Part 2:

One-parameter model




Bernoilli/binomial model

ReturntoYy, ..., Y, i Bin(1,!). The sampling
model/likelihood Is

P(Y1,...,¥Ynll) = | Yi(1! !)n!‘ Vi

When combined with a priop(!) , BayesO rule gives
the posterior

Lo nm v p()
P! Y1, -+ -5 Yn) = P(Y1,s -+ ) Yn)




Posterior odds ratio

If we compare the relative probabilities of any two
| -values,say, ant, ,we see that
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Yn)
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This shows that the probabllity density bt  relative
that at! , depends oty1,-..,¥» only through Yi




Sufpclent statistics

From this it Is possible to show that

P(!! AlY; :Iyl,...,Yn = Yn)

W H
=P 'l A" Y,
1=1 1=1

We interpret this as meaning that yi contains all
the information about available from the data

¥we say that Vi is aufbcient statistifor | and
P(Y1, -+ Ynl!)




The Binomial model

When Yy,...,Yn 1 Bin(1,!) we saw that the
sufpcient statistic ;_, Y; hasBin(n,!) distributio

Having observeflY = y} our task is to obtain the
posterior distribution of! :

Dp(t) oy Y@ HMyp(t)

_ ply
P = ) (1)

= c(y)!Y @t )" Yp(!)

wherec(y) Is a function ofy and ndt




A uniform prior

The parametet Is some unknown number between
Oand 1

Suppose our prior information for Is such that all
subintervals of{0, 1 having the same length also ha
the same probabillity

P(a! ! b= P(a+c! 6! b+ o),
for 0! a<b<b+c! 1

This condition implies a uniform density for
p(!)=1 forall !'! [0,1




Normalizing constant

Using the following result from calculus
1

al o! _ | (a)! (b)
O! lar 1 %ﬂ_!(a+@

where I (n) =(n! 1)! Is evaluated IR
asgammaf(n)

we can bPnd out what(y) is under the uniform prior

-1
p(dly)dy =1

Cdly) = I (n +2)

l(y+1)!'(n! y+1)

0




Beta posterior

So the posterior distribution IS

I (n + 2) N
!(y+1)!(n—y+1)!y(1_!) 4
_ | (n + 2) . .

!(y+1)!(n_y+1)!(y 11 py(ntyeD) Ll
:Beta(y+1,n_y+1)

p(tly) =

To wrap up:

¥a uniform prior, plus
¥a BernoilliBinomial likelihoodsampling model)
¥gives eBeta posterior




ExampleHappiness

Each female of age 65 or over in the 1998 General
Social Survey was asked whether or not the were

generally happy

LetY; = 1 if respondent; reported being generally
happy, andy; =0 otherwise,far=1,...,n =129
iIndividuals

Sincel29! N ,the total size of the female senior
citizen population, our joint beliefs aboMi, .. ., Yiog
are well approximated bythe sampling model)

¥our beliefs about =~ .. Y;/N
¥the model that, conditional oh ,th& Q are
lID Bernollli RVs with expectatioh




ExampleHappiness IID Bernoulli likelihood

This sampling model says that the probability for any
ootential outcome V1, ...,Yn} ,conditional oh , is
given by

129

p(Y1,...,y129\!): | i=1 Yi (1] !)129! |

The survey revealed that

¥118 individuals report being generally happy (91%
¥11 individuals do not (9%)

So the probabillity of these data for a given valué of

p(yl, e ,y129|(9) — (9118(1 ! (9)11




ExampleHappiness Binomial likelihood

We could work with this 1ID Bernoulli likelihood
directly. But for a sense of the bigger picture, weOll
use that we know that

! A
Y = Yi ! Bin(n,!)
=1
In this case, our observed datays= 118

So (now) the probability of these data for a given
value of! Is 199

118

Notice that this i1s within a constant factor of the
previous Bernoillli likelihood

| 118(1 | )11

pCy|!) =




ExampleHappiness Posterior

If we take a uniform prior forl , expressing our
ignorance, then we know the posterior Is

p('ly) =Beta(y+1,n! y+1)

