Part 4.

Multi-parameter and
normal models




The normal model

Perhaps the most useful (or utilized) probability mode
for data analysis Is the normal distribution

There are several reasons for this, e.g.,

¥the CLT

¥it is a simple model with separate parameters for
the population mean and variance - two guantities
that are often of primary interest




The normal PDF

A RVY Is said to be normally distributed with mgan
and variancé ¢ if the density &f is given by
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We shall writeY I N (p, ! ©) and call the pair of
parameters! | (u,"” 2)




Normal properties

Some important things to remember about the norme
distribution include

¥the distribution is symmetric aboyt :the mode,
the median and the mean are all equalito

¥about 95% of the population lies within two (more
precisely 1.96) standard deviations of the mean

¥ifX | N (Hy,!y) andY ~ N (py,!?) andX
andY are independent, then

aX + bY ! N (apx + buy,a’ 5+ b1 7)




Joint sampling density

Suppose our sampling model Is
id

(Y1, .., Yal, 123 T N (! 2)
Then the joint sampling density is given by
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Joint sampling density

By expanding the quadratic term In the exponent
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we see thatp(yi, - .., Yn|l, ! ©) depends upon

VARREEED At through{' y?, Vi} , a two-dimensional
sufbcient statistic

Knowing these quantities is equivalent to knowing

1! 1 "
p=— vy, and s®= (vi! 9’

n . n! 1.
1=1 1=1

and sd g, s°} are also a sufpcient statistic



Inference by conditioning

Inference for this two-parameter model can be broke
down Into two one-parameter problems

We begin with the problem of making inference for
when! ¢ is known, and use a conjugate prior ffor

For any (conditional) prior distributiop(p|! %) the
posterior distribution will satisfy

(yi" W* # pul' %)




Conjugate prior

So we see that ifo(M|' ) is to be conjugate, then it
must include quadratic terms likexp{c; (1! ¢,)*}

The simplest such class of probability densities is the
normal family, suggesting tha®fft|! )  is normal anc

(Y1, ¥n} ~ N (! ?)

then p(U|y1, ..., Yn,! °) is also a normal density




Posterior derivation

fu! N (Mo,!E) then

(L" bla)*
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This function has exactly the same form as a normal
density curve witil/a playing the role of the variance
andb/a playing the role of the mean




Normal posterior

Since probabillity distributions are determined by thel
shape, this means th@(H|y1,...,Yn, ' ) isindeed ¢
normal density

e {uY, .o Yns '3 N (i, ") where

b
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So: normal prior + normal sampling model = normal
posterior




Combining Information

The (conditional) posterior parameteﬂal anag,
combine the prior parameterSo angp with the
terms from the data

First consider the posterior Inverse variance, a.k.a.
precision

So theposterior preC|S|o omblnes thesampling
precisionand theprior precision

ke =45+ n%° and 51", asn!"



Combining means

Notice that the posterior mean decomposes as

So It Is a weighted average of the prior mean and the
data mean

The weight on the prior mean ¥/ !5 , the prior
precision




Prior sample size

If the prior mean were based ong prior observation:
from the same (or similar) population a5, ..., Y;,
then we might want to set

which may be interpreted as the variance of thean
of the prior observations

In this case the formula for the posterior mean
reduces to

Finally, Hp !



Prediction

Consider predicting a new observatioh  from the
population after having observed

{Y1=VY1,...,Yn = ¥n}

To Pnd the predictive distribution we may take
advantage of the following fact

(YL !} N(!9) " Y=p++ =1 N(O!?)

