1, - Yo'} = Hn = "n(" 5 o+ n! !t 1y)

giving{ U|y1,...,yn} ! Np(Hn,!n)
Just like In the univariate case:

® the posterior precision (Inverse covariance) Is the
sum of the prior precision and data precision

® the posterior expectation is the average of the prio
expectation and the sample mean




Prior covariance elemen

Just as the variane& must be positive, the covarian
matrix > must bepositive debPnitd.e.,

X' 1 x> 0, forall vectors X
Positive dePniteness guarantees that- 0 foj all

and that all correlations are betweérll  ahd

Another requirement is that the covariance matrix
must be symmetric, 1.et,jx = ! k|

Any valid prior distribution forl  must put all of its

probability mass on this complicated set of symmetric
positive dePnite matrices




Wishart distribution

A convenient family of distributions with just these
properties Is theNishart

* the multivariate analogue of the gamma family
Recall that, in the univariate normal model, the gamm

distribution is conjugate for therecisiorl/ ! 4
e the conjugate prior forl < is IG

Similarly, it turns out that the Wishart distribution Is a
semi-conjugate prior for th@recision matrix’ *

e and so the conjugate prior fdr IS Inverse-
Wishart




Inverse-Wishart

Toobtain! ! IW(!o,S,?*) whereSy is@! p
positive-dePnite matrix andy IS a positive integer

1. Samplez,, ...,z

" Np(0,5p 1)

4o
2.CalculateZ' Z = zz,
=1

3.Set! =(z2'z2)

Accordingly, theprecision matrix' * has aW (1o, S, *)
distribution




Expected covariance

The expected covariances under an inverse-Wishart
are

E{! "1} =145,

E{!}:!!l So

pl 1

As a prior for a MVN covariance, if we are conbdent
that the true! Is neal , ,then we might choosg
large and seSg = (!g! p! 1)y so thatthe
distribution is tightly centered aroundt g

If not, we may chooség = p+2 arghy=1!, ,SO
that the distribution is loosely centered around,




IW (prior) density

The density fodW( 1o, Sy ') is given by

I (1 | 1 |
p(1 ) 1|1 | GotP2e ey #étr(SO! 1

wheretr( g is thetrace, or sum of the diagonal
elements, of a matrix

An Interesting result from linear algebra is that
1K
b Ab, =tr( BAB' ) =tr( B' BA)
k=1
whereB is a matrix whos&™  row i,




Convenient likelihood

To combine the IW prior distribution with the
sampling distribution fol¥ ¢,..., Y, we take
advantage of the above result for traces:

Py 1, -+ Ynl ! )

"n
P Y 2exp " (yi™ )Nyt M
$ =1 %
= 1] "%exp " Str(Su! )

where S, = L (yi! W(yi! W)' istheresidual
sum of squares matrifor the vectorsyi,...,yn If
the population mean Is presumed to e




Posterior

We are now In a convenient position to combine the
prior with the likelihood as follows

p(! [y1,... Yn, W)

LYYl )T R )

| 1 I
= |1|'™?%exp #otr(Sy! 1)
! 11

. #H

#

Il (1 A+ N+ DI 1 |
“ ‘ (! o+ Nn+p! 1)/Zexp #étr([SO_l_ SH]I . l)




Posterior

Thus we have

(LIysyn b IW(o+ ‘1)

Even though it was a lot of rough going to obtain,
hopefully the result Is intuitive

* the posterior sample sizé, = g+ n IS the sum
of the prior sample size and the data sample size
e Similarly, theposterior residual sum of squares
Sn = So + Sy is a sum of the prior sum of
squares and the data sum of squares




Conditional expectation

Additionally, the full posterior conditional expectation
of the population covariance matrix Is

E{I ‘YL---,Yn,U}

1
“lg+n! p! 1(SO+S”)

1,1 pl
_ r0: P 1 1 SO+ N J_@
lo+ Nl p! 11! pl 1 lo+ Nl p! 1n

It may be shown that thelata residual sum of squares
converges to the true population covariance matrix.
Therefore, the posterior expectation Is a consistent
estimator even If the true population is not MVN




Gibbs sampler

We now have the set of full posterior conditionals

{U‘YL---,Yn,! } | Np(“n,"n)
(U lys, .- yn B IW(,, S )

which we may use to construct a GS algorithm to
obtain a MCMC approximation to the joint posterior