Forn = 129 andy = 1138 , this gives
I{Y =118} | Beta(119, 12

—— posterior
N prior




Uniform 1s Beta

The uniform prior hasp(!) =1 forall ! [0, 1]

This can be thought of as a Beta distribution with
parametersa=1,b=1

o(!) = 1 (2) 1 11 1)

I (1)! (1)
1

— 1" 1 (underthe convention that (1) =1 )

1" 1

1 Beta(l, 1)
Y['! Bin(n,!)

then |[{Y =y} ! Beta(l+y,1+n"

We saw that If




General Beta prior

Supposd | Beta(a,b) and’|! ! Bin(n,!)

p(| ‘y) | !a+y! 1(1 1 !)b+ n! yl 1
# lly $ Beta(a+ y,b+ n" vy)

In other words, the constant of proportionality must be

l(a+ b+ n)
(a+ y)l(b+ nly)

c(n,y,a, b =

How do | know?
¥p(!|y) (and the beta density) must integrate to 1




Posterior proportionality

We will use this trick over and over again!

l.e., If we recognize that the posterior distribution Is
proportional to a known probability density, then it
must be identical to that density

But Careful! The constant of proportionality must be
constant with respect td




Conjugacy

We have shown that a beta prior distribution and a
binomial sampling model lead to a beta posterior
distribution

To rel3ect this, we say that the class of beta priors Is
conjugatefor the binomial sampling model

Formally, we say that a cla8s  of prior distributions
for @ is conjugatefor a sampling moded(y|!) if

p(1) L P p(tly)! P

Conjugate priors make posterior calculations easy, b
might not actually represent our prior information




Posterior summaries

If we are Interested In point-summaries of our
posterior inference, then the (full) distribution gives us
many points to choose from

E.g.,ifl|{Y =y} ! Beta(a+ y,b+ n" y) then
aty

a+ b+ n
a+y!l 1

at+t b+n! 2

E{ Y E{1! My}
at+ b+n+1

ELN Y} =

mode( |y) =

Varl!ly] =

not including quantiles, etc.



Combining Information

The posterior expectationkE{ ! |y} is easily
recognized as a combination of prior and data

Information:

prior . n | - data
expectation a+ b+ n  average

E{lly} =

|.e., for this model and prior distribution, the
posterior mean is a weighted average of the prior
mean and the sample average with weights
proportional to a + b andn respectively




Prior sensitivity

This leads to the Interpretation oéd  antd  as Oprior
dataO:.

a! Oprior number of 10
b! Oprior number of 00
a+ b! Oprior sample sizeO

f n! a+ L, then it seems reasonable that most of
our information should be coming from the data as

opposed to the prior A+ b
Indeed: 0
a+ b+ n

B!y} !




Prediction

An iImportant feature of Bayesian inference Is the
existence of a predictive distribution for new
observations

Revert, for the moment, to our notation for Bernoillli

data. Lety1,...,Yn ,be the outcomes of a sample of
n binary RVs

LetY ! {0, 1} be an additional outcome from the
same population that has yet to be observed

The predictive distributionof Y is the conditional
distribution of ¥ gived Y1 = V1,...,Yn = Vn}




Predictive distribution

For conditionally IID binary variables the predictive
distribution can be derived from the distribution &f
given! and the posterior distribution df

(Y =1|y1,...,Yn) = E{9|Iyl,...,yn}
a+ :\Izl Y
a+ b+ n

(Y =0lys,...,yn) =11 p$Y":1\y1,...,yn)
b+ n! :\|:1 Vi
a+ b+ n




Two points about predictio

1.The predictive distribution does not depend upon a
unknown quantities

¥if it did, we would not be able to use it to
make predictions

2. The predictive distribution depends on our observec

data |
¥i.e.Y is notindependent of,..., Y,

¥this is because observing,...,Y, gives
iInformation about! , which In turn gives
information abouty




ExamplePosterior predictive

2 1 n vy

2+n2+2+nn
but mode(]Y = y)= %

Does this discrepancy between these two posterior
summaries of our information make sense?