In other words, saying that  is normal with mean s
the same as saying th&t is equakio plus some
mean-zero normally distributed noise




Predictive moments

Using this result, letOs brst compute the posterior me
and variance o¥




Moments to distribution

Recall that the sum of iIndependent normal random
variables is normal

Therefore, sincgt an# , conditional gn, ..., yn
and! ¢, are normally distributed, so¥% = p + 4

So the predictive distribution Is
Y Vi, .oy Yn, ! 20 N (i, "2+ 19)
Observe that, as1 — oo
Var[Y |y1,...,Vn,! %]l 14> 0

l.e., certainty iInu does not translate into certainty
aboutY




ExampleMidge wing length

Grogan and Wirth (1981provide data on the wing

length In millimeters of nine members of a species of
midge (small, two-winged [3ies)

From these measurements we wish to make inferenc
about the population mean




Exampleprior information

Studies from other populations suggest that wing
lengths are usually around 1.9mm, so we |gsgt= 1.9

We also know that lengths must be positiyg > 0)

We can approximate this restriction with a normal
prior distribution for u as follows:

Since most of the normal density is within two
standard deviations of the mean we chodge  so th

Uo! 219> 0" 15<1.9/2=0.9¢

For now we take! § = 0.95° which somewhat
overstates our prior uncertainty




Exampledata and posterior

The observations in order of increasing magnitude ar
(1.64,1.70,1.72,1.74,1.82,1.82,1.82, 1.9, 2.08)

Therefore the posterior Is

(elyes -5 yo, ' 230 N (pn, "2

1.11! 1.9+ %! 1.804
1.11 + 2




Examplea choice ofo?

If we take! © = s* = 0.017, then
(uly1,...,¥9,! © =0.017} I N (1.805,0.002)
H

—— posterior

A 95% CI foru 1s (1.72,1.89)



Examplefull accounting of uncertainty

However, these results assume that we are certain th:
| 2 = s? when in facts® is only a rough estimate lof
based upon only nine observations

To get a more accurate representation of our
iInformation (and In particular of our posterior
uncertainty) we need to account for the fact thet |
not known




Joint Bayesian inferenc

Bayesian inference for two or more parameters Is not
conceptually different from the one-parameter case

For any joint prior distributionp(i, ! ©) fop and ?
posterior inference proceeds using BayesO rule:

p(Y1, - Yn s ! 2)p(, ! %)
p(Y1, -+, Yn)
As before, we will begin by developing a simple

conjugate class of prior distributions which will make
posterior calculations easy

p(H, | 2‘y11 JEN 1yﬂ) —




Prior decomposition

Recall from our axioms of probability that a joint
distribution can be expressed as the product of a
conditional probability and a marginal probability:

p(, ! %) = p(u]! 2)p(! %)

We just saw that iff # were known, then a conjugate
prior distribution for i wasN (Mo, ! &)




Prior decomposition

Lets consider the particular case whekg = " %/ #

p(H, ) = p(u\az)p(az)
= N (W; Mo, 7§ = 0°/ ko) ! p(c?)

The parameterglp an#l can be interpreted as the
mean and sample size from a set of prior observatio

For! ¢ we need a family of prior distributions that has
support on(0,! )




Conjugate prior fol! “
One such family of distributions is the gamma family,

we used for the Poisson sampling model

Unfortunately, this family is not conjugate for the
normal variance

However, the gamma family does turn out to be a
conjugate class of densities for the precisign *

When using such a prior we say that  hasiawverse-
gammalistribution

1/1 4 ~ G(a,b)
1 2 ~ 1G(a, b)




Inverse-gamma prior

For interpretabllity, instead of using ahd we will us

oon |||2
12116 2, 20

2 2
Under this parameterization:
"ol 2
‘ol 21 1
"ol 2
Onwi/2+1°

Var[! 4] is decreasing invg

We can interpret the prior parameterg! g, "o) asthe
prior sample variance and the prior sample size

E(1 %} = 13;

mode( ?) = 1§

so model %) < ! § < E{! %}




Posterior Inference

Suppose our prior model and sampling model are

121 1G("o/ 2,"0! §/ 2)

(prior meanHo based
on! g observations)

Just as the prior distribution fax and® can be
decomposed ap(i, ! ) = p(u|! 9)p(! %) ,the




Posterior conditional(s)

We have already derived the posterior conditional
distribution of p giver 4

Plugging in 2/", fot& we have

oV P N (-0, 4", where

("o/! ?)Ho + (/! )P
"ol ! 24+ n/!?

