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Introduction

In this course we will develop the tools needed to handle continuous-time Markov processes
in RY. We will restrict our attention to continuous processes, although the theory we develop
is also well-suited for dealing with processes that exhibit jumps. The most basic example of
such a process is Brownian motion (Wy,t > 0) with constant diffusivity a. That is, for all
t >0, Wy ~ N(0,at). In fact, by the Lévy-Khinchin Theorem (see Advanced Probability,
Chapter 8)

(Xt)tZO defined by Xt = Wt + bt

is the most general spatially homogeneous Markov process (meaning, a Markov process whose
transition probabilities are a shift of the transition probabilities starting from the origin).

Subject to reasonable regularity conditions, the most general inhomogeneous continuous-
time Markov process can be characterized by the diffusivity a(x) and the drift b(x). The
interpretation of these coefficients is that the process follows the solution of an ordinary
differential equation in R?, & = b(z), which is perturbed by a Brownian noise with intensity
a(z) when the process is in z. Martingales play an important role in the description of the time
evolution of such processes, which is demonstrated in the following non-rigorous calculation.
Suppose that d = 1 and (X¢)¢>0 is characterized by a(x) and b(z). Conditional on Xy = x4
for all s <t

Xt+dt =2+ b(l‘t) dt + Gta
where Gy ~ N (0,a(z;) dt). Take f € CZ(R) (bounded and two times continuously differen-
tiable). Then by Taylor expansion

E(f(Xrpar) — F(X0) | Xy = 20 s < 1) = E( () (ba) dt + Gy + %f”(xt) c?)).

Up to order dt this includes the second derivative f”, since Gy ~ v/a(x¢) dt N(0,1) = O(V/dt).
This fact will be revisited later in a rigorous way as one of the main results of stochastic
calculus (It6’s formula). Calculating the expectations we get

E(f(Xt—i-dt) — f(Xt) ‘ Xs = Tg, S S t) = Lf(l‘t) dt y

where

L f(x) = sa(x) () +b(a) J'(2),

which is also called the generator of the process (X¢)¢>0. It describes the infinitesimal expected
time evolution of the process in the following sense. Consider

M = F(X,) = F(Xo) - /0 LF(X.)ds .

We have calculated that E(Mg:_dt — Mtf ‘ Xs =5, 5 < t) =0 for all £, and so the process
(Mtf )t>0 is a martingale for all f. This property will often serve to characterize (Xi)i>o.
Organization of the course. The course contains three main parts of unequal size. In the

first part we introduce and study basic properties of Brownian motion, such as continuity and
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Markov properties. This serves as a guide throughout the study of more complex processes
later in the course. In the second part, which is the largest, we define the stochastic integral
with resect to semimartingales and use this construction to prove It6’s formula. This allows
us to study in far more details the properties of Brownian motion: transience, recurrence,
applications to harmonic analysis, and Girsanov’s theorem. These deep results are an ap-
plication of the martingale point of view on Brownian motion, as opposed to the results in
the first part of the course, which are essentially based on the Markov property. Finally, in
the third part of this course, we develop the theory of stochastic differential equations and
diffusions. We use this theory to show that many simple stochastic discrete models can be
effectively studied by taking a diffusion approximation.

Stochastic calculus has very important application in sciences (biology or physics) as well
as mathematical finance. For example, we will develop all the necessary tools to rigorously
prove results like the Black-Scholes formula. But it is also a very beautiful part of modern
probability and has let to a considerable enrichment of the subject itself.



1 BROWNIAN MOTION: DEFINITION AND FIRST PROPERTIES )

1 Brownian Motion: definition and first properties

1.1 Introduction.

This chapter is devoted to the construction and some properties of one of probability theory’s
most fundamental objects. Brownian motion earned its name after R. Brown, who observed
around 1827 that tiny particles of pollen in water have an extremely erratic motion. It was
observed by Physicists that this was due to an important number of random shocks undertaken
by the particles from the (much smaller) water molecules in motion in the liquid. A. Einstein
established in 1905 the first mathematical basis for Brownian motion, by showing that it must
be an isotropic Gaussian process. The first rigorous mathematical construction of Brownian
motion is due to N. Wiener in 1923, using Fourier theory.

In order to motivate the introduction of this object, we first begin by a ”microscopical”
depiction of Brownian motion. Suppose (X,,,n > 0) is a sequence of R? valued random vari-
ables with mean 0 and covariance matrix o2I;, which is the identity matrix in d dimensions,
for some 02 > 0. Namely, if X; = (X{,..., X{),

E[Xi] =0, E[XiX]]=0%;, 1<i, j<d.

We interpret X, as the spatial displacement resulting from the shocks due to water molecules
during the n-th time interval, and the fact that the covariance matrix is scalar stands for an
isotropy assumption (no direction of space is privileged).
From this, we let S, = X7 + --- + X,, and we embed this discrete-time process into
continuous time by letting
Bt(n) = n_l/QS[m], t>0.

Let | - | be the Euclidean norm on R? and for ¢t > 0 and X,y € R?, define

_ 1 |z
pt($)—WeXP o )

which is the density of the Gaussian distribution AN (0, t1;) with mean 0 and covariance matrix
tI4. By convention, the Gaussian law N (m,0) is the Dirac mass at m.

Proposition 1.1 Let 0 =t >ty < --- < t,. Then the finite marginal distributions of B
with respect to times t1,...,t, converge weakly as n — oco. More precisely, if F' is a bounded
continuous function, and letting g = 0, ty = 0,

E F(Bt(?)avBlg:))] - /(Rd)k F($17"'7$k) H pJQ(tiftifl)(l'i_:Eifl)dl'i-

n—00
1<i<k

b ,...,Bt(:)) converges in distribution to (G1,Ga, ..., Gi), which is a ran-
dom vector whose law is characterized by the fact that (G1,Ga—Gh, ..., Gx—Gg—_1) are indepen-
dent centered Gaussian random variables with respective covariance matrices az(ti —ti—1)1g.

Otherwise said, (B(n)

Proof. With the notations of the theorem, we first check that (Bgl), Bg) - Bt(:l), .

te—1

LB~
) is a sequence of independent random variables. Indeed, one has for 1 <i <k

[nti]
n n 1
Jj=[nt;_q+1

3
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and the independence follows by the fact that (X;,j > 0) is an i.i.d. family. Even better, we
have the identity in distribution for the ¢-th increment

d [nti] — [nti—1] 1 [nti]—[nti—1]

) tic1 Xj
o~ B Vi [nti] — [ti—1] Z

and the central limit theorem shows that this converges in distribution to a Gaussian law
N(0,0%(t; — t;_1)I7). Summing up our study, and introducing characteristic functions, we
have shown that for every £ = (§;,1 < j < k),

k k
E [exp 1Y &(BM ~ B ) = J[ew (z'gj(Bt(j) . ij}l))
j=1 j=1
k
=2 1] e (&G - Gj-)
j=1

k
= E |exp inz'(Gj—Gj—l) )

Jj=1

where G, ..., G} is distributed as in the statement of the proposition. By Lévy’s convergence
theorem we deduce that increments of B(™ between times ¢; converge to increments of the
sequence G, which is easily equivalent to the statement.

This suggests that B(™ should converge to a process B whose increments are independent
and Gaussian with covariances dictated by the above formula. This will be set in a rigorous
way later in the course, with Donsker’s invariance theorem.

1.2 Wiener’s theorem

We now start to define and study Brownian motion.

Definition 1.1 An R%valued stochastic process (B;,t > 0) is called a standard Brownian
motion if it is a continuous process, that satisfies the following conditions:

(i) By =0 a.s.,

(i) for every 0 = to < t; < tg < --- < ty, the increments (By, — By, By, — Bty, ..., B, —
By, ) are independent, and

(iii) for every t,s > 0, the law of By1s — By is Gaussian with mean 0 and covariance sId.

The term “standard” refers to the fact that B; is normalized to have variance I;, and the
choice By = 0.

The characteristic properties (i), (ii), (iii) exactly amount to say that the finite-dimensional
marginals of a Brownian motion are given by the formula of Proposition 1.1. Therefore the
law of the Brownian motion is uniquely determined. We now show Wiener’s theorem that
Brownian motion exists!

Theorem 1.2 (Wiener) There exists a Brownian motion on some probability space.
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We will first prove the theorem in dimension d = 1 and construct a process (B;,0 <t < 1)
satisfying the properties of a Brownian motion. This proof is essentially due to P. Levy in
1948. Before we start, we will need the following lemma, which is left as an exercise.

Lemma 1.3 Let N be a standard Gaussian random variable. Then

1 _ -3 -1

z
< ——e
V2T T2

Let Dy = {0,1},D,, = {k27",0 < k < 2"} for n > 1, and D = U,>0D,, be the set of
dyadic rational numbers in [0, 1]. On some probability space (2, F, P), let (Z4,d € D) be a
collection of i.i.d. random variables all having a Gaussian distribution N (0, 1) with mean 0 and

variance 1. It is a well-known and important fact that if the random variables X1, Xo,...” are

linear combinations of independent centered Gaussian random variables, then X7, Xo,...” are
independent if and only if they are pairwise uncorrelated, namely Cov(X;, X;) = E[X;X;] =0
for every i # j.

We set Xo = 0 and X1 = Z;. Inductively, given (Xg_l, d € Dy_1, we build (X}, d € Dy,)
in such a way that (X}, d € D,) satisfies (i), (ii), (iii) in the definition of the Brownian
motion (where the instants under consideration are taken in D,,).

To this end, take d € D,, \ Dy,—1, and let d- =d — 27" and dy = d + 27" so that d_,d

are consecutive dyadic numbers in D,,_1. Then define:

e 2 < PN > 2) —*/2, (1.1)

n—1 n—1
X — Xy o+ Xd+ N Z,
d 9 9(n+1)/2°

and put X} = Xg:l and Xq, = Xg;l. Note that with these definitions,

X7 — X" =Ny+ N,
Xy — X} =Ng— N}

where
Na:= (Xp ' = X371)/2, Nj=Zy/200/?

are by the induction hypothesis two independent centered Gaussian random variables with
variance 27”1, From this, one deduces

Cov(Ny + N}, Ny — N}) = Var(Ny) — Var(N}) =0,

so that the increments X7 — X and Xg+ — X are independent with variance 27", as
should be. Moreover, these increments are independent of the increments X, yo-n-1 — X
for d € Dy,—1,d # d_ and of Zy,d" € D,\D,—1,d # D so they are independent of the
increments Xy o-n — Xgv for d” € D,,,d" ¢ {d_,d}. This allows the induction argument to
proceed one step further.

We have thus defined a process (X, d € D,) which satisfies properties (i), (ii) and (iii)
for all dydadic times t1,ts,...,t; € D,. Observe that if D € D,,, X' = X} for all m > n.
Hence for all d € D,

B; = lim X[

m—o0

is well-defined and the process (Bg,d € D) obviously satisfies (i), (ii) and (iii). To extend
this to a process defined on the entire interval [0, 1], we proceed as follows. Define, for each
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n > 0, a process X,,(t),0 <t <1 to be the linear interpolation of the values (By,d € D,,) the
dyadic times at level n. Note that if d € D, say d € D,,, with m > 0, then for any n > m,
Xn(d) = X (d) = By. Furthermore, define an event A,, by

A, = { sup | X, (t) — Xp—1(t)| > 2_”/4} :
0<t<1
We then have, by Lemma 1.1, if N is a standard gaussian random variable:

277,71

P(4,) = P sup | X () = Xpoa(t)] > 2774
j=o t€l(2)277,(2j+2)27"]

on— 1
Z n
S (G )

2n1

S P(IV] > 20t
k=0
< 7T—1/223n/4 eXp(_QTL/Q)

IN

IN

We conclude that -
Z P(A4,) < o
n=>0

and by Borel-Cantelli, the events A,, occur only finitely often. We deduce immediately that
the sequence of functions X, is almost surely Cauchy in C'(0, 1) equipped with the topology of
uniform convergence, and hence X,, converges toward a continuous limit function ()A(; (t),0 <
t < 1) uniformly, almost surely. Since X, (¢) is constantly equal to X; for ¢ € D and for n
large enough, it must be that X; = X (t) for all t € D. Thus X is a continuous extension
of X, and we still denote this extension by X. We now deduce properties (i), (ii) and (iii)
for X by continuity and the fact that X, satisfies these properties. Indeed, let £ > 1 and
let 0 < t; < tg--- <ty < 1. Fix aj,a9,...,a; > 0. For every 1 > i > k, fix a sequence
(dgn))fo such that lim, dgn) = t;, and assume (since D is dense in [0,1]) that d™ € D and

tiig < dz(n) < t;. Then by Lebesgue’s dominated convergence theorem:

Elexp {ialth +iog( Xy, — X)) + .. Fiog( Xy, — thq)}]

= lim Elexp {iale(n) + iag(Xd<n) — Xd(n)) + ...+ iak(Xd(m — Xd(n) )}]
1 2 1 k k—1

n—oo
. af ) O An) _ )
= nh_)ngoexp{—;dl —...—?k(dk _dk—l)}
2 2
_ My Yy
= exp{ 2t1 2(tk tk_l)}.