P(Y =1]Y =y)= E{!|Y =y} =

Consider the case in which =0 |, for which

mode( |Y =0)=0
but P(Y=1|Y =0)=1 /(2+ n)




Conbdence regions

An interval[l(y), u(y)] , based on the observed data
Y =YV, has 959%Bayesian coverader ! if

P((y) <! <u(y)|Y =y)=0.95

The Interpretation of this interval Is that it describes
your information about the true value of  after you
have observedy = vy

Such intervals are typically calle@dible intervalsto
distinguish them from frequentisbnbdence intervals
which Is an interval that describes a region (based
upong ) wherein the true!l ; lies 95% of the time

Both, confusingly, use the acronym CI



Quantile-based (Bayesian)

Perhaps the easiest way to obtain a credible interval
IS to use the posterior quantiles

To make d00! (1" !) % quantile-based CI, bnd
numbers!, ,, < 14,1 ,- such that

(1) P <lipY =y)="12
2) P >1y1/0Y=y)="/2

The numbers!, ;5,141 1,5, arethe/2 and! ! /2
posterior quantiles off




ExampleBinomial sampling and uniform prior

Suppose out oh = 10 conditionally independent
draws of a binary random variable we obsele 2
ones

Using a uniform prior distribution fot , the posterior
distribution isf|{Y =2} ! Beta(l+2,1+ 8)

A 95% CI can be obtained from the 0.025 and 0.975
guantiles of this beta distribution

These quantiles are 0.06 and 0.52, respectively, and
the posterior probability that! ! [0.06,0.52 Is 95%




Examplea quantile-based CI drawback

Notice that there are! -values outside the quantile-
based CI that have higher probabillity [density] than
some points inside the interval

—— posterior
- = 95% ClI

density
00 05 10 15 20 25 3.0




HPD region

The quantile-based drawback suggests a more
restrictive type of interval may be warranted

A 100! (1" ! )% high posterior density (HPD)
region consists of a subset of the parameter space
such that

LP(I! s(y)[Y =y)=1""

2.1f1 21 s(y),and , ¥ s(y) ,then
p(talY = y) >p(ulY =Y)

All points in an HPD region have a higher posterior
density than points outside the region




Constructing a HPD regiol

However, a HPD region might not be an interval if
the posterior density iIs multimodal

When it Is an interval, the basic idea behind Its
construction i1s as follows:

1. Gradually move a horizontal line down across
the density, including in the HPD region all of the
| -values having a density above the horizontal lin
2. Stop when the posterior probabillity of the
I -values In the region reachdd !




ExampleHPD region

Numerically, we may collect the highest density point
whose cumulative density is greater thah |

95% q!Cl
-+ 50% HPD
- 75% HPD
95% HPD

>
=
n
c
&)
©

00 05 10 15 20 25 3.0

theta

The 95% HPD region [8.04,0.048 Is narrower than
the quantile-based CI, yet both contain 95% probabili




Example:
Estimating the probability of a female birth

The proportion of births that are female has long

been a topic of interest both scientibcally and to the
lay public

E.g., Laplace, perhaps the brst OBayesianO, analyse

Parisian birth data from 1745 with a uniform prior
and a binomial sampling model

241,945 girls, and 251,527 boys




Exampletemale birth posterior

The posterior distribution forl in = 493472
O{Y =241945 | Beta(241945 +1,241527 +1

Now, we can use the posterior CDF to calculate

P(I > 0.5]Y = 241945) =

pbeta(0.5,241945+1, 251527+1,
lower.taill=FALSE)

=1.15! 10 %4




Exampletemale birth with placenta previa

Placenta previsian unusual condition of pregnancy |
which the placenta is implanted very low In the
uterus, obstructing the fetus from a normal vaginal
delivery

An early study concerning the sex of placenta previe
births in Germany found that of a total of 980 births,
437 were female

How much evidence does this provide for the claim
that the proportion of the female births in the
population of placenta previa births Is less than
0.485, the proportion of female births in the general
population?