D(H, Z‘yb RN ,Yn)




Gibbs sampler

Given a starting valuel® | the GS algorithm generat:
(usH 1 5D from {ul®) 1 (91 yia the following
two steps:

1. Samples*Y  from its full conditional distribution:

a)computeMn and n fromyq,...,yn, ant(®

b) samplet'®*™? 1 Np(n, ! 1)

2. Sampl&s*Y)  from its full conditional distribution:
a)compute S, fromy1,...,yn ang,s*

a) {Un,! n}dependon and, dependsaq@n ,so
these must be recalculated every iteration




Examplereading comprehension

Lets return to the our motivating reading
comprehension example

We shall model the 22 pairs of scores, before and afte
Instruction, as IID samples from a MVN distribution

We start by thinking about the priors fop ant

The exam was designed to give average scores of
around 50 out of 100, splg = (50,50) is sensible as
prior expectation




Examplemean prior variance

Since the true mean cannot be below 0 or above 100
It IS desirable to use a prior variance fpr  that puts
little probability outside of this range

If we take! §, = 15, =(50/2)* =625 then
P(y; ¥ [0,100]) = 0.05
Since the two exams are measuring the same thing,

whatever the true values @f; ang are, It is probabl
that they are close

We can rel3ect this with a prior correlation of 0.5, so
that! 1 , = 312.5




Exampleprior covariance & data

Some of the same logic about the range of exam
scores applies to choosing a prior for

WeOll tak&; = !  , but only loosely center  arounc
this value by takingp = p+2 =4

The sufbcient statistics f1,...,yY22 needed for
MVN inference are

Y = (47.18,53.86)
(s7,s5) = (182.16,24365)
S1.2/ (S1S2) = 0.7




ExampleGibbs sampler

2
Sl 81,2

Initialize the GS algorithm with ©) = ;
81’2 82

Quantile-based ClIs

2.5% 97.5%

P(bM2 > H1lY1,...,Y22) > 0.9C
strong evidence that the instruction is working




ExamplePosterior predictive

What is the probability that a randomly selected child
will score higher on the second exam than on the brs

Quantile-based ClIs

2.5% 97.5%
VAR AN -14.01] 34.00

- no effect
[ [ |

80 100 120

yl, 1]

P(y2>Y1ly1,...,Y22) =0.7€
a less signibgant, and possibly worrying result!




ExampleDoes the Instruction work?

How do we reconcile these differences and evaluate
the effectiveness of between-exam Instruction?

e Onthe one handP (M2 > M1ly1,...,Y22) > 0.9C
seems to suggest a Ohighly signibcant differenceC
exam scores before and after the instruction

® YetP (Y2 >VY1|Y1,...,Y22) =0.78 says that
roughly 1/4 will get a lower score on the 2nd exam

The difference between these two probabillities Is that
the Prst Is measuring the evidence that > M 1

without regard to the magnitude of thpa ! 1
compared to the sampling variablility in the data




ExampleConfusion

Confusion over these two different ways of comparing
populations Is common In the reporting of results fro
experiments or surveys

Studies with very large values of  often result in
values ofP (M2 > U 1|Y1,...,Yn) that are very close
to one

e p-values that are very close to zero
suggesting a Osignibcant effectO

But the results say nothing about how large of an effe
we expect to see for a randomly sampled individual




Regression

Regression modeling Is concerned with describing hc
the sampling distribution of one random variable

Y response variable

varies with another variable or set of variables

X =(X1,...,Xp) explanatory variable(s)
or OcovariatesO

Specibcally, a regression model postulates a form for
p(y|x), the conditional distribution foy  givexn

Estimation ofp(y|X) is made using data, . . .
gathered under a variety of conditions,, .. .,




Linear model

One simple but Rexible approach to regression Is via
the linear (sampling) model (LM)

The LM treats responsey¥; as independent (boi
identically distributed) realizations of a process that is
linear in explanatory variables = (Xj 1,...,Xip)

observed with Gaussian noise
Y, T N (ui,12) where i = E{Y|x;} = x! "

where thex; areknown, ! 1s anunknown
p-dimensional parameter vector ofgression
coefpcientsand! ¢ is an unknown variance paramete




Compact notation

The LM Is usually writtena¥ = X! + " ,where

Y X1 ..
v=p & (XF# & 1=4:8& "
' X

'p

i"d

and{'1,...,!n} N(O,"Z)

Even more compact notation Is design matrix

Y1 Na(XD,1,"2)

where|, Isan! n identity matrix




MLE

The log likelihood for! = (", #2%) is

N 1 !n :
(" #2) =1 —log#?! —  #HY I

So the MLE satisbes
| 1
$2

1=1

0 = - .#(-('j’$2)_
")

Xij (Yi ! Xi! '6)

| N | N
Ill .