It is now easy to construct a Brownian motion indexed by R;. Simply take independent
standard Brownian motions (B,f, 0<t<1),i>0as we just constructed, and let

[t]-1

B=Y Bi+BY,, t>0
1=0
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It is easy to check that this has the wanted properties. Finally, it is straightforward to build
a Brownian motion in Ry, by taking d independent copies B!, ..., B® of B and checking that
(B}, ...,,B®),t >0) is a Brownian motion in R%.

Remark. The extension of (Bg,d € D) could have been obtained by appealing to the
existence of a continuous modification, whose existence is provided by Kolmogorov’s criterion
below.

1.3 Continuity and Hoélder continuity of Brownian paths

In the last section we gave a construction of Brownian motion which directly yields a random
process satisfying the three properties defining a a Brownian motion, and which was at the
same time continuous. In fact, and that is the reason why continuity is part of Definition
1.1, the next theorem will imply that any process satisfying (i), (ii) and (iii) can be slightly
modified so that its trajectories are a.s continuous. The result is in fact much more general
than that. As a consequence, we establish stronger regularity properties for Brownian motion
than mere continuity: we prove that the path is almost surely Holder with exponent 1/2 — ¢
for all € > 0. To start with, we need to introduce the concept of version (modification) and
indistinguishable versions.

Definition 1.2 If X and X’ are two processes defined on some common probability space
(Q, F, P), we say that X' is a version of X if for every ¢, P(X;(w)) = X[(w)) = 1.

In particular, two versions X and X’ of the same process share the same finite-dimensional
distribution, however, this does not say that there exists an w so that X;(w) = X/(w) for
every t. This becomes true if both X and X’ are a priori known to be continuous or cadlag,
for instance. When the two trajectories coincide almost surely for all ¢ > 0, we say that X
and X' are indistinguishable:

Definition 1.3 If X and X’ are two processes defined on some common probability space
(Q, F,P), we say that X’ is an indistinguishable version of X P(X;(w) = Xj(w) for all t) = 1.

Note that, up to indistinguishability, there exists at most one continuous modification of
a given process (X, t > 0). Kolmogorov’s criterion is a fundamental result which guarantees
the existence of a continuous version (but not necessarily indistinguishable version) based
solely on an LP control of the two-dimensional distributions. We will apply to Brownian
motion below, but it is useful in many other contexts.

Theorem 1.4 (Kolmogorov’s continuity criterion) Let (X;,0 <t < 1) be a stochastic
process with real values. Suppose there exist p > 0,¢ > 0, € > 0 so that for every s,t > 0,

E[|X; — X,|P] < |t — s|MT=.

Then, there exists a modification X of X which is a.s. continuous, and even a-Holder con-
tinuous for any o € (0,¢/p).

Proof. Let D,, = {k-27",0 < k < 2"} denote the dyadic numbers of [0, 1] with level n, so D,
increases as n increases. Then letting « € (0,e/p), Markov’s inequality gives for 0 < k < 2",

P(Xpan = Xpyayrn| > 27 < B[ Xppon — X g1y [7)e2P02711 < cang=(epain,
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Summing over D,, we obtain
Pl osup [Xpgon = Xppaypn| >27" | < 2~ ME—pa)
0<k<2m

which is summable. Therefore, the Borel-Cantelli lemma shows that for a.a. w, there exits
N, so that if n > N, the supremum under consideration is < 27", Otherwise said, a.s.,

[ Xp2—n — Xpg1)2-7|

2—”0{

sup  sup < M(w) < 00, a.s.

n>0ke{0,...2n—1}

We claim that this implies that for every s,t € D = Up>0Dp, | Xs — X¢| < M'(w)|t — s|%, for
some M'(w) < 0o a.s.

Indeed, if s,t € D, s < t, and let  is the least integer such that t —s > 277", Then there
exists 0 < k < 2" and integers [, m > 0 such that

s=k2" —g 27— g2

and
t=k2" g2 " F 2T gl 2T

with ¢;,¢, € {0,1}. For 0 <1i <1, let
s; = k27" — €12_T_1 — e = €i2—r—i'

By the triangular inequality

l m
[ Xi — Xs| = [ Xe,, — XSz| < Xt — Xool + Z ’Xti - Xti—l‘ + Z |X8j - XSj—1|
i=1 j=1
l . m .
< M@2+ Y M(w)2m e 4y " am ey ()
i=1 j=1
< M@W)27(142(1 —2797h
< M(w)ft—s*

where M'(w) = M (w)2%(14+2(1—27%)~1). Therefore, the process (X;,t € D) is a.s. uniformly
continuous (and even a-Holder continuous). Since D is an everywhere dense set in [0, 1],
the latter process a.s. admits a unique continuous extension X on [0, 1], which is also a-
Hélder continuous (it is consistently defined by X; = lim,, X;,, where (t,,n > 0)is any D-
valued sequence converging to t). On the exceptional set where (X4, d € D) is not uniformly
continuous, we let X, = 0,0 <t <1, s0 X is continuous. It remains to show that X is a
version of X. To this end, we estimate by Fatou’s lemma

E[|X; — )?t\l’] < liminf E[| X; — Xy, 7],
n

where (tn,n > 0) is any D-valued sequence converging to t. But since E[|X; — X |P] <
c|t — t,|' T4, this converges to 0 as n — oo. Therefore, X; = )NQ a.s. for every t.

From now on we will consider exclusively a continuous modification of Brownian motion,
which is unique up to indistinguishability. As a corollary to Kolmogorov’s criterion, we obtain
the aforementioned result on the Holder properties of Brownian motion:
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Corollary 1.5 Let (By,t > 0) be a standard Brownian motion in dimension 1. Almost surely,
B is Hélder-continuous of order a for any 0 < o < 1/2. More precisely, with probability 1,

for
B;— B
sup 1B: = Byl < oo. (1.2)
n<t,s<n-+1 |t - 3|a

Proof. Let s <t € D, and notice that for every p > 0, since B; — Bs has the same law
as \/(t — s)N, (where N is a standard Gaussian random variable), we have E(|B; — Bs[P) <
M|t — s|**¢ with e = p/2 — 1 and M = E(|N|P) < oo . For p > 2, ¢ > 0 and thus X is Hélder
of order o for @ < ¢/p = 1/2 — 1/p. Since p > 2 is arbitrary, then B is a-Holder for any
a < 1/2, almost surely.

Notice that the above corollary does not say anything about higher-order Holder conti-
nuity: all we know is that the path is a.s. Holder of order a < 1/2. The next result tells us
that this is, in some sense, sharp.

Theorem 1.6 Let B be a continuous modification of Brownian motion. Let v > 1/2. Then
it holds:

Biyp — B
P(Vtz O:IimsupM :+oo) =1
h—0Tt hY

Proof. We first observe that

B,.,—B
{Elt >0: limsupM < oo}
h—0t b

Ht € [0,m] : | Byon — Bi| < ph?,Vh € (0,1/k)}.

gfjfj

Therefore, it suffices to show that

HC8

P(3t € [0,m] : | By — By| < ph?,Vh € (0,6)) =

forallp>1,m>1,0 >0. Forn>1,1<i<mn— 1, define:

o
Ain={3s € [;LZ:; ] \Basn — Byl < ph?,¥h € (0,6)}.

It suffices to show:

mn—1

lim Y P(Ain) =0 (1.3)
i=0

Fix a large constant K > 0 to be chosen suitably later. We wish to exploit the fact that

on the event A;,, many increments must be small. The trick is to be able to fix in advance

the times at which these increments will be too small. More precisely, on A4;,, as long as

n>(K+1)/0,forall1 <j<K:

i+ K+1
n n

<4
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where s is as in the definition of A;,. Thus, taking h = (i 4+ j)/n — s, on A; :

i+j K K+1Y\7
§p<n‘7—8)> §p< - )

If 2 < j < K, by the triangular inequality:
K+1\"
<2p < - >
n

Therefore, there exists C' > 0 such that for all n > (K +1)/¢

bﬂ—&

‘BiJrj — Bitj1
n

n

K
K+1\"
P(Ain) <P Bitj — Bitj §2p< >
K
< IIPQanﬁm<2 (K+1)>
< [p(wonism () 1/2)}
KE+1\7 4 ,1%"
= Pp< n > g } _7ﬂ%4ﬂXK7D

It follows that for all n > (K + 1)/ :

mn—1 Ccm
D Bldin) < oy

Thus if K is large enough that (y — 1/2)(K — 1) > 1, the right-hand side tends to 0 for
all n > ng := [(K 4+ 1/6] + 1. This proves (1.3), and, as a consequence, Theorem 1.4.

As a corollary to the last result, we obtain the celebrated Paley-Wiener-Zygmund theorem:

Corollary 1.7 Almost surely, t — By is nowhere differentiable

1.4 Basic properties

Let Q = C(R,RY) be the ‘Wiener space’ of continuous functions, endowed with the product
o-algebra W(or the Borel o-algebra associated with the compact-open topology).

Definition 1.4 (Wiener’s measure) Let (B;,t > 0) be a Brownian motion, and let W be
the law on € of B: that is, for any A € W,

W(A) = P((Bi,t > 0) € A)

W is called Wiener’s measure.
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Of course, we must check that this definition makes sense, i.e., that W does not depend
on the construction of B. To see this, note that the finite-dimensional distributions (i.e., the
joint law of (By,, ..., By, ) are entirely specified by the definition of a Brownian motion. Since
the o-field W is generated by cylinder events of the form {X;, € Aj,...,X;, € A,}, the
right-hand side in the above display is indeed uniquely specified.

n

Definition 1.5 We now think of 2 as our probability space. For w € € define:
Xi(w) =w(t),t >0

We call (X¢(w),t > 0) the canonical process. Then (X, ¢ > 0), under the probability measure
W, is a Brownian motion. This is the canonical construction of Brownian motion.

Remark 1.8 [t is rarely the case in probability theory that we put some emphasis on the
probability space on which a certain random process is constructed. (In all practical cases,
we usually assume that such a random process is given to us). However the full advantage of
specifying the probability space and measure will come to light when we deal with Girsanov’s
change of measure theorem.

For z € R? we also let W, (dw) be the image measure of W by (wy,t > 0) +— (z+wy, t > 0).
A (continuous) process with law W, (dw) is called a Brownian motion started at z. We let
(FB,t > 0) be the natural filtration of (By,t > 0), completed by zero-probability events.

Definition 1.6 We say that B is a Brownian motion (started at X) if (B; — X, > 0) is a
standard Brownian motion which is independent of X.

Otherwise said, it is the same as the definition as a standard Brownian motion, except
that we do not require that By = 0. If we want to express this on the Wiener space with the
Wiener measure, we have for every measurable functional F':  — R,

E[F(By,t > 0)] = /

P(X € dx) / W(dw)F(z + w(t), ¢ > 0) = / P(X € dz)W,(F).
R4 Q Rd

It will be handy to use the notation W (F) for the random variable w > W) (F'), so that
the right-hand side can be shortened as E(Wx (F)).