Exampletemale birth with placenta previa

The posterior distribution Is
I{Y =437} | Beta(437+ 1,543 +1)

The summary statistics are
E{!'{Y =437}} =0.44c

Var[' [{Y = 437}] = 0.01€ (sd)
med(! [{Y = 437}) = 0.44¢

The central 95% CI if.415, 0.47¢
P(! > 0.489Y =437) =0.007




The Poisson model

Some measurements, such as a personf)s number
children or number of friends, have values that are

whole numbers

In these cases the sample spac¥is {0,1,2,...}

Perhaps the simplest probability model ¥n Is the
Poisson model

A RVY has &oisson distributiomwvith mean! |f

P(Y = y|!) = !y% for y! {0,1,2,...}




Mean variance relationshi

Poisson RVs have the property that
E{Y|l} =Var[ Y[|I] =]

People sometimes say that the Poisson family of
distributions has a Omean variance relationshipO
because If one Poisson distribution has a larger mee
than another, it will have a larger variance as well




[ID Sampling model

If we takeYq, ..., Y, i Pois(!) then the joint PDF

| N

Yo =yalt)=  p(yil!)




Posterior odds ratio

Comparing two values df a posteriorwe have

p(!a‘yli""yn) — C(yl,---,yn)e! n!a!@, yzp(la)

P(tbly1, - -2 ¥n) oy, ... ,Iyn)e"! ;“b! 7 p('p)

e! n!a| ' | yfz:I p(|a)
e o - p(! b)

As in the case of the 11D Bernoulli model, ;—; Y;
IS asufbcient statistic

Furthermore :_, Y; ! Pois(n!)




Conjugate prior

Recall that a class of priorsasnjugatefor a
sampling model If the posterior Is also In that class

For the Poisson model, our posterior distribution for
I has the following form

P Y1, .- Ym) ! pgyl,..-,yn\!)p(!)
1 Yigt (1)

This means that whatever our conjugate class of
densities is, it will have to include terms lik& g €2
for numbersc; and:




Conjugate gamma prior

The simplest class of probability distributions
matching this description is tlpgamma family

n(!) = T e g ,a,b>0

| (a)

Some properties include

E{1) = % Var[!] = %

(a! Db ifa>1

mode( ) = 0 ifa" 1

We shall denote this family as(a, b)



Posterior distribution

Suppose€yy, ... Y, | i Pois(!) and ~ G(a, b)
Then

p(l ‘y].”yn) |

This Is evidently a gamma distribution, and we have
conbrmed the conjugacy of the gamma family for the
Poisson sampling model

11 G(a, b
Y1,...,Yq ! Pois(!)

| a+ Y/ —1e—(b+ n)!

lln

(1Y4,...,Ys}! G a+  Yi,b+n
1=1




Combining information

Estimation and prediction proceed in a manner simila
to that in the binomial model

The posterior expectation of Is a convex combinatio
of the prior expectation and the sample average

b a,  n Vi
SV Y S Y b nznl

¥ is the number of prior observations
¥a is the sum of the counts fromh  prior observations

For largen , the information in the data dominates

N1 ob" E{llya .y} # 9 Varlllyaoyal # 2




Posterior predictive

Predictions about additional data can be obtained wit
the posterior predictive distribution

Yn)

(b+ n)a+ Yi / + yi+y" 1e (by )! d
- I(y+1) F(a+ >_Yi)

- (b+ n)a+ Vi b+ n at Y 1 ¢
T I(y+1)I(a+ L yi) <b+n+1> <b+n+1>

for ! {0,1,2,...,}




Posterior predictive

This Is anegative binomial distributionith
parametersa+ Y;,b+ n) for which

at+ Y

b+ n
YL, Ynd

a+ Vi b+ n+1

b+ n b+ n
Var[ 'ly1,...,¥n]! (b+ n+1)
b+ n+1

b+ n

{Y Y1, ..., Yn}

Var[Y|y1,...,VYn]

{"{I ‘ylv"’yn}




Examplebirth rates and education

Over the course of the 1990s the General Soceital
Survey gathered data on the educational attainment
and number of children of 155 women who were 40
years of age at the time of their participation in the
survey

These women were In their 20s In the 1970s, a
period of historically low fertility rates in the United
States

In this example we will compare the women with
college degrees to those without In terms of their
numbers of children




Examplesampling model(s)

Let Y11,...,Yn, 1 denote the numbers of children
for the n1 women without college degrees and