I —
Xij X; 0= Xij Yi
=1 =1

In vector notation:(X' X)O0= X'Y




MLE

So we havg(X' X)O0= X'Y

As long asX ' X is invertible, which is the case when
X 1s of full rankp , the MLE Is

O=(X'X) X'y

Similarly, we may Pnd




Sampling the MLE

e It may be shown that ©1 Ny(!," (X' X) 1)
! 2

and B2 |
N n! p

e Moreover O andb® are independent

These results may be used to construct conbPdence
Intervals, test hypotheses, etc., In a frequentist setup




OLS

Another way to construct an estimator fory  Is by
ordinary least squares (OLS)

CoLs =argmin ||y ! X! &
| N

= arg mlin | (Yi ! X

=1
It is easy to see thabp s = @ ,the MLE
Thus(X' X) X' Y may be justibed as an estimatc

of 3 even when the Gaussianity assumption may not
be appropriate




ExampleOxygen intake

12 healthy men who did not exercise regularly were
recruited to take part in a study of the effects of two
different exercise regimen on oxygen intake

* 6 were randomly assigned to a 12-week (3at-

terrain running program
* the remaining 6 were assigned a 12-week step

aerobics program

The maximum oxygen update of each subject was
measured (in [/m) while running on an inclined
treadmill, both before and after the 12-week program




ExampleOxygen intake

Of interest is how a subjectOs change in maximal
oxygen intake may depend upon whigimgramthey
were assignhed to

e one explanatory variable

However, other factors, such asje are expected to
affect the change in maximal uptake as well

e two explanatory variables

|.e., we wish to estimate the conditional distribution o
oxygen uptake for a given exercisgogramandage




ExampleData

I aerobic
I running

detalo2!uptake

age

It is easy to OimagineO two straight lines, one for the
aerobic points, and the for the running ones

But the linear model iIs much more Rexible than that




Exampletinear in OcovariatesO

It is easy to use an expanded basi®obvariatesO
constructed from the set of explanatory variables to
get a more [3exible pt

We could takez; = age andk; = age® if we thought
there might be a quadratic relationship between
maximal intake and age

But our plot of the data does not indicate any
guadratic relationships between age and uptake, and
a reasonable model fgp(y|X) could include two
different linear relationships between age and uptake
one for each group




Exampletinear in OcovariatesO

A sensible LM may be constructed as follows

= 1aXj 1+ FoXj o+ 13Xz + 14X 4
= 1 for each subjecti (intercept term)
Xi » = 0 If subject I Is running, 1 if aerobic
Xj 3 = the age of subjecti

Xia= Xji2! Xj3 (interaction term)

Thus, the (12) rows oKX are comprised of 4 columns

Xi! = ( Xi 1, Xi. 2, Xi 3, Xj 4)




ExampleExplaining the terms in the model

Under this model the conditional expectations of
for the two different levels ok; », are

E{Y|x} =11+ 13! age If running
E{YIx} =(!'1+!2)+(!3+1,4)! age If aerobic

The model assumes that the relationship is linear In
age for both exercise groups, with

* the difference In intercepts given by
e and the difference in slopes by




ExampleMLE/OLS inference

’l”

I aerobic
I running

detalo2!uptake

age

Classical tests Coefbcients:

indicate that the Estimate Std. Error t value Pr(>|t|)
-51.2939 12.2522 -4.187 0.00305

CXEICISE Program (45) 13.1071 5.7620 0.832 0.42978
may not be 2.0947 0.5264 3.980 0.00406 *

signibgant (x4)-0.3182  0.6498 -0.490 0.63746




Bayesian LM

We begin with a simple semi-conjugate prior
distribution for! and! ¢ to be used when there is
iInformation available about the parameters