We now state some fundamental results, which are often referred to as the scaling prop-
erties of Brownian motion, or scale-invariance of Brownian motion. They are easy to prove
and are left as an exercise.

Proposition 1.9 Let B be a standard Brownian motion in R% .

1. Rotational invariance: If U € O(d) is an orthogonal matriz, then UB = (UBy,t > 0) is
again a Brownian motion. In particular, —B is a Brownian motion.

2. Scaling property: If X > 0 then ()\*1/2B>\t,t > 0) is a standard Brownian motion

8. Time-inversion: (tBy,t > 0) is also a Brownian motion (at t = 0 the process is defined
by its value 0).
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We now start to discuss ideas revolving around the Markov property of Brownian motion
and its applications to path properties. We begin with the simple Markov property, which
takes a particularly nice form in this context.

Theorem 1.10 Let (By,t > 0) be a Brownian motion, and let s > 0. Then
(Bt = Bt+s - Bs,t 2 O)
is a Brownian motion, independent of the o-field .7-"811 = Ni>s FB.

Proof. Since B is continuous and By = 0, to show that B is a Brownian motion it suffices
to check that the increments have the correct distribution. However if ¢ > wu, Bt — Bu =
Bsit — Bsyy so this follows directly from the fact that B itself is a Brownian motion. It
remains to show that B is independent from F,+ . We start by checking independence with
respect to Fg, for which we can assume d = 1. We will use this easy lemma, which is an
important property worth remembering:

Lemma 1.11 Let s,t > 0 Then
cov(Bs, Bt) = s At.

Now, to prove independence of B with repsect to Fj, it suffices to check that the finite-
dimensional marginals are independent: i.e., if s1 < ...s, < s and t; < ...t,, we want to
show that . .

(le, ey Bsm) and (Btl, e Btn)

are independent. However, the m + n-coordinate vector (B, ..., Bs,,, Btl, e Btn) is a Gaus-
sian vector (since it is the image by a linear application of a Gaussian vector), and it suffices
to check that the covariance of two distinct terms is 0. Since each term has zero expectation:

Cov(By,,Bs;,) = E(ByBy,)
E(B, s, Bs,) — E(B,B,)
siN(s+t;)—(sjANs)=s5—5;=0

which proves the independence with respect to Fs. If A € F,+, we wish to show that for
every continuous functional F : (R*)* — R continuous and bounded,

E(1{0}F(By,,...,By,)) = P(A)E(F(By,, ..., By,))

Now, for any € > 0, A € Fo+ C Fsie, thus, using the property just proved:

E(lAF(Btl—i-s—i-a_Bs-i-a) ERRR) Btk-&-s—i-a_Bs—&-a)) = P(A)E(F(Bt1+s+a_Bs+a, RR) Btk—&—s-i-a_Bs—&-a))

Letting € — 0 in the above identity, since B is continuous and F' is bounded and continuous,
we have (by Lebesgue’s dominated convergence theorem),

E(1{ayF(B,, ..., By,)) = P(A)E(F(By,, ..., By,))

as required.
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Theorem 1.12 (Blumenthal’s zero-one law) Let B be a standard Brownian motion. The
o-algebra ]:(fi =Neso ff 1s trivial i.e. constituted of events of probability 0 or 1.

Proof. By the previous result, (By,t > 0) is independent from Fo,. However FZ contains
F&, so this implies that the o— field Fo, is independent of itself, and P(4) = P(AN A) =
P(A)? by independence. Thus P(A) is solution to the equation x = z? whose roots are
precisely 0 and 1.

Proposition 1.13 (i) Ford =1 andt >0, let S; = supy<;<; Bs and I; = info<s<; Bs (these
are random variables because B is continuous). Then almost surely, for every e > 0, one has

S: >0 and I. <0

In particular, a.s. there exists a zero of B in any interval of the form (0,¢),e > 0
(ii) A.s.,
By = —inf B; =
2up B = =g B oo
(iii) Let C be an open cone in R? with non-empty interior and origin at 0 (i.e., a set of
the form {tu:t > 0,u € A} , where A is a non-empty open subset of the unit sphere of ]Rd).
If
He =inf{t >0: B, € C}

is the first hitting time of C', then Ho = 0 a.s.

Proof. (i) The probability that B; > 0 is 1/2 for every ¢, so P(S; > 0) > 1/2, and there-
fore if ¢,,,n > 0 is any sequence decreasing to 0, P(limsup, {B:, > 0}) > limsup,, P(B;, >
0) = 1/2. Since the event limsup, {B;, > 0} is in Foy, Blumenthal’s law shows that its
probability must be 1. The same is true for the infimum by considering the Brownian motion
—B.

(ii) Let Ss = sup;>q Bi. By scaling invariance, for every A > 0, ASy = sup;~q AB; has
same law as sup;~q By2; = Ss. This is possible only if Sy, € {0, 00} a.s., however, it cannot
be 0 by (i). -

(iii) The cone C' is invariant by multiplication by a positive scalar, so that P(B; € C) is
the same as P(B; € C) for every t by the scaling invariance of Brownian motion. Now, if C
has nonempty interior, it is straightforward to check that P(B; € C') > 0, and one concludes
similarly as above. Details are left to the reader.

We now want to prove an important analog of the simple Markov property, where deter-
ministic times are replaced by stopping times. To begin with, we extend a little the definition
of Brownian motion, by allowing it to start from a random location, and by working with
filtrations that are (slightly) larger than the natural filtration of a standard Brownian motion.

Definition 1.7 Let (F;,t > 0) be a filtration. We say that a Brownian motion B is an
(F)-Brownian motion if B is adapted to (F;), and if B®Y) = (Byys — By, s > 0) is independent
of F; for every t > 0.

For instance, if (%) is the natural filtration of a 2-dimensional Brownian motion (B}, B, ¢t >
0), then (B},t > 0) is an (F;)-Brownian motion. If B’ is a standard Brownian motion and
X is a random variable independent of B, then B = (X + Bj,t > 0) is a Brownian motion
(started at By = X), and is an (FF) = (0(X) V FF')-Brownian motion. A Brownian motion
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is always an .7-',53 )-Brownian motion. If B is a standard Brownian motion, then the completed
filtration F; = FP V N (N being the set of events of probability 0) can be shown to be
right-continuous, i.e. Fyy = Fy for every ¢ > 0, and B is an (F;)-Brownian motion.

Definition 1.8 Let F be a filtration and let T" be a stopping time. The o-field Fr is defined
by
Fr={AeFsx: AN{T <t} e F forallt>0}

It is elementary (but tedious) that in the case of filtration generated by a process X,
Fr = o(Xsar,s > 0). In particular T and Xp are Fp-measurable. This corroborates the
intuition that Fr is the o-algebra generated by all the events occurring prior to time 7. We
may now state the strong Markov property.

Theorem 1.14 (Strong Markov property) Let (B, t > 0) be an (F;)-Brownian motion
in R and T be an (F;)-stopping time. We let BgT) = Bryy — Br for every t > 0 on the
event {T < oo}, and 0 otherwise. Conditionally on {T < oo}, the process B\T) is a standard
Brownian motion, which is independent of Fp. Otherwise said, conditionally given Fp and
{T < oo}, the process (Brii,t > 0) is an (Fryt)-Brownian motion started at Br.

Proof. Suppose first that T' < 0o a.s. Let A € Fr, and consider times t1 < to < -+ < t).
We want to show that for every bounded continuous function F on (R%)P,

ElyF(B,...,BI) = P(A)E[F(B,,,...,B,)) (1.4)

ty 0 Dy,

Indeed, taking A = Q entails that B) is a Brownian motion, while letting A vary in
JFr entails the independence of (BlflT), . aBt(Z)) and Fr for every t1,...t, hence of B(T) and
Fr.

o

: k2—"n k2—"n
E[l{A}F(BEIT),---,Bt(Z’))] = lim E[L{an{(k_1)2-n<T<k2-n}} | F(BL” ),---,Bt(f M)
k=1

= nan;oi PAN{(k—1)27" < T < k2 "})E[F(By,, ..., B:)]
k=1
= P(A)E[F(B,,...,By,)).

where we used the simple Markov property and the fact that AN{(k—1)27" < T < k27 "s} €
Fra-n by definition. Finally, if P(T' = co) > 0, check that (1.4) remains true when replacing
A by AN{T < oo}, and divide by P({T < oo}).

An important example of application of the strong Markov property is the so-called re-
flection principle. Recall that S; = supy<s<; Bs.

Theorem 1.15 (Reflection principle) Let 0 < a and b < a, then for every t >0,
P(St > a, Bt < b) = P(Bt > 2a — b)

Proof. Let T, = inf{t > 0 : B; > a} be the first entrance time of B; in [a,00) for a > 0.
Then T, is an (FP)-stopping time for every a and T, < co a.s. since S, = 0o a.s. where
Soo = hmt_)oo St.
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Now by continuity of B, By, = a for every a. We thus have:

P(St Z a,Bt S b) = P(Ta S t, Bt S b)
Ta
= P(T, <t,B™%) <b—a)
= P(T, <t,—BT) >q—1).
Now, by the strong Markov property at time 7T, BT* is a Brownian motion independent of
Fr, and thus of T,,. In particular, we deduce that the joint law of (T}, B(T=)) is identical to
the joint law of (T,, —B (Ta)), by symmetry of Brownian motion. It follows that
P(S; > a,B; <b) = P(T, <t,—~BT) >a—1b)
P(T, <t,By > 2a—b)

Corollary 1.16 We have the following identities in distribution: for allt > 0,
Si =4 |Bi| =4 IN(0,1)].
Moreover, for every x > 0, the random time T, has same law as (x/By)?.

Proof. We write, for all £ > 0 and all a > 0,

P(St > CL) = P(St > a, Bt < CL) + P(St > a, Bt > (Z)
= P(B;>2a—a)+P(B;>a)
= 2P(B; > a) = P(|Bt > a)

since when B; > a, S; > a automatically as well. We leave the computation of the distribution
of T, as an exercise (cf. Problem [L.1]).

We end with a famous result of P. Lévy on the quadratic variation of Brownian motion.
This result plays a fundamental role in the development of the stochastic integral. Let (By,t >
0) be a standard Brownian motion. Let ¢ > 0 be fixed and for n > 1 let A,, = {0 = tp(n) <
ti(n) < ...tm,(n):=t} be a subdivision of [0, ], such that

Mn = max (t;(n) —ti—1(n)) — 0.

1<i<my, n—00
Theorem 1.17 (Lévy)
Mn
. . 2 _
lim z;(Bti By, 1)} =t
1=

Problem asks for a proof. (In fact, this convergence holds almost surely as soon as the
subdivisions are nested, but this is more difficult).
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2 Preliminaries

2.1 The bigger picture, in a nutshell

We will now spend rather a lot of time to give a precise and rigorous construction of the
stochastic integral, for as large a class of processes as possible, subject to continuity. This level
of generality has a price, which is that the construction can appear quite technical without
shedding any light on the sort of processes we are talking about. So before we embark on this
journey, here are a few points which, in my opinion, guide the whole construction and should
also guide your intuition throughout. What follows is only informal, and in particular, we do
not describe issues related to measurability, and finiteness of the integral.

The real difficulty in the construction of the integral is in how to make sense of

t
/ HdM, (2.1)
0

where M is a martingale and H is, say, left-continuous or continuous. Even though dM does
not make sense as a measure (the paths of martingales, just like Brownian paths, have too
wild oscillations for that), it is easy to cook up a definition which makes intuitive sense when
H is a simple process, that is, H takes only finitely many (bounded) values. Indeed, it suffices
to require that the integral process in on any interval over which H is constant, then
the increments of the integral are those of M multiplied by the value of H on this interval. A
natural approach is then to try to extend this definition to more general classes of processes
by “taking a limit” of integrals

t t
/ H'dM, — / H,dM, (2.2)
0 0

where the integrands in the left-hand side are simple and approximate H.