Y12,..., Yn, 2 be the data for theri, women with
degrees

For this example, we will use the following sampling
models

Y]_,]_, e 1Yn1,1 i!d PC)IS(I 1)
Y1,2, e ,Yn2,2 i!d F)OIS(I 2)

The (sufbcient) data are
no bachelors:ny = 111, 2, yi1 =217, y; = 1.95

bachelors:n, =44, .2 vy, =66, g =1.5C



Exampleprior(s) and posterior(s)

In the case were
{01, 02}

we have the following posterior distributions:

g[{n; =111, Y1 =217} ! G(2+217,1+111)
L{ny =44, Yi,=66}! G(2+66,1+44)

i!'d

G(a=1,b=2)

Posterior means, modes and 95% quantile-based CI
forI1and!, can be obtained from their gamma
posterior distributions




Exampleprior(s) and posterior(s)

— prior
= = post none
-+ post bach

density
| | |

<
™
L0
Q\|
Q
Q\|
L0
h
Q
h
L0
o
Q
o

The posterior(s) provide substantial evidence that
.> 12 E.g,

P('1>12] Y,1=217, Y;2=66)=0.97




Exampleposterior predictive(s)

Consider a randomly sampled individual from each
population. To what extent do we expect the
uneducated one to have more children than the other

B none
O bach

l

l

P(Y.> Y2l VYi1=217, Y,,=66)=0 .48
P(Y1= Y] Y, 1=217, Y,2,=66)=0.22

h l:] e
4 5 6 7
hild

The distinction betweefi! ; > !,}  anflt: > Y5}
IS Important. strong evidence of a difference betwee
two populations does not mean the distance Is large

probability

l

l

o
™
o
To)
N
o
o
N
o
7o)
F!_
o
o
F!
o
7o)
Q
o
o
Q
o

2 3 8 9 10




Non-informative priors

¥ Priors can be difbcult to construct

¥There has long been a desire for prior distributions
that can be guaranteed to play a minimal role In the
posterior distribution

¥ Such distributions are sometimes called O[efgrenc
priorsO, and described as OvagueO, O3atO, Odiffu
non-informative

¥ The rationale for using non-informative priors is
often said to be to Olet the data speak for
themselvesO, so that inferences are unaffected by
iInformation external to the current data




JeffreysO invariance princ

One approach that iIs sometimes used to dePne a no
iInformative prior distribution was introduced by
Jeffreys (1946based on considering one-to-one
transformations of the parameter

JeffreyOs general principle is that any rule for
determining the prior density should yield an equivale
posterior If applied to the transformed parameter

Naturally, one must take the sampling model into
account in order to study this invariance




The JeffreysO prior

JeffreysO principle leads to debning the non-informa

prior asp(!) ! [i(1)]Y 2, wherei(!) is the Fisher
Information for!

Recall that

d o™ 7 d2 (674
(1)=& —logplyl!)  =!E —logp(yl)

A prior so-constructed is called théeffreysO prifor
the sampling modeb(y|! )




i Example:
JeffreysO prior for the binomial sampling moc

Consider the binomial distributioly ! Bin(n, 6)
which has log-likelihood

logp(y|!) = c+ ylog! +(n! y)log(1! 1)

Therefore
d? N

(=18 Gzloarlh) = vy

So the JeffreysO prior density is then
p(|)| !!1/2(1u |)' 1/ 2

which Is the same ak !




Examplenon-informative?

This! | Beta(3, 2) JeffreysO prior is non-informative
IN some sense, but not In all senses

The posterior expectation would ghve+ b= 1
sample(s) worth of weight to the prior meajt+ =

This JeffreysO prior Oless informativeO than the unifc

prior which gives a weight of 2 samples to the prior
mean (also 1)

In this sense, the Oleast informativeO prior is
I 1 Beta(0, O)
But Is this a valid prior distribution?