In situations where prior information is unavailable or
difbcult to quantify, an alternative OdefaultO class of
prior distributions Is given

We shall see how the MLEO, 5%)  crops up as factor
In our posterior distributions, with similar sampling
distributions as posteriors in the default prior case




Semi-conjugate prior

The sampling density of the data, as a functioh of |

p(ylX,!," %) = Nn(y: X!,")

l exp * 2—12(y X)) (y" X))

|
1

"ol "2 X oy+ X XY

= exp

The role that! plays in the exponent looks very
similar to that played by ,which is MVN

This suggests that a MVN prior fdr  is conjugate




Semi-conjugate prior
IfI' I Ny('o,! 0),then

Ly, X, "%
p(! |y !) ,, . ) "

: . XX
L exp ' XMoo+ = LD YA

which we recognize as proportional to an MVN with

! N I Var[! ‘y,X, "2]:(! !01+ X X/ "2)! 1
D E{N Y, X " = a (g to Xy P)

e, (Y, X, "1 Np(tn,! n)




Interpretation

We can gain some understanding of the posterior
(conditional) by considering some limiting cases of

n b Var[l |y, X, "= (gt X XA
n D E{ Yy, X, "% =1 h(M gt o+ X y/"?)

If the elements of the prior precision matrix,* are
small, ther3, ! 8 ,the MLE (or OLS estimator)

On the other hand, if the measurement precision IS
very small ( ¢ is very large),thép ! 'y ,the prior
expectation




Conjugate prior variance

As In most normal sampling problems, the semi-
conjugate prior forl ¢ is IG

f121 1G("o/ 2,"0! §/ 2) then

p(o?lyX, B) |

= () T2 exp 1 fuoof +(y1 XB) (y! X D)

which we recognize as an |G density, I.e.,

o+ n #Hlg+(y" X") (y" X")
2 2

{12y, X, "} IG.




Gibbs sampler

Using these full conditionals, we may construct a GS
algorithm as follows: given current values of
{1(8) »2(S)1 new values can be generated by

1. updatind

a) compute! (v, X, ! 23 and ,(y, X, " %)
b) sample ™Y 1 Ny(1,,! 1)

2. updating °

a) computes? = (y! X1 Gy (y1 x1 (5t
b) sample 26+ 1 |1G(["g + N}/ 2,["o! 2 + S/ 2)




Prior difPculty

The Bayesian analysis of the LM requires a specibca
of the prior parameterg! ¢,! o) andl o," §)

There areO(p®) such parameters, so this can be quit
a monumental task for even modegt

Even when prior information exists (as in the oxygen
uptake example) sometimes an analysis must be do
INn the absence of prior information

Fortunately, there are some convenient weakly-
iInformative priors that are easy to use




JeffreysO prior

The (independence) Jeffreys prior for the LM Is
p(! " %) 1 U
e, p(!|")=p(')! 1 andp(! %)! 1/!°

We may interpret the formerasg ! N (0," ;) ,
and the latter ad “ ! 1G(0,0) , from which we may
easlly derive

Ly, X, "2 1 Np(©9,"?(X' X) 1
"2y, X, ! 1 1G(n/ 2,n%?%/ 2)
Check that the posterior is proper fon >p +1




Marginal posterior varianc

The marginal posterior variance Is available in closed
form under the IG (and JeffreysO) prior

2 (LTP) 21n " 2 "
p(! “ly, X) = p( "y, X)p(" ly, X, ! 9)d

(IG) (MVN)

] | 2 "2#
Ho+ n! p #H! 5§+ nb

2 2
Since we can sample from both of these distributions

samples from the joint posteriop(! ," |y, X) may be
obtained by MC

= 16




ZellnerOs g-prior

Another commonly used default prior Is the so-called
Og-priorO, which is a prior fof" 2

The C)g-prior{) stems a slightly different form of
OinvarianceO than the JeffreysO prior

It iInvolves considering a transformed design matrix
X = XH forsomep! P matrixH and the
corresponding posterior distribution of

We seek a prior such that the posterior distributions
of F andH! are the same




ZellnerOs g-prior

Some linear algebra shows that this condition will be
metif! g =0 and! o = k(X' X) ! for any positive
value ofk