In implementing this method, one faces several technical difficulties. The strategy is to
construct a suitable function space where the sequence on the left-hand side of forms
a Cauchy sequence. If the function space is complete, the sequence of integrals has a limit,
which we may call the integral of H with respect to M. But we must also guarantee that
this limit does not depend on the approximating sequence. It remains to find a space which
has the desired properties. The key property which we will use (over and over again) is that
martingales have a finite quadratic variation:

2mt] -1
[M]; = lim > (Mgsryp—n — Myp—n)? (2.3)
k=0

exists and is finite, and is nondecreasing in ¢. Furthermore, one can show (Theorem that
M? — [M]; is a martingale. Now, when H is simple, it is not hard to convince yourself that
the integral must also be a martingale. So what should be the quadratic variation of
f(f HydM; 7 Based on the approximation, the amount of quadratic variation that we add
to the integral between ¢ and ¢ + dt is approximately HZd[M];. Hence any sensible definition
of the stochastic integral must satisfy

[/0 HSdMSL - /Ot Hyd\M]; (2.4)
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The key insight of Itd was the realization that this property was sufficient to define the integral.
Indeed, using the optional stopping theorem, this is essentially the same as requiring;:

E ((/OOO Hdes>2> =E </OOO HSQd[M]S> : (2.5)

Interpreting the right-hand side as an L? norm on the space of bounded integrands, this
statement is saying that the stochastic integral must be a certain isometry between Hilbert
spaces. The left-hand side shows that the correct space of martingales is the set of martingales
with E([M]%) < oo, or, equivalently (as it turns out), martingales which are bounded in L?.
This space, endowed with the norm on the left-hand side of is indeed complete and
simple processes are dense in it. Formula is then relatively easy to prove for simple
processes. This implies, at once, that the sequence in the left-hand side of is Cauchy
(and hence has a limit), and the isometry property shows that this limit cannot depend on
the approximating sequence.

At this point we have finished the construction of the stochastic integral for martingales
which are bounded in L?. Stopping at suitable stopping times, it is then easy to extend this
definition to general martingales, or indeed to processes known as local martingales. Adding
a “finite variation” component for which the integral is defined as a good old Stieltjes-
Lebesgue integral finishes the construction for semi-martingales.

Having spoken about the bigger picture in a nutshell, it is now time to rewind the tape
and go back to the beginning.

2.2 Finite variation integrals

Finite variation processes are essentially those for which the standard notion of integral (the
one you learn about in measure theory courses) is well-defined. Since finite variation is a
pathwise property, we will first establish integrals with respect to deterministic integrants
and lift it to stochastic processes in the last part of this section.

Recall that a function f : R — R is cadlag or rcll if it is right-continuous and has left limits.
For such functions we write Af(t) := f(t) — f(t—) where f(t—) = limgy f(s). Suppose
a:[0,00) — R is an increasing cadlag function. Then there exists a unique Borel measure da
on (0,00) such that da((s,t]) = a(t) — a(s), the Lebesgue-Sticltjes measure with distribution
function a. Since da is a proper measure, there is no problem in defining, for any non-negative
measurable function A and ¢t > 0:

(h-a)(t) = /(0 ] h(s)da(s) . (2.6)

We may extend this definition to a cadlag function a = a’ — a”, where o’ and a” are both
increasing cadlag, and to integrable h : [0,00) — R. Subject to the finiteness of all the terms
on the right we define

h-a=h"-a —ht-a"—h"-ad +h-d". (2.7)

where h* := max{=+h, 0} are the positive and negative part of h.
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To be able to make this definition we have assumed that a was the difference between
two nondecreasing functions. We now ask for an analytic characterization of those functions
which have this property. If a is a measurable function and I an interval, we define (with a
slight abuse of notation) da(l) := a(sup I) — a(inf I), even though da is not really a measure.

Lemma 2.1 Let a: [0,00) — R be cadlag and define v™(0) =0, and for allt >0

r2ne] -1
VM) = > Ja((k+1)27") —a(k27)] . (2.8)
k=0
Then v(t) := lim v™(t) exists for all t > 0 and is nondecreasing in t.

n—o0

Proof. Let ¢} =27"[2"¢] and t;, = 27"([2"t] — 1) and write

V()= > |da(D)| = D |da(D)| + |a(th) - a(ty)] - (2.9)

IeAn IeAn
inf I<t sup I<t

where A, = {(k27",(k + 1)27"] : k € N}. The first term is nondecreasing in n by
the triangle inequality, and so has a limit as n — oo. The second converges to |Aa(t)‘ =

|la(t) — a(t—)| as a is cadlag, and so v(t) exists for all ¢ > 0.
Since v™(t) is nondecreasing in t for all n, the same holds for v(t). O

Definition 2.1 v(t) is called the total variation of a over (0,t] and a is said to be of finite
variation if v(t) < oo for all £ > 0.

Proposition 2.2 A cadlag function a : [0,00) — R can be expressed as a = a’ — a”, with
a', a” increasing and cadlag, iff a is of finite variation. In this case, t — v(t) is cadlag with
Av(t) = |Aa(t)| and a* := 5(v+a) are the smallest functions a' and a” with that property.

Proof. Suppose v(t) < oo for all ¢ > 0.

Direction 1. Assume that a = @’ — a” for two cadlag nondecreasing functions a’, a”, and let
us show that v(t) < co. This is the easy direction: if I € A, then we have by the triangle
inequality (since o’ and a” are nondecreasing)

|da(I)| < da’(I) + da"(I),

so summing over all intervals I € A,, with inf I < t, by noting that the sums on the right-hand
side telescope:
v (t) < a'(ty) + " (ty)-

Since a’ and a” are cadlag, the right-hand side converges to a'(t) + a”(t) as n — oo and is in
particular bounded. Thus v(t) < oo for all £ > 0.

Converse: Assume that v(t) < oo for all ¢ > 0. Let us first show that v is cadlag. Fix T'> 0
and consider

u'(t)= Y |da(I)| fort<T. (2.10)

IeAn
t<inf I<sup I<T
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u™(t) is clearly non-increasing in ¢, and it is easy to see that it is also right-continuous. These
two properties imply that {t € [0,T] : u"(¢) <z} is closed for all x > 0. Now, just as for
v"™(t), the sum defining u"(t) is nondecreasing in n by the triangular inequality. Thus for all
t >0, u"(t) has a limit as n — oo which we may call u(¢). We have that

{te(0,7):ut)<az}=(){te0,T]: u"(t) <z} (2.11)
neN

is closed as a countable intersection of closed sets. This, together with the fact that wu(¢)
is non-increasing in ¢, implies that u is right-continuous. Furthermore, observe that for all
t<T:

V" (T) = o™ (t) + u(t) + |a(T}) — a(T; )], (2.12)

The final term on the right converges to |Aa(T)| as n — oo because a is right-continuous.
Hence for all ¢ < T we have v(t) = v(T) — u(t) + |Aa(T)| and since T was arbitrary, v is
right-continuous. v has left limits since it is nondecreasing, and taking the limit n — oo in
(2.9) we get v(t) = v(t—) + ’Aa(t)|.

Step 2: v =a" — a~. Having made these observations, define two functions a™ and a~ by
L+ 1 _ 1 < 11
a’ = §(v +a) and a = 5(1} —a) are cadlag. (2.13)

Since v is cadlag, then a™ and a~ are also cadlag. It thus suffices to prove that they are
non-decreasing. However, note that for each m € Z*,

dv™(I) = |da(I)| forall T €A,
and dv"(I) > |da(I)| forall I €Ay ifn>m. (2.14)

Thus da*(I) = dv(I) £ 3da(I) > 0 forall I € Upms1 Am ,  and so it follows easy (by

right-continuity) that a* and a~ are nondecreasing.
Step 3: minimality. Suppose now a = o’ — a” where d’, a” are nondecreasing with a(0) =
a’(0) = a”(0) = 0 without loss of generality. Then for any I € A,, n > 0,
|da(I)| < da'(I) + da"(I). (2.15)
Summing over I € A,, with supl <t in , the terms in the sum telescope and we obtain
VM(t) < d () +d"(t)). (2.16)

Letting n — oo, the left-hand side converges to v(t) by definition, and the right-hand side
converges to a'(t) + a”(t) since o’ and a” are right-continuous. Note that we can also write
v(t) = at(t) + a (t) and hence the last inequality shows

at(t)+a (t) <d(t)+d"(t)

for all t > 0, Adding and substracting a = a* —a~ = a’ —a” on both sides we get a™* (t) < d/(t)
and a~ (t) < a”(t) for all t > 0, as required. O
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Exercise. Let B be a standard Brownian motion. Show that B has infinite variation almost
surely. (Hint: otherwise the quadratic variation would be zero.) Thus to construct an integral
with respect to B one must create something genuinely new.

Suppose now that we have a filtered probability space (2, F, (F:)i>0,P). Recall that a
process X : 2% [0,00) — Ris adapted to (Fi)i>o if Xy = X (-, t) is Fi-measurable for all ¢ > 0,
and X is cadlag if X (w,.) is cadlag for all w € Q.

Definition 2.2 Let A be a cadlag adapted process. Its total variation process V is defined
pathwise (for each w € Q) as the total variation of A(w,.). We say that A is of finite variation
if A(w,.) is of finite variation for all w € Q.

Lemma 2.3 Let A be a cadlag adapted process with finite total variation V. Then V is
cadlag adapted and pathwise nondecreasing.

Proof. Using the same partition as in (2.9) we get

V, = lim V" + |AA] (2.17)
n—oo
2, —1
where V" := Z ‘A(kH)Q—n — Ajo-n| is adapted for all n € N since ¢;; <t and AA; is
k=0
Fi-measurable since A is cadlag adapted. Thus V is adapted and it is cadlag and increasing
because V (w, .) is cadlag and increasing for all w € Q. O

In the next section we will introduce a suitable class of integrands H for a pathwise defi-
nition of the stochastic integral

(H-A)(w,t) = H(w,s)dA(w,s) . (2.18)
(0,1]

2.3 Previsible processes

Definition 2.3 The previsible o-algebra P on £ x (0, 00) is the o-algebra generated by sets
of the form E x (s,t] where E € Fs and s < t. A previsible process H is a P-measurable map
H:Qx(0,00) = R.

Proposition 2.4 Let X be cadlag adapted and Hy = Xy, t > 0. Then H is previsible.

Proof. H : Q x (0,00) — R is left-continuous and adapted.
Set t; = k27" when k27" <t < (k+1)27" and

HZL - Ht’; - ZH]C277L 1{(]627",(]{7—‘1-1)27"]}(t) . (2.19)
k=0

So H™ is previsible for all n € N since Ht,; is Ft;—measurable as H is adapted and ¢, < t.
But t,; /'t and so H}> — H; as n — oo by left-continuity and H is also previsible. O

Proposition 2.5 Let H be a previsible process. Then Hy is Fi—-measurable for all t > 0,
where Fy— = o(Fs: s <t).
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Proof. Problem asks for a proof.

Remark. 7P is the smallest g-algebra such that all adapted left-continuous processes are
measurable.

Examples. (i) Brownian motion is previsible by Proposition since it is continuous.

(ii) A Poisson process (INVi)¢>o or, indeed, any other continuous-time Markov chain with
discrete state space is not previsible, since V; is not JF;_-measurable.

Proposition 2.6 Let A be a cadlag adapted finite variation process with total variation V.
Let H be previsible such that for all t > 0 and all w € Q

/ |H(w, s)| dV(w,s) < oo . (2.20)
(0,¢]
Then the process defined pathwise by

(H-A), = Hs;dA, (2.21)

(0,¢]

is well-defined, cadlag, adapted and of finite variation.

Proof. First note that the integral in (2.21))is well-defined for all ¢ due to the finiteness of

the integral in (2.20)). (More precisely, (2.20) implies that all four terms defining (2.21)) in
(2.7) are finite). By referring to (2.7) we may assume without loss of generality in the rest of

the proof that H is nonnegative and A nondecreasing.