(posterior sample size oHo + NY
and mean) "




Posterior conditional(s)

The posterior distribution of! © can be obtained by
Integrating over the unknown value @f

p(! “ly, - yn) b op(yas -yl “)p(E)

=p('%)  p(y1, - Ynlp, ! D)p(ul! ?) du

This integral can be done without much knowledge o
calculus, but it Is somewhat tedious




Posterior conditional(s)

Check that this leads to

{12y, yn}I IG("n/2,"n! 512), where
"n = O+n

#()n

These formulae suggest that the interpretation gf
a?rlor sample size, from which a prior sample varian
o has been obtained, is reasonable

Similarly, we may think dfp" § alg"? ag@or

andposterior sum of squaresvhich Is the sum of the
prior anddata sum of squares




Posterior conditional(s)

| 2 —
"N~ n

n

However, the third term iIs a bit harder to understand

It says that a large value @f! )¢  increases the
posterior probability of a large

This makes sense for our joint priga(y, ! 2)

If we want to think ofug as the sample mean of
prior observations with variance? |, thehis term

is also an estimate df?




Examplethe midge data

The studies of other populations suggest that the true
mean and standard deviation of our population under
study should not be far from 1.9mm and 0.1mm
respectively, suggesting

Ho=1.9 and !5 =0.01

However, this population may be different from others
In terms of wing length, and so we chookg = "o =1
so that our prior distributions are only weakly
centered around the estimates from other populations




Examplethe midge data

The sample mean and variance of our observed date
y =1.804 and s° = 0.0169

From these values and the prior parameters, we
compute

B l olo + nyg 1.9+9 x 1.804
Hr D - 1+9

=1.814

1 !
"2= T #hug+(n—1)s?+ 0
#n !n

0.010 + 0.135 + 0.008

(9 — Ho)?

= 0.015

10




Examplethe full posterior

Our joint posterior distribution Is completely
determined by these values

U, =1.814 !, =10, "~ =0.015 #, =10

and can be expressed as

fulya, ..., vn, !} ! N(1.814! %/ 10)
{121y .. ya} ! 1G(10/2,10" 0.015 2)




Examplethe full posterior image

=
o
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Observe that the contours are more peaked as a
function ofu for low values of ¢ than high values




Marginal interests

For many data analyses, interest primarily lies in
estimating the population mean ,and so we would
like to calculate quantities like

¥E{Huly1,....¥n}
¥ Var[uly1,...,Yn]

¥P(ML <H2lY1,-..,Yn)

These guantities are all determined by tmarginal
posterior distribution ofu given the data

But all we know so far is that theonditional
distribution of given the data and® is normal, and
that ! 2 given the data is inverse-gamma




Joint sampling

If we could generatenarginasamples ofu , then we
could use the MC method to approximate the margin:

guantities of interest

It turns out that this Is easy to do by generating
samples oft ant® from their joint posterior by MC

120 16", ,.n "212), u® I N (u,! 2D #,)
12@) 1 1G("nl2,12"012), @ 1 N (Hn,! 22/ #,)

125) 1 IG(" /2,1 2"012), uS) T N (un,! 25 #,)




Monte Carlo marginals

The sequence of pairs
((@*® u®), . (@, u®))

simulated with this procedure are independent sampl
from the joint posterior p(W, ! “|y1,...,Yn)

Additionally, the simulated sequengg? , ..., u'®)}
can be seen as independent samples frormlaeginal
posterior distribution p(1|Yy1, ..., Yn)

So these may be used to make MC approximations tc
posterior expectations of (functions of)




Examplgoint & marginal samples

-8 8
o

The u'®) samples
are obtained
conditional on the
samples ofg?'>
leading to joint
samples

09 05 Oy 0t 02 0L O

We may extract
the marginals from
the joint

Aysusp




Examplecredible v. conbdence intervals

1.65 1.70 1.75 1.80 1.85 1.90 1.95

mu

The Bayesian Cl Is very close to the frequentist Cl,
based ont -statistics since

P(IIY1,---,Yn) ! Stigin(Hn, on/ Kn)

If 1 o and: o are small, this will be very close to the
sampling distribution of the MLE




OObijectiveO priors?
How small can ¢ andy ,the Oprior sample sizesO, k

Consider

_ oMot NY

|!n

1 6

— #HHo+(n! 1)s®+ n(y! o) 2
n |




Improper prior

This leads to the following OposteriorO:

"nnl )
(2l IG 2o s 3 9
T

{MYL---,yn,!Z}! N w’?