Propriety of priors

We call a prior densityp(! ) proper if it does not
depend on data and Is integrable, I.e.,

/!p(!)d! < |

Proper priors lead to valid joint probability models
p(6,y)and proper posteriors (; p(!|y)d! < o )

Improper priors do not provide valid joint probability
models, but they can lead to proper posterior by
proceeding with the OBayesian algebraO

pCtly) b p(ylt)p(t)




Examplecontinued
The! I Beta(0, 0) prior is improper since

-1
@ 1y tdr =

0

However, theBeta(0 + y,0+ n! y) posterior that
results is proper as long ag &= 0, n

A !l Beta(",") prior,for 0< !'! 1is always
proper, and (in the limit) non-informative

In practice, the difference between these alternatives
(Beta(0, 0), Beta(z, 7), Beta(1, 1)) is small; all three
allow the data (likelihood) to dominate in the posterio




i Example:
JeffreysO prior for the Poisson sampling mod

Consider the Poisson distributioxf ! Pois(!) which
has log-likelihood

logp(y|!)= c+ ylog! ! |
Therefore

o - d? 1
()="1E —=logplylt) =+

So the JeffreysO prior OdensityO is then
p(| ) | 1 1/ 2




Exampletmproper JeffreysO prior

Since , 6 Y2d9 =" this prior is improper

However, we can interpret is as@(%,0) ,i.e., within
the conjugate gamma family, to see that the posterior

IS
(] | n

— 4+ . O_|_
2 | y'? n
1=1

This Is proper as long as we have observed one data
point,i.e.n! 1  since

‘e dl < | forall " >0 #" 1




Examplenon-informative?

Again, thisG(3,0) JeffreysO prior is non-informative
some sense, but not in all senses

The (improper) priorp(!) ! ! =%, orl I G(0,0),is in
some sense equivalent since it gives the same weigh
(b= 0) to the prior mean (although different)

It can be shown that, in the limit as the prior
parameterda, b — (0,0) the posterior expectation

approaches the MLE

¥ p(1)! ! lis atypical default for this reason

As before, the practical difference between these
choices Is small




Notes of caution

The search for non-informative priors has several
problems, including

¥it can be misguided: if the likelihood (data) is truly
dominant, the the choice among relatively (3at prior

cannot matter

¥for many problems there is no clear choice

¥difbculties arise when averaging over competing
models(LindleyOs paradox)

Bottom line:lf so few data are available that the choice
of non-informative prior matters, then one should put
relevant information into the prior




ExampleHeart transplant mortality rate

For a particular hospital, we observe

¥11 : the number of transplant surgeries
¥y :the number of deaths within 30 days of surger

In addition, one can predict the probability of death fo
each patient based upon a model that uses informatic
such as the patientsO medical condition before the
surgery, gender, and race. From this, one can obtain

¥ ¢ : the expected number of deaths (exposure)

A standard model assumes that the number of deaths
follows a Poisson distribution with meah |, and the
objective Is to estimate the mortality rate per unit
exposurel




Exampleproblems with the MLE

The standard estimate df is the MIPE= y/e
Unfortunately, this estimate can be poor when the
number of deathsy Is close to zero

In this situation, when small death counts are possible
It IS desirable to use a Bayesian estimate that uses p
knowledge about the size of the mortality rate




Exampleprior information

A convenient source of prior information Is heart
transplant data from a small group of hospitals that w
believe has the same rate of mortality as the rate fro
the hospital of interest

Suppose we observe

¥z; - the number of deaths
¥o; : the exposure

for ten hospitalg] = 1,...,10)

where Z; i Pois(o; ! )

If we assigh the non-informative pripf! ) ! !+

then the posterior is

10 N
G( i=1 Zi, i=1 Oi) (check this)



Examplethe prior from data

Suppose that, in this example, we have the prior Odat

T

#0 #
zi =16, 0 =15174%
j =1 j =1

So for our prior (to analyse the data for our hospital)
we shallusé ! G(16,15174

Now, we consider inference about the heart transplan
death rate for two hospitals

A. small exposurde, = 66) any; =1 death
B.larger exposurge, = 1767) angp =4 deaths




Exampleposterior
The posterior distributions are as follows

A. !alYa,ea ~G(16+1,15174 + 66
B. 'vlVo, €8~ G(16+4,15174+1767

—— prior
= postlA
©+  post!B

I I I I
0.0005 0.0010 0.0015 0.0020

lambda

P()\a < )\b‘y'dh ea, yb1 eb) — O 57