We now show that (H - A) is cadlag for each fixed w € 2. We have 1{(075]} N 1{(0,t}} as s\, f,
Liosy = Ly as s At and

(H-A) = 000 H; 140,93 (s) dAs . (2.22)
Hence, by dominated convergence, the following limits exist
(A = () and (H )= [ Ho Lo (6) 4, (2.23)
and H - A is cadlag with  A(H - A)y = f(O,oo) H1iy(s) dAs = HIAA; .

Next, we show that H - A is adapted via a monotone class argument. Suppose first H =
1¢Bx(s,u} Where B € Fs. Then (H-A), = 1{B}(At/\u — Ayps) which is clearly Fi-measurable.
Now let

II = {Bx(s,u] : BEFs,s<u} and (2.24)
A = {CeP: (Licy - At is Fi-measurable } (2.25)
so that IT is a 7-system and IT C A. But A C P = o(II) and A is a A-system.

[Recall: A m-system contains () and is stable by intersection. A A-system (or d-system) is
stable by taking the difference and countable unions. To see that A is A-system, note that if



2 PRELIMINARIES 24

C C D e Athen ((1{p} —1{cy) 'A)t is Fi-measurable, which gives D\ C € A; and if C), € A
with C,, * C then C € A since a limit of measurable functions is measurable.]

Hence, by Dynkin’s lemma, o(II) C A. But by definition, o(II) = P and A C P. Thus
A =P. Recall that H is nonnegative and P-measurable. For all n € N set

H":=2""|2"H| = kZ_lT% Lim ek 2"k + 1)) (2.26)

eP

so that (H™ - A); is Fi-measurable. We have (H™ - A); / (H - A); by monotone convergence
(applied for each w). Hence, (H - A); is F;-measurable. O

Example. Suppose that H is a previsible process, such as Brownian motion, and that

/ |Hs|ds < oo forallwe Qandt>0. (2.27)
(0,1]

Then |, (0.4] Hds is cadlag, adapted and of finite variation.

2.4 Local martingales

We work on a filtered probability space (€, F, (F;)i>0,P) where (Fi)i>o satisfies what is
technically known as the usual conditions, i.e. F is P-complete (equivalently, Fp contains all
P-null sets), and (F;)s>0 is right-continuous in the sense that

Fo=Fip = )Fs forallt>0. (2.28)

s>t

Note for instance that the filtration generated by Brownian motion completed by zero-
probability events satisfies the usual conditions (this is essentially a consequence of the simple
Markov property and Blumenthal’s zero-one law).

Recall that an adapted process X is a martingale if it is integrable (E(|X;|) < oo for all
t>0) and if

E(X¢|Fs) = Xs a.s. foralls<t. (2.29)

We write M for the set of all cadlag martingales. The following result is fundamental and
will be used repeatedly in this course.

Theorem 2.7 Optional stopping theorem (OST) Let X be a cadlag adapted integrable
process. Then the following are equivalent:

(i) X is a martingale
(ii) XT = (Xyar,t > 0) is a martingale for all bounded stopping times T.
(iii) For all bounded stopping times S, T, E(Xr|Fs)= Xsar a.s. .

(iv) E(X7p) =E(Xy) for all bounded stopping times T
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Proof. It is well known that (i) = ... =(iv). We show how (iv) implies (i). Let s < ¢ and
fix u > t. Let A € Fs, and define a random time T by saying T =t if A occurs, or T = u
otherwise. Similarly, define S = s if A occurs and S = u otherwise. Note that both S and T’
are stopping times, and are bounded. Thus by (iv):

E(Xr) = E(Xo) = E(Xs). (2.30)

On the other hand,
E(X7) = E(Xi1pay) + E(Xyliaey)

and similarly:
E(Xs) = E(XS]_{A}) + ]E(Xul{Ac}).

Plugging this into and cancelling the terms E(X,1{4c}), we find:
E(Xilgay) = E(Xs1gay)
for all s <t and all A € F,. This means (by definition) that
E(X:|Fs) = Xs, a.s.

as required. Hence, since X is adapted and integrable, X is a martingale.

It is also the case that M is stable under stopping. This observation leads us to define a
slightly more general class of processes, called local martingales.

Definition 2.4 A cadlag adapted process X is a local martingale, X € M, if there exists
a sequence (1, )nen of stopping times with 7, oo such that (XtT")tzo € M for all n € N.
We say that the sequence (T},),en reduces X.

In particular M C M, since any sequence (T},),en of stopping times reduces X by OST(ii).
Recall that a family X = (X;);es of random variables is called uniformly integrable (UI) if

sup E(] X3 1gx,>x) =0 as A — oo (2.31)
iel -

Lemma 2.8 If X € L'(Q, F,P) then the set
X ={E(X|G) : G is a sub-o-algebra of F} is UI. (2.32)

Proof. See Advanced Probability course.

We now give necessary and sufficient conditions for a local martingale to be a martingale.
Proposition 2.9 The following statements are equivalent:
(i) X is a martingale
(i) X is a local martingale and for all t > 0 the set

X, = {XT : T is a stopping time, T < t} s UI . (2.33)
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Proof. Suppose (i) holds. By the Optional Stopping Theorem, if 7" is a stopping time with
T <t, then X7 = E(X{|Fr) a.s.. Thus by Lemma A} is uniformly integrable.

If (ii) holds, suppose (1},)n>0 reduces X. Let T' be any bounded stopping time, T' < ¢, say.
By the Optional Stopping Theorem applied to the martingale Xn,

E(Xo) = E(X{") = E(X1") = E(X7a73,) - (2.34)

Since { X771, @ n € N} is uniformly integrable by assumption, E(X7a7,) — E(X7) as
n — oo. Therefore,
E(X7) = E(Xo).

But then by the Optional Stopping Theorem again, X must be a martingale. O

An extremely useful consequence of the above is the following:

Corollary 2.10 Let M be a local martingale, and assume that M is bounded. Then M is a
true martingale. More generally, if M is a local martingale such that for allt >0, | M| < Z
for some Z € L', then M is a true martingale.

Remark. Occasionally, we will need the following stronger version of (iii) in the Optional
stopping theorem: if X is a uniformly integrable martingale, then for any stopping times S, T

E(X7|Fs) = Xsnr (2.35)
almost surely.

Proposition 2.11 A nonnegative local martingale M is a supermartingale.

Proof. This follows simply from the definition of local martingales and Fatou’s lemma for
conditional expectations. O

Remark. A martingale can be interpreted as the fortune of a player in a fair game. A local
martingale which is not a true martingale, on the other hand, is the fortune of a player in a
game which looks locally fair: unfortunately, this is only because there are going to be times
of huge increases of X followed by an eventual ruin. Overall, as the above proposition shows,
the expected fortune decreases. A local martingale is thus something akin to a bubble in the
market. (Thanks are due to M. Tehranchi for this analogy).

Proposition 2.12 Let M be a continuous local martingale (M € M oc) starting from 0.
Set S, = inf {t >0: | M| = n} Then (Sp)n>o0 reduces M.

Proof. Note that {S, <t} = ﬂ U {IM;| >n—1/k} € 7,

keN scQ
s<t

and so S, is a stopping time. For each w € Q, (Sp(w),n > 0) must be nondecreasing by the
mean-value theorem since M is continuous, and lim,,_,, .S, can only be infinite by continuity
as well. Hence S,, / 00 a.s.. Let (Ty)ren be a reducing sequence for M, i.e. MTs € M. By
OST, also Mk ¢ M and so M5 € My, for each n € N. But M>» is bounded and so

also a martingale. O
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Theorem 2.13 Let M be a continuous local martingale which is also of finite variation, and
such that My =0 a.s. Then M is indistinguishable from 0.

Remarks.
(i) In particular Brownian motion is not of finite variation.

(ii) This makes it clear that the theory of finite variation integrals we have developed is
useless for integrating with respect to continuous local martingales.

(iii) It is essential to assume that M is continuous in this theorem.

Proof. Let V denote the total variation process of M. Then V is continuous and adapted
with Vy = 0. Set S, =inf{t >0 : V;, =n}. Then S, is a stopping time for all n € N since V'
is adapted, and S,, /* 00 as n — oo since V; is nondecreasing and finite for all ¢ > 0.

It suffices to show MS» =0 for all n € N. By OST, M°" € M,.. Also

|MP| < [V <n, (2.36)

and so, by Proposition M5 € M.
Replacing M by M5» we can reduce to the case where M is a bounded martingale of bounded
variation, i.e. V is bounded.

Lemma 2.14 Let M be a martingale and such that for some given s < t, E(M2) < oo and
E(M?) < co. Then
E(M} — M| Fs) = E((My — M,)*|Fs), as. (2.37)

(This trick will be used over and over again in what follows, so it is a good point to memorize
it).
Proof. By expanding the square (M; — M,)?, the right-hand side is equal to

E((M; — M,)?|Fys) = E(MZ|Fs) — 2ME(M;|F,) + M?
(ME’]:S) - 2M52 + Ms2

(Mt2 - Ms2|"rs)

E
E

as required.
Coming back to the proof of the theorem, fix t > 0 and set t; = kt/N for 0 < k < N. By

(2-37),

E(M?) = IE<N§_:1(J\4§k+1 — Mfk)) = E(Nz_:l(mk+1 - Mtk)2>

k=0 k=0
N-1
< E( Sup |Mtk+1 - Mtk| Z |Mtk+1 - Mtk|> . (2'38)
k<N =0
<Vi<n <Vi<n

As M is bounded and continuous

sup My, — My | =0 as N — o0, (2.39)
k<N



2 PRELIMINARIES 28

and so, by bounded convergence,

N-1

E(:up My, — My, | > My, — Mtk|> -0 as N —o00. (2.40)
<N k=0

Hence, E(M?) = 0 for all t > 0. Since M is continuous, M is indistinguishable from 0. O

Definition 2.5 A continuous semimartingale X is an adapted continuous process which may
be written as

X=Xo+M+A with My=A9=0, (2.41)
where M € M_,. and A is a finite variation continuous process.

Note that as a consequence of Theorem the decomposition is unique up to indistin-
guishability. This is known as the Doob-Meyer decomposition.

Remark. The proof of the last theorem tells us something extremely useful for the following.
If t; is the dyadic subdivision, then the calculation shows that

E(MtQ) = E( Z (Mthrl - Mtk>2) (2'42)

kit <t

so there is good reason to believe that if M is say, bounded in L?, then it has finite quadratic
variation (J; and moreover

M? — Q

has constant expectation 0. In fact, we will see that this is indeed the case and M2 — Q; is
also a martingale.
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3 The stochastic integral

In this section we establish the stochastic integral with respect to continuous semimartin-
gales. In places, we develop parts of the theory also for cadlag semimartingales, where this
involves no extra work. However, parts of the construction will use crucially the assumption
of continuity. A more general theory exists, but it is beyond the scope of this course.

Recall that we say a process X is bounded in L? if

sup || X¢ll2 < o0 (3.1)
>0

where here and in the rest of the course, for a random variable X:

1/2

X[z == E(IX]?) (3.2)

Write M? for the set of all cadlag L2-bounded martingales, and M?2 for the set of continuous
martingales bounded in L?. Recall the following two fundamental results from Advanced
probability:

Theorem 3.1 Let X € M2. There exists Xo € L? such that
X; = Xoo  a.s. and in L?, ast — oo . (3.3)

Moreover, X; = E(Xx|Ft) a.s. for allt > 0.

The second result which we will need is Doob’s L? inequality:

Theorem 3.2 For X € M2,

E <sup yxﬁ) <4E (X2). (3.4)
>0
Similar to the construction to the Lebesgue integral in measure theory, we start by con-
structing the stochastic integral when the the integrand is very simple.

3.1 Simple integrands and L? properties
Definition 3.1 A simple process is any map H : £ x (0,00) — R of the form

n—1
H(w,t) =Y Zi(w) Lty 0 () (3.5)
k=0

wheren € N, 0=ty < ... <t, <ooand Zj is a bounded F;, -measurable random variable for
all k. We denote the set of simple processes by S. Given H € S, we denote || H||o = essup|H |
the essential supremum of H, i.e., the smallest M > 0 such that sup;~ [H (¢, w)| < M almost
surely.