More formally, if we take the improper prior
p(p,! “) ! 1/1 “ the posterior is proper, and we get
the same posterior conditional fgqn  as above, but

"n—-11 i
{I Z‘yl;---,yn} NIG 2 1§ (yl _w)z




Classical comparison

The marginal posterior fop  may then be obtained a:

p(“‘)’l,l- . ,yn)

(cond. prob)

(LTP) = p(p' ,y11---1yn)p(! 2‘y11"'1yﬂ)d! °

(normal conditional) (IG conditional)

448 Sty 1(1;9,5°/n)

! 2

It IS Interesting to compare this result to the sampling
distribution of thet -statistic, I.e., of the MLE

|
L = it EW# thre $ p=P# Sty 1(1,5°/n)

s/ n




Point estimator

A point estimatorof an unknown parametdr Is a

function that converts your data into a single element
of the parameter spack

In the case of the normal sampling model and

conjugate prior distribution, the posterior mean
estimator of 4 IS

F.jb(y]_! I ,Yn)

+ — 0
!o+n¢ !0+nu

wg+ (1! w)po




Sampling properties

The sampling propertiesf an estimator such g3y

refer to Its behavior under hypothetically repeatable
surveys or experiments

Lets compare the sampling propertiesiaf  to

Be(V1,...,Yn) = &,the sample mean, when the true
population mean Iglyyue

E{@e|M = Htue } = Hirue
E{ b1 = Htrue } = WHiyue +(1 1 W)Ho

So we say thafle i8nbiasedand, unles$io = Hirue
we say thatd, I1iased




Blas
¥ Biasrefers to how close the center of mass of the

sampling distribution of the estimator Is to the true
value

¥ An unbiasedstimator is an estimator with zero bias,
which sounds desirable

¥ However, bias does not tell us how far away an
estimate might be from the true value

For examplep@ = y; Is an unbiased estimator of the
population meamie ,but will generally be farther
away fromuiye thary




Mean squared error

To evaluate how close an estimatér s likely to be tc

the true valuel ;. ,we might use theean squared
error (MSE)

Lettingm = E{Q! ;e } , the MSE is

MSE[p'!true]: E{(!! !true)z‘! = ltrue }
E{(O! m)?|l = lie} + (M1 lye)?

Var[-q! - !true]+BiaSZ[p|! = lrue ]




Mean squared error

This means that, before the data are gathered, the
expected distance from the estimator to the true valut
depends on

¥ how close! e is to the center of the
distribution of € (the biasand

¥ how spread out the distribution is
(the variance)




Comparing estimators

Getting back to our comparison qdy tpe ,the bias
of e IS Zero, but
! 2
Var[fe|u = pue ,! 1= —, Wwhereas
T

12
Var[polp = e ! ] = 0! — < —
n n

and soy has lower variability




Comparing estimators

Which one Is better in terms of MSE?

| 2

MSE[@e|l = Hirue ] = Var[Qle| = Hiue ] = F

MSE[fib|H = Hirue ] = Var[@p|t = Hiue ] + Bias “[fip|H = Hirye ]

| 2

=W’ + (11 W) (Ho! Houn )7

Therefore
MSE[@b|U = Hirue | < MSE[e|H = Hitrue ]




Low MSE Bayesian estimat

So If you know just a little about the population you

are about to sample from, you should be able to Pnd
values oflp and such that the Bayesian estimato
has lower average distance to the truth (MSE) than t