A popular specibcation & Is to relate it to the error
variance! ° ,sothat = g!' © for somg> O

Under this Og-priorO the conditional posterior
distribution of! Is still MVN, but with

Ln = Var[lly, X, "2]: gfl"z(x! X)" 1




Marginal posterior varianc

Since the Og-priorO does not deal with“) |, the
posterior conditional for! © is the same as before

Likewise, since the posterior conditional for I1s MV
we may integrate ovel  to obtain an IG marginal
posterior with parameters

N




ExampleOxygen intake

We will use the independent JeffreysO prior for this
example with the MC procedure using the marginal
posterior p(! 4|y, X)

200 400

Frequency

>
(&)
c
)
>
o
5]
S
LL

0O 100 250

—

—

T | | | —
150 0 1100 0 0

15
el 2.5% -80 2.5% -23 betal, 2]
O7.5% -24 O7.5% 49

2.5% 0.9 2.5% -1.8
97.5% 3.3 97.5% 1.2

0

150 300

Frequency

Frequency

—

0




Exampleeffect of aerobics?

The posterior distributions seem to suggest only wea
evidence of a difference between the two groups, as
the 95% Cls fot , antl, both contain zero

However, these parameters themselves do not quite
tell the whole story

According to the model, the average differenceyin
between two people of the same age  but in differe
exercise programs is, + I 4X

Thus, the posterior distribution for the effect of the
aerobics program over the running program Is
obtained via the posterior distribution df> + ! 4X
for eachx




Exampleeffect of aerobics depends on age

b
]

1

:
!

=
J

1

beta[2] + beta[4]*x

26

age

This indicates reasonably strong evidence of a
difference at young ages and less at older ones




Prediction (forecasting)

Suppose that we wish to obtain the posterior
predictive distributiorlY (x' ) at a new locatiox’

There are several ways In which we may go about
sampling from this predictive distribution

The decomposition:
(LTP)

p(y* Iy, X, x ') = p(y [x',1,"Hp(t," “ly, X)dl d"*

(cond. prob.)

says that we may obtain MC samples as

y! (S) I N (X!" | (S)’ll 2(8))




More efbclent MC

An efbcient decomposition in terms of MC error Is

(LTP) (cond. prob

Py Iy, Xox )= pOyt 12y, X, x )p(t 2y, X ) di ?

where /
(LTP) (cond. prob.)

p(y’ ' 2,y, X, x )= p(y' [", 1%, x )p(" ! 2y, X) d

(Normal) (MVN)

This is a OconvolutionO of normals, and so it is also
normal

We can work out the parameters to this normal
predictive distribution by calculating the moments




Predictive mean

Under the JeffreysO prior, the mean of the normal
predictive distribution can be calculated by conditiong
expectations

E{y' |' %, X,y,x "}

= E{E{y'|",!2,x", X, Y }!? X,y}
= E{x" "|1% X,y}

= X '0




Predictive variance

Under the JeffreysO prior, the variance of the normal
predictive distribution can be calculated by conditiong
variances

Varly' |! %, X,y, X" ]

= E{Varly'|",! 2, X,y,x"]|' 3, X, y}
+ Var[E{y' |",! 5, X, ¥, x }! 4, X,y]
= E{! °IX,y} + Var[x" "|! % X,y]
= (14 x" (XX )FIx ) 2




EfPclent predictive MC

So to obtain MC samples from the posterior predictive
distribution under the JeffreysO prior , we may simply
take

y' &1 N(x" 8,071+ x" (X X))

Since we do not need to use tHdS)  this is a more
efbcient MC procedure (lower MC error)




Examplepredictive guantiles

Q
'
G
d
Q
=
N
A,
G
d
&
S

I aerobic
I running

I
30




Analytic calculation

Under the JeffreysO prior, and others via the |G for
is possible to obtain a marginal posterior for in

closed form
(LTP)- (cond. prob.)

p(t 1X,y) = (! "% X y)p(" X, y) d* ©
{MX,y}! Stp(!é, (X' X) %2), n" p)

Likewise for the posterior predictive distribution

ply’ X', X, y) T ply |12 X, X y)p(! 2 IX,y ) di 2

{y' IxX',X,y} ! St(x" 0, E3(1+x" (X" X)*x'),n" p)