Note that S is a vector space and that (by definition) every simple process is previsible. We
now define the stochastic integral for simple processes.
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Definition 3.2 For H = ZZ;(I) Z Ly y €S and M € M? set

tiotry1]

n—1

(H ’ M)t = Z Zk (Mtk+1/\t - Mtk/\t) . (36)
k=0

Proposition 3.3 Let H € S and M € M?. Let T be a stopping time. Then
(i) H-MT = (H-M)T,
(ii) H - M € M?>.

(iti) E((H - M)%,) < | H|3E((Mo — Mo)?) -

Proof. (i) For all t > 0 we have

n—1
(H ) MT)t = Zk(Mtj;H/\t - Mtj;/\t) =
k=0
n—1
= Zy (Mg, jint — Mypent) = (H-M)ar = (H-M)T . (3.7)
k=0

(i) Forty <s<t<tpy1, (H-M)— (H -M)s=Z(My— M,) , so that
E((H - M), — (H- M)y | F.) = Zu B(M, — My|F.) = 0. (3.8)

This extends easily to general s <t and hence H - M is a martingale. To show it is bounded
in L?, note that if j < k we have the following ”orthogonality relation”:

E<Zj(Mt M, )Zk(Mtk+1 - Mtk)) =

+1 J

= E(Zj(Mtj+1 — M) ZyE(M,, ., — M, | }“tk)) ~0. (3.9)

Thus let ¢t > 0 and assume that ¢, < ¢ for simplicity. To compute E((H - M)?), we expand
the square and use the above orthogonality relation:

E((H-M)§) = E((nil Zk(Mtk+1_Mtk)>2> = gE(Zi(MtkH—Mtk)Q)

k=0 k=0
n—1
< HIZ Y E((My,,— My, )?) = [|H|ZE((M:, — Mo)?) . (3.10)
k=0

(On two occasions, we used the trick (2.37))). Similarly, if ¢; < ¢t < t;41 then the same
calculation gives:
E((H - M);) < [H|ZE((M; — Mp)?).

But note that since M € M, then (M — My)? is a submartingale, so if u > t then E((M; —
My)?) < E((M, — Mp)?). Since M € M?, then the convergence of M, to M, holds in L? as
u — 00, hence we deduce E((M; — My)?) < E((My — Mp)?) by letting u — co. Thus for all
t>0,

E((H - M);) < [|H|3E((Moo — Mo)?).



3 THE STOCHASTIC INTEGRAL 31

Thus H - M € M? and letting ¢t — oo in the above inequality (which we may since we now
know H - M € M?) we obtain the desired (iii). O

To extend the simple integral defined in the last section, we will need some Hilbert space
properties of the set of integrators we are considering. As before, we work on a filtered
probability space (2, F, (F¢)¢>0, P) where (F;);>0 satisfies the usual conditions.

Definition 3.3 For all cadlag adapted processes X define the triple nornﬂ

X1 == || sup [ X |2
>0

We write C? for the set of all cadlag adapted processes X such that || X|| < co. On M?2,
define the norm || X|| := || Xoo||2-

Remark. Note that the function || - || on M? defines indeed a norm. The only point which
demands justification is the requirement that if ||[M|| = 0, then M is indistinguishable from
0. But if || M|| = 0, then E(M2) = 0 so M, = 0 a.s. By the martingale convergence theorem

Mt = E(Moo‘Ft) a.s.

so My = 0 a.s. as well. Since M is cadlag, it is indistinguishable from 0.

We may now state some L? properties which show that the space of square-integrable mar-
tingales can be seen as a Hilbert space. As we will see later, this underlying Hilbert structure
is the basis of the formal definition of the stochastic integral in the general case.(Formally, it
is defined as an isometry between Hilbert spaces).

Proposition 3.4 We have
(i) (C%||-lI) is complete
(ii) M* = MNC?
(iii) (M2 ||.1) is a Hilbert space with M2 = M.N M? as a closed subspace

(iv) X = Xoo : M? — L?(Fs) is an isometry

Proof. (i) Suppose (X™),ey is a Cauchy sequence in (C2,]|.||). Then we can find a subse-
quence (ng)gen such that > 72 [|X™+1 — X™|| < co. Then by the triangular inequality,

| > sup [yt — x|
k=1

< XMt — X" || < o0 3.11
> s , S ;HI I (3.11)

and so for almost every w € (),

o0
Zsup | X[ (w) — X (w)| < oo,
k=1 120

!Usual conventions about versions apply, dealing with equivalence classes analogous to LP-spaces
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Since the space of cadlag functions equipped with the | - || norm is complete, there exists a
cadlagprocess X such that (X;™ (w))keN — X (w) as k — oo uniformly in ¢ > 0. Now
X"~ X2 = E(sup|X} - X,[2) (3.12)
>0
< liminfE(sup|X;" — X;"|?) by Fatou’s lemma
k—o0 t>0
= liminf || X" — X"™||2 = 0 as n — oo (3.13)
k—o0
because (X"),en is a Cauchy sequence. Hence (C2,||.||) is complete.
(ii) For X € C?> N M we have
sup [| X¢l2 < || sup [ Xy ||, = [|X]] < o0 (3.14)
>0 >0

and so X € M?2. On the other hand, if X € M?, by Doob’s inequality,

X <2|X]| <oo, andsoX e€C*nNM. (3.15)

(iii) (X,Y) = E(X,Ys) defines an inner product on M? whose associated norm is precisely
the double norm || - ||. Moreover, for X € M?, we have shown in (ii) that

X1 < X0 < 2f1XT], (3.16)

that is, ||.|| and ||.|| are equivalent on M2, Thus M? is complete for ||.|| if and only if it is

complete for ||.||, and by (i) it is thus sufficient to show that M? is closed in (C2, ||.||). If

X" € M? and || X" — X|| — 0 as n — oo for some X, then X is certainly cadlag adapted
and L2-bounded. Furthermore, by Jensen’s inequality for conditional expectations,

[E(X|Fs) = Xsfl, < |[B(X = XPIF)|[, + 1XE — Xl
< X = Xl = I1XE = Xl (3.17)
< 2X" - X[ =0 (3.18)

as n — oo and so X € M2, By the same argument M? is closed in (M?2, ||.||), where conti-
nuity of ¢t — X;(w) follows by uniform convergence in t.
(iv) For X,Y € M2, | X = Y| = || Xoo — Yool|2 by definition. O

3.2 Quadratic variation

Definition 3.4 For a sequence (X"),cny we say that X" — X wniformly on compacts in
probability (u.c.p.) if

Ve>0Vt>0 : P(sup|X) — Xs|>¢€) -0 asn—o0. (3.19)

s<t

Theorem 3.5 Quadratic variation
For each M € M¢ o there exists a unique (up to indistinguishability) continuous adapted
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nondecreasing process [M] such that M?—[M] € Mqo. and such that [M]o = 0 a.s. Moreover,
for
[27¢]—1

(M} = Z (Mjs1y2-n — Mig—n)
k=0

2 (3.20)

we have [M]" — [M] u.c.p. as n — oco. We call [M] the quadratic variation process of M.

Example. Let B be a standard Brownian motion. Then we know that [B]} — t for every
t > 0 in probability by Problem Thus [B]; = t and we deduce that B? — t is a local
martingale.

Alternatively, it is not hard to see that (B? —t);>0 is a (true) continuous martingale. But
then by Theorem t = [B];.
Proof. [Proof of Theorem Wlog we will consider the case My = 0.
Uniqueness is easy: if A and A’ are two increasing processes satisfying the conditions for [M]
then

Ay — Ay = (MP — A}) — (M? — Ay) € Mejoe (3.21)
is of finite variation and thus A = A’ a.s. by Theorem [2.13]

Eristence: First we assume that M is bounded, which implies M € M2 Fix T > 0
deterministic. Let

[2nT | -1
H' = M jgny = > Myg-n Lz (er1)2-ny (t) - (3.22)
k=0
Then H™ € S for all n € N. Hence X™ defined by
|2nT |—1
th - (Hn ) M)t - Z Mjp-n (M(k+1)2*"/\t - Mk2*"/\t) ) (323)
k=0

is in M2 by Proposition and by continuity of M. Recall that || X"| = || XZ]l2 = [| X7]|2
since X" is constant for ¢t > T'. For n,m > 0 we have by linearity of the stochastic integral,

H"-M—-H™-M=(H"—H™)-M,
hence letting H = H™ — H™ for ease of notations
|X" = X™* =B [(H - M)Z].
Therefore, computing this as in Proposition [3.3

27T | -1
X" - X™|* =E z Hyg—n (M1 41)2-n — Mya-n)
k=0

[2nT| -1
=E Z Hiyn(Mgs1yg-n — Myg—n)?
k=0

|27 1

<E( sup |H? M —n — My9-n 2)
(s, 1 S, (Mez-s Mg
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Recalling that H = H™ — H™ where both H™ and H™ are dyadic approximations of M, so
that the first term in the above expectation tends to 0 almost surely as n, m — oo (by uniform
continuity of M on [0,77]), and that moreover the expectation of the second term is bounded
by , it is tempting to conclude that the left-hand side of the above inequality also tends
to 0. This turns out to be true be requires stronger arguments than what we just sketched.
In fact, we will deal with both terms separately: by the Cauchy-Schwartz inequality,

1/2
1/2 |27 T]—1 2
lx"—x"P <E| sup [Hf —HM''| E|{ Y (Mginpn — Mygn)’ (3.24)
N 0<t<T t t ~ (k+1)2 k2 . (3.

The first term tends to 0 by the above discussion and Lebesgue’s convergence theorem since
M is bounded, and the second term is bounded because of the following lemma.

Lemma 3.6 Let M € M be bounded. Suppose that |l € N and 0 =ty < t; < ... < t; < 0.
-1

Then E<(Z(Mtk+1 — Mtk)2)2> is bounded.

k=0

Proof. [Proof of Lemma First note that

E<<§(Mtk+1 M,,) )) ZIE (My,,, — My, )"+

k=0

-1 -1
+22E<(Mtk+l — M) Y (M, Mt].)2> . (3.25)

k=0 j=k+1

For each fixed k we have

-1
E((Mtk+1 - Mtk)2 Z (M, — Mtj)Q) -

j=k+1

-1
= E((Mtk+1 - Mtk)ZE( Z (Mtj+1 - Mtj)QlftkH)) =
j=kt1
-1
E((Mtk+1 - Mtk)2E< Z (Mt2+1 - MtQJ)

j=k+1

= E<(Mtk+1 - Mtk)2E(Mt21 - Mt2k+1 "Ftkﬂ)) =
= E((My,,, — My, )*(Mj — M )?) . (3.26)

After inserting this in (3.25]) we get the estimate

E((IZE(MMI - Mtk)2)2> <

k=0

-1
< E((qu My, — My, |+ 2sup | My, — ) N (M, — M) ) . (3.27)
J J k=0



3 THE STOCHASTIC INTEGRAL 35

Now, M is uniformly bounded by C, say. So using the inequality (z —y)? < 2(2? + 32), we
obtain

E((ZZE(MW — Mtk)2>2) < 1202E<§(Mtk+1 _ Mtk)2> _

k=0 k=0
= 12C°E((My, — My,)?) < 48C* .
(3.28)

Returning to (3.24), it follows from Lemmathat X™ is a Cauchy sequence in (M2, ||.)
and so, by Proposition converges to a limit Y = (Y;,t > 0) € M2. Now, for any n and
1<k<|2"T|,

k-1 k-1
(Myg—n)® = 2Xjon = Y (Ml 1)0-n = Myon) = > 2Mjpn(Mj41)2-n — Mjp-n)
=0 =0
k-1
= (Mgi1)pn — Mjp-n)®
=0
= [M]iy-n-

Hence, M? — 2X}* is increasing along the sequence of times (kQ*”, 1<k< L2"TJ). Passing
to the limit n — oo, M? — 2X must be a.s. increasing. Set

[M]; :== M? —2Y;, te(0,T]

on the set where M? — 2Y is increasing and [M] = 0 otherwise. Hence, [M] is a continuous
increasing process and M? — [M] = 2Y is a martingale on [0, T].