MLE

E.g., If you are pretty sure that your prior gugss IS
within two standard deviations of the true population
mean, then if you pickg =1 you can be pretty sure
that the Bayes estimator has a lower MSE since

(IJO | Mirue )2 < 4 :




ExampletQ scores

Scoring on 1Q tests Is designed to produce a normal
distribution with a mean of 100 and a variance of 225
when applied to the general population

Suppose that we were to sample individuals from a
particular town in the USA and then use it to
estimateu , the town-specibc mean IQ score

For a Bayesian estimation, if we lack much informatio
about the town In question, a natural choice of
would be g = 100




ExamplelQ scores, MSE

Suppose that, unknown to us, the people In this town
are extremely exceptional and the true mean and
variance of 1Q scores In the town are

(Ugue = 112,17 = 169)

The MSEs of the estimatol@. apg  are

MSE[fe|p = 112,! “ = 169] = Var[due|u = 112,! © = 169]
169

N
MSE|[fip|u = 112, ! 2 = 169] = Var[d,|p = 112,! % = 169]
+ Bias “[fp,|u = 112,! % = 169]
» 169

= W - + (1! W)144




relative MSE

ExampleRelative MSE

One way compare MSEs is through their ratio.
Consider MSE[pp|p = 112]/ MSE[fe |1 = 112]
plotted as a function of1 ,foky ! {1, 2, 3}

<
—
)
o
@
o
™
o
©
o
ul
o

sample size

¥whenko ! {1,2},
the Bayes estimate
has lower MSE than
the MLE

¥the Hp = 100 setting
IS only bad forll o ! 3

¥as increases, the
blas of the estimators
shrinks to zero




ExampleSampling densities

Consider the sampling densities when= 10
which highlight the relative contributions of the
bias and variance to the MSE
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mean 1Q




Multinomial model

The binomial distribution can be generalized to allow
more than two possible outcomes

The multinomial sampling distributias used to

describe data for which each observation is onelof
possible outcomes

If vy =(VY1,...,Ys) is the vector of counts of the
number of observations of each outcome, then

B B
p(y|!) ! 17 where i =1
j=1 j=1

and!; Is the probability of outcomg




Conjugate prior

The multinomial distribution iSanicitIy conditions on
the number of observations ;_; yj = n

Check that the conjugate prior Is a multivariate
generalization of the beta distribution

1

) | . |

p(!") !

j=1
which 1s known as th®irichlet distribution and that

{H‘y} | DifiChlEt( a1Y1,...,0 yJ)




Dirichlet prior interpretation

The Dirichlet prior is mathematically equivalent to a
likelihood resulting from ! ; observations with
from the ] M outcome category

As In the beta/binomial model there are several
plausible noninformative parameterizations

¥a uniform density is obtained with, =1 for all ;
this assigns equal prior density to any vector
satisfying ! =1

¥setting! ;| = 0 results in an improper prior
distribution that is uniform inog(!;) ;the resulting
posterior is proper as longag; ! 1 for 3ll




ExamplePre-election polling

Consider a survey conducted by CBS news In late
October 1988 of 1447 adults in the USA to Pnd out
their preferences in the upcoming presidential electio

y1 = 727 supported George H.W. Bush
yo = 583 supported Michael Dukakis

y3 = 137 supported someone else or
expressed no opinion

Suppose we assume that the dé&¥q, Y,, Y3) follow
multinomial distribution with parameters ,!,,!53)

An estimand of Iinterestis; ! !, |, the population
difference In support for the two major candidates




ExamplePrior and posterior

With a non-informative uniform prior distribution oh

!1:!2:!3:1

the posterior distribution IS

(11,12,13) ! Dirichlet(728, 584, 138)

We could compute the posterior distribution of

1.1 15 by integration, but It is simpler to just draw
samples from the posterior and use a MC
approximation




ExamplePrior and posterior

1500

1000

Frequency

500

I
0.10

thetal ! theta2

All of the 10,000 draws hadl; > 1, so we may
conclude that the support for Bush over Dukakis In
the survey was over 99.99%