We extend the definition of [M]; to ¢t € [0,00) by applying the foregoing for all 7' € N.
Note that the process [M] obtained with T is the restriction to [0, 7] of [M] defined with T'+1.
Now, note that M22,n 12n) COnVerges to M? u.c.p. by uniform continuity, and convergence of
X™ towards X also holds in the u.c.p. sense since it holds in the stronger (M2, ||.||) sense.
Thus the theorem is proved when M is bounded.

Now we turn to the general case M € M, j,.. Define
T, :=inf {t > 0 : [M;| > n}.

Then (T}, )nen reduces M and we can apply the bounded case to M7», writing A" = [M7n].
By uniqueness, A?er}n and A} are indistinguishable. Thus there exists an increasing process
A such that for all n € N, Ajnp, and A} are indistinguishable. Define [M]; = A;. By
construction, (MEATn — Aiat, )50 € M and so (M? — Ap)i>o € M oc, as required. It
remains to show that [M] is the u.c.p. limit of its dyadic approximations. Let [M](™) be the
dyadic approximation at stage m. Note that for fixed n > 1, we have [MT»]™ — [MTn] u.c.p.
as m — oo by the bounded case. Since for all fixed ¢ > 0, P(T;, > 1) — 1 as n — o0, we
obtain that [M]™ — [M] w.c.p. as m — oo.

Remark. The idea of the proof itself is based on 1t6’s formula. Indeed, as we will soon prove,
it M € M¢joc, then
M? =2M - M + [M]
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so the idea of the definition of H™ and then X" = H™ - M is to take an approximation of
M and M - M. So the martingale Y in the proof really is M - M, and this is why we define
[M] = M? —2Y.

Remark. Note that [M] is nondecreasing and thus of finite variation, and that if 7" is any
possibly random time,
[(MT] = [M]".

Theorem 3.7 If M € M?, M? — [M] is a uniformly integrable martingale. Moreover,
E([M]so) = E((Mso— Mp)?). Conversely, if M € M. joc with E(ME) < 0o and E([M]s) < oo,
then M € M?2.

Proof. Since the quadratic variation is unchanged by the addition of a constant to M,
we may assume wlog that My = 0 a.s. For the first direction, assume M € M?2. Let
Sp =inf{t >0 : [M]; > n}. Sy is a stopping time and [M]isg, < n. Thus, the stopped
local martingale satisfies

< n + sup M}? (3.29)

|MPs, — [M]irs, Sup

is bounded by an integrable random variable and thus a true martingale (see remark after
Proposition . Thus

E([M]ins,) =E(MZg,) forallt>0. (3.30)

We take the limit ¢ — oo, using monotone convergence on the left and dominated convergence
on the right, and then n — oo by the same arguments to get

E([M]s) =E(M2) < . (3.31)

Hence, |M? — [M];] is dominated by sup;>q M{ + [M]os which is integrable. Thus M? — [M]
is a true martingale and is uniformly integrable since:

E(sgg |ME — [M]y]) < E((sgg M;)? + [M]o) < BE(MZ) < oo . (3.32)
t> t>
The converse direction is part of Problem [I.11] O

Remark. Some textbooks use the notation (M) rather than [M] for the quadratic variation.
In general (i.e., in the discontinuous case), (M) should be previsible and means something
slightly different (beyond the scope of this course), but it coincides with [M] when M is
continuous.

3.3 Ito integrals

Proposition 3.8 Let u be a finite measure on the previsible o-algebra P. Then S is a dense
subspace of L*(P, ).
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Proof. If H € S then H is bounded so H € L*(P, u). Thus S C L?(P, ). Denote by S the
closure of S in L*(P, ). Since linear combinations of indicator functions of the form 14
for A € P are dense in L?(P, 1) by measure theory, it suffices to prove that if A € P, then
AeS.
Set
AZ{AEPtl{A}ES}. (3.33)

Then A is a d-system. [ Check: 1iax(on)) € S 50 Liax(0,00)} € S and Q x (0,00) € A; if
C CDeAthen D\C € A;if C,, € Aand C,, / C then C € A since § is the closure of S in
L*(P,p) ]. Moreover A contains the m-system {B x (s,t] : B € F,, s < t}, which generates
P. Hence, by Dynkin’s lemma, A = P. O

Given M € M?2, define a measure y on P by
(A X (s,t]) = E(1gay([M] — [M]y)) foralls<t, AeF,. (3.34)

Since P is generated by the m-system of events of this form, this uniquely specifies p. Alter-
natively, write

p(dw @ dt) = d[M](w, dt) P(dw) (3.35)

where for a fixed w, d[M](w, .) is the Lebesgue-Stieltjes measure associated to the nondecreas-
ing function [M](w). Thus, for a previsible process H > 0,

/Qx(o,oo> Hdp = E( /0°° Hs dW}S) ' (3.36)

Definition 3.5 Set L*(M) = L?(2 x (0,00), P, 1) and write

71 = 1 s = B( [ 2 a),) (3.37)

so that L?(M) is the space of previsible processes H such that |[H|3, < oco.

Note that the simple processes S C L?(M) for all M € M2. Now, recall that if M € M? we
defined ||M|* = E(M2).

Theorem 3.9 (Itd isometry.)
For every M € M? there exists a unique isometry I : (L2(M), || - ||ar) — (M2, ]| - ||) such that
I(H)y=H-M forall HES.

Proof. Let H = Zz;é Ze Yt try €S- By Proposition H-M € M? with

n—1
IH - M|* =Y E(Z}(My,,, — My,)?) . (3.38)
k=0

But M? — [M] is a martingale so that
]E(Zlg(MtkH - Mtk)Q) = E(ZlgE((MtkH - Mtk)Q ’ }-tk)) =

~E(ZEE(ME,, — M2 | Fy)) = E(Z(M]yp — (M) . (339)
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andso - MIP=E( [ m2apn) = i

Now let H € L?(M). We have thus defined a function I from S to M2, which is an isometry.
However, S is dense in L?>(M) = L?*(P, u) by Proposition This implies that there is a
unique way to extend I to L?(M) which makes I into an isometry. Indeed, let H € L2(M).
Then there exists H" a sequence of simple processes such that H® — H in L?(M). Then by
linearity:
[I(H") = I(H™)| = [I(H" = H™)|| = [|H" = H™|\;

so I(H™) is a Cauchy sequence in (M2, || - ||), which is complete. Therefore, I(H™) converges
to some limit which we may denote by I(H). It is easy to check that I(H) does not depend
on the sequence H™ chosen to approximate H: if H® — H and K™ — H in L?(M), then
I I(H™) — I(K")|| = ||[H" — K"||ar — 0 as n — oo, so the limits of I(H™) and I(K™) must
be indistinguishable. I(H) is then, indeed, an isometry on L?(M). For H € S we have
consistently I(H) = H - M by choosing H" = H. O

Definition 3.6 We write .
[(H)t—(H-M)t—/ H, dM,
0

for all H € L?(M). The process H - M is It6’s stochastic integral of H with respect to M.
Remark. By Theorem [3.9] this is consistent with our previous definition of H-M for H € S.

Proposition 3.10 Let M € M? and H € L?>(M). Let T be a stopping time. Then Hlgm €
L?>(M) and H € L*>(M7T), and we have:

(H-M)" = (H1qomy) M=H-(M"). (3.40)

Proof. Let H € L*(M). It is trivial to check that H1 7] € L?(M) (to see that it is previsible,
note that 1(7y(t) is left-continuous and hence previsible). To see that H € L*(M7T), note

that [MT] = [M]T by the discrete approximation in the definition of quadratic variation, and
thus

00 T (%)
IE/ H2d[MT), = IE/ H2d[M], < E/ H2d[M]s < oco.
0 0 0

Step 1. Take M € M? and suppose first that H € S. If T takes only finitely many values,
H1lgo7y € S and (H - MT = (H 1(o,77) - M is easily checked. For general T', set T, =
(27™[2"T]) A n which is a stopping time that takes only finitely many values. Then T,, T
as n — oo and so

2 o0
|H Lomy — Hqom |y = E(/O HE (Lyo.z,0y — Lgop)*(t) dWh) =0 (3.41)

as n — 00, by dominated convergence, and so H 1y 7,3 M — H 1y - M in M?2 by Theo-
rem But (H-M)™ — (H-M)T a.s. by continuity and hence, (H-M)" = (H gom) M
since (H - M)™ = (H1yqor,) - M for all n € N by the first part. On the other hand we
already know (H - M)T = H - (MT) by Proposition
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Step 2. Now for H € L?>(M) choose H" € S such that H® — H in L?>(M). Then
H" - M — H-M in M2, so (H"-M)T — (H - M)T in M? by Doob’s inequality. Also,

T
n 2 n n
|1 1{<o,Tn—H1<o,T]HM—E< | —H)Ed[M]s> <H - HZ -0 (342)

asn — 00,50 (H"lyom) M — (H1ygmy)-M in M?2 by the isometry property of Theorem
. Again, by equating the limits of both sequences we get (H - M)T = (H 1o7]) - M.
Moreover,

I = e = B [T - ) -
T
= E</O (H" — H)id[M]s) <|H"-Hl|n =0, (3.43)
so H" - (MT) — H - (MT) in M2?. Hence, (H-M)"' = H-(MT). O

Proposition allows us to make a final extension of Itd’s integral to locally bounded,
previsible integrands.

Definition 3.7 Let H be previsible. Say that H is locally bounded if there exist stopping
times S, " 0o a.s. such that H 1 g,] is bounded for all n € N, i.e. there exists C,, < oo
nonrandom such that sup;> ‘Ht 1(0,5,] (t)’ <C, a.s..

Note that if H; is cadlag and adapted, then H,- is previsible and locally bounded.

Definition 3.8 Let H be a previsible locally bounded process and let M € M, .. Choose
stopping times S/, = inf {t >0 : |[M| > n} M o a.s., and note that M5» € M?2 for all
n € N. Set T,, = S, A S, and define

(H-M)y:=(H1lgq, -M™), forallt<T,. (3.44)

t

Remarks.

(i) The stochastic integral in the right-hand side of (3.44) is well-defined: indeed, every
bounded previsible process is in L?(M) whenever M € M?2. Moreover, H o7, is

bounded and M™» = (M5:)Tn € M2, so H1r,) - M™™ makes sense (it falls within the
category of processes covered by Theorem .

(ii) Proposition ensures that the right-hand side does not depend on n for all n large
enough that T;, > t.

(iii) Note also that the definition does not depend on the sequence of stopping times (7},)n>0
used to reduce M and H, so long as H'" is bounded and M € M? for all n > 0.

(iv) It is furthermore consistent with our previous definitions of stochastic integral when
M € M? and H € L*(M).

Proposition 3.11 If H is locally bounded previsible and M € Mg oc, then for all stopping
times T we have (H - M)" = (H1q) - M = H - (M7).
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Proof. Let us start by checking the first of these equalities. By Proposition [3.10] we know
that
(Hloz, - M™)" = Hlomloz, - M™

As n — oo, the left-hand side converges pointwise a.s. to (H - M)T by definition, while
the right-hand side also converges pointwise a.s. to H1(g 7] - M since the sequence (T,,) also
“reduce” H1 ) and M in the sense of Defintion @ The second equality follows the same
argument.

Theorem 3.12 (Quadratic variation of stochastic integral).
Let M € Mo and H be locally bounded previsible. Then H - M is a continuous local
martingale, whose quadratic variation is given by

[H - M) = H?-[M].

Remark. In practice, we often use this theorem in combination with Theorem [3.7]to conclude
that H - M is a true martingale. In addition, as already discussed informally at the very
beginning of the construction, this is the property which in some sense motivates the entire
construction of the stochastic integral.

Proof. Let T, be a sequence of stopping times which reduces both H and M: H™» is
bounded and MT» € M2. By Propostion

(H-M)™ = (H1gg,) M™ e M2 (3.45)

which implies that H-M is a continuous local martingale. To compute the quadratic variation,
assume first that M € M? and that H is uniformly bounded in time. For any stopping time
T, we have by the isometry property of Theorem (3.9

E((H-M)3) = E((H1gq-M)i) =
= E((H?17 - [M])eo) =E((H?- [M])7) (3.46)

By the optional stopping theorem, we conclude that (H - M)? — H? - [M] is a martingale.
Moreover, since H is locally bounded and [M] continuous one also shows that H? - [M] is
continuous with probability 1. Therefore, by Theorem 3.5, we have [H -M]= H?-[M]. In
the general case, note that as a consequence of (i) and of the fact that [MT] = [M]”, we may
write

[H - M) = lim [H - M]™

n—oo

= lim [(H - M)"]

n—0o0

= lim [H1(,p,) - M™"]

= lim H21(0T ] - (M) (by the above)
n—00 wn

= H? - [M] (by monotone convergence)

where the limits in these equalities are a.s. pointwise limits.

Theorem 3.13 (Stochastic chain rule.)
Let H, K be locally bounded and previsible and M € Mg o.. Then

H-(K-M)=HK - M.
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We view this result as a stochastic chain rule, since it is telling us that:

t
d </ KSdMS) = K;dM;.
0

This is a rule that is extremely useful in the practice of computing stochastic integrals. E.g.,
if dYt = thXt then dXt = (1/Ht)d}/t

Proof. The case H, K € § is tedious but elementary. For H, K uniformly bounded and
M € M?2, there exist H", K™ € S, n € N such that H" — H and K" — K in L?>(M).
Furthermore, we may also assume that ||H"| and [|[K"||s are uniformly bounded in n
(indeed, truncating K™ at || K||s + 1 can only improve the L? difference between K™ and K).
We first prove an upper bound on ||H || z2(x. a1

1 2cary = E(H? - [K - M])oo)
= E((H?-(K*-[M]))x)
= E((HK)*- [M])x)
= | H K[,
< min (| H 3K ) I 0 112} (3.47)
where * holds by Problem since [M] is nondecreasing and thus of finite variation. We
have H".-(K"-M)= (H"K")-M and using
|H™ (K™ - M)—H-(K-M)|| <||[(H"—H)- (K" M)||+||H - (K" - K)-M)||
= |H" — H|lp2(xn-an) + 1 H || 2 ((xm— 1) 01
<|[H" = Hll 2000 1 K" [loo + [ H [loo [ K™ = K[ £2(ar)
—+0 asn—o00.

So H"- (K" -M)— H-(K-M) in M2 Similarly, (H"K")-M — (HK)-M in M2,
which implies the result. O

Definition 3.9 Let X be a continuous semimartingale X = Xo 4+ M + A with M € M_ o,
A a finite variation process and My = Ayg = 0. We set the quadratic variation of X to be that
of its martingale part, [X] := [M], independently of A.

This definition finds its justification in the fact that

|27t] -1

> Kgprne—r = Xpo—n)® = [X]; w.cp. (3.48)
k=0

as n — 0o, as is not hard to show.

Definition 3.10 For a continuous semimartingale X and H locally bounded and previsible,
we define the stochastic integral

t
H-X=H-M+H-A, writing also (H-X)t:/Hsts, (3.49)
0
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where H - M is 1t0’s integral from Definition 3.8 and H - A is the finite variation integral
defined in Proposition [2.6l We agree that

t
dZ; = H;dX; means Zt—Z():/HSdXs
0
(3.50)

Note that H - X is already given in Doob-Meyer decomposition and is thus obviously a
continuous semimartingale. Under the additional assumption that H is left-continuous, one
can show that the Riemann sum approximation to the integral converges.

Proposition 3.14 Let X be a continuous semimartingale and H be a left-continuous,
adapted and locally bounded process. Then

[2nt]—1

t
Z Hyon(X(gy1)2-n — Xpo—n) = / H,dX, w.cp. asn— oo . (3.51)
k=0 0

Proof. We can treat the finite variation part Xo + A and the local martingale part M
separately. The first is proved in Problem (in fact, uniformly on compacts for all w). So
it suffices to show that
l27¢] -1
> Hypgn(Mpryo—n — Myg—n) = (H-M); u.cp. asn — o0 (3.52)
k=0

when M € M, with My = 0. By localization, we can reduce to the case where M ¢ M?
and H; is bounded uniformly for ¢ > 0. Let H{" = Hy-n|gny. Then H{® — H; as n — oo by
left continuity. Now,

12711
(H" M)y = > Hyg-n(My1y2-n — Myg=n) + Hon|gng) (My — My—uony))  (3.53)
k=0

where, since M is continuous (and therefore almost surely uniformly continuous on any com-
pact interval), M; — My—n|gn¢) — 0 u.c.p as n — oo. We can thus ignore the second term on
the right. Now

|H™ — H||p» = E(/OOO(H,? — H;)? d[M]t> —0 asn — oo (3.54)

by bounded convergence and the fact that H{* — H; for every ¢t as n — co. By the isometry
property, H" - M — H - M in M?. Using Doob’s inequality, it is easy to see that this implies
u.c.p. convergence. d
To step away from the theory for a moment and look at a concrete example, you should try

your hands at proving the following result. This will be generalized in a moment in Theorem
[3:21] so you can go look for some inspiration there if you are stuck.

Proposition 3.15 Let (My,t > 0) be a continuous local martingale. Then for all t > 0,

t
M? = M2 + 2/ MdMg + [M];.
0
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In particular if (By, ¢ > 0) is a one-dimensional standard Brownian motion, then
t
B? :2/ BydBg +t
0
is a semi-martingale.

3.4 Covariation

In practice we do not calculate integrals from first principles, but rather use tools of calculus
such as integration by parts or the chain rule. In this section we derive these tools for
stochastic integrals, which differ from ordinary calculus in certain correction terms. A useful
tool for deriving these rules will be the covariation of two local martingales.

Definition 3.11 Let M, N € M¢ o, adapted to a common filtration (F;,t > 0) satisfying
the usual conditions, and set

1
[M,N] = Z([M + N]—[M — NJ) (polarization identity) (3.55)
[M, N1 is called the covariation of M and N.

Proposition 3.16 Let M, N € M_,.. Then we have:

(i) [M,N] is the unique (up to indistinguishability) continuous adapted process with finite
variation such that M N — [M, N] is a continuous local martingale started from 0.

(ii) Form > 1 and for allt >0, let

121

[M, N} = Z (Mig1y2-7 — Myg—n)(N(gy1)2-7 — Npa—n) - (3.56)
k=0

Then [M,N]* — [M,N] u.c.p. as n — oo ,
(iii) for M,N € M?, M N — [M, N] is a UI martingale

(iv) [M, N] is a symmetric bilinear form.

Proof. (i) Note that M N = ;((M+N)?*—(M —N)?) It is thus obvious that M N — [M, N|
is a continuous local martingale. Moreover, finite variation is an obvious consequence of the
definition and uniqueness follows easily from Theorem [2.13

(i) and (iii) follow form polarizing the sum (3.56]) just as in (3.55)) and applying Theorems
3.5l and

For (iv), the symmetry comes from the uniqueness in (i), while the bilinearity also follows
from (i).

Remark. Of course, [M, M| = [M].

Theorem 3.17 (Kunita-Watanabe Identity.)
Let M, N € Mo and H be a locally bounded previsible process. Then

[H-M,N]=H-[M,N] . (3.57)
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Proof. We may assume by localization that M, N € M? and that H is uniformly bounded
in time. Note that H - [M, N] is of finite variation, and thus by the uniqueness of Theorem
3.16| (i), it suffices to prove that

(H-M)N —H - [M,N] e Mqipp.
By the optional stopping theorem, it suffices to prove that for all bounded stopping times 7',
E((H - M)rNr) =E((H - [M, N])r) (3.58)
and by considering the stopped processes H', M7 and N7 it suffices to prove that E((H -
M)ooNeo) = E((H - [M, N])s). If H is of the form Z1y(,,; with Z bounded Fs measurable,
then this identity becomes
E{Z(M; — Ms)Ns} = E{Z([M, N]; — [M,N]s)}.
However, note that since M N — [M, N| is a martingale, we have:
E{Z<Mt - MS)NOO} - E{ZMtE<Noo‘~Ft)} - E{ZMSE(Nm’fs)}

= E{ZE(M;N, — MsN|Fs)}

= E{ZE([M, N]; — [M, N1s|F5)}

= E{Z([M, N]; — [M, N].)},
as required. (3.58) then extends by linearity to all H € S. If H is bounded, we may find a

sequence H" — H in L?(M) such that H" € S and is uniformly bounded. The Lebesgue
convergence theorem then shows that (3.58|) holds. This proves the result. O

Remark. Note that a consequence of this identity is that [H - M, H - N] = H? - [M, N]. As
an exercise, try to derive directly the latter identity by polarization arguments.

Definition 3.12 Let X,Y be continuous semi-martingales. We define their covariation [X,Y]
to be the covariation of their respective martingale parts in the Doob-Meyer decomposition.

It is not hard to see that lim, ,[X,Y]" = [X, Y] u.c.p where
|27¢] -1
X, Y]} = Z (X (k1277 — Xig—n) (Yirg1yz-n — Yao—n).
k=0
An important property of the covariation is that two independent semi-martingales have
zero covariation. However, just as there exist many pairs of random variables with zero
correlation which are not independent, the converse is false. A notable exception is the Lévy
characterization of Brownian motion.

Proposition 3.18 Let X,Y be continuous local martingales in a common filtration (Fy,t >
0) satisfying the usual conditions, and assume that X and Y are independent, i.e., o(Xs,s >
0) and o(Ys,s > 0) are independent. Then [X,Y] = 0.

Proof. Problem asks for a proof. ]
Remark 3.19 In particular, if B = (B!,... ,Bd) s a d-dimensional F-Brownian motion,

then [BZ, Bj]t = 5i,jt-

Remark 3.20 Note that the Kunita- Watanabe identity [H - X, Y] =H - [X,Y]| =[X,H - Y]
also holds for continuous semi-martingales.
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3.5 Ito’s formula

Theorem 3.21 (Integration by parts.)
Let XY be continuous semimartingales. Then

t t
X, Y, — XoYo= | X.,dY, + / Y, dX, + [X,Y]; . (3.59)
0 0

Proof. Since both sides are continuous in ¢, it suffices to consider ¢t = M 2=V for M, N > 1.
Note that

XtY;t - Xs Ys - XS(Y% - Ys) + Ys(Xt - Xs) + (Xt - Xs)(Y;f - Ys) (3'60)
soforn> N
M2n—N 1
XtV = XoYy = (Xkrn Yoz — Yao—n) + Yig-n(X(pq1)2-n — Xpon) +
k=0

H( X (kr1)2-7 — Xpo—n) (Yeg1)2-7 — Ykrn))

CRAXY) 4+ (V- X)) + [X,Y], asn— oo (3.61)
by Proposition and Theorem [3.56] O

Note the extra covariation term which we do not get in the deterministic case. The next
result, It6’s formula, tells us that a smooth function of a continuous semimartingale is again
a continuous semimartingale and gives us its precise decomposition in a sort of chain rule.

Theorem 3.22 (Itd’s formula.)
Let X', X2, ..., X% be continuous semimartingales and set X = (X1,..., X%).
Let f € C*(R%,R). Then

f(Xo) s)dX! + X, xJ .62
70 = F(Xo +Z/ o Z/ L xaaxt X, @)
Remarks. (i) In particular, f(X) is a continuous semimartingale with decomposition

[(Xy) = dMZ

EMC loc

+Z/ 81‘2 o) dA, Z/ 8361814 Xs) dIM, M5 (3.63)

finite variation

where the covariation of the R%valued semimartingale X = Xo+ A + M is
[X? XJ] = [M?, M7], due to quadratic variation and the polarization identity (3.55]).



3 THE STOCHASTIC INTEGRAL 46

(ii) Intuitive proof by Taylor expansion for d = 1:

|2n¢]—1
f(Xy) = f(Xo)+ Z (f(X(k+1)2*n) - f(kan)) + (f(Xt) - f(XL2ntj2*n)) =

)

|2n¢]—1

= f(Xo) + Z F'(Xpo-n) (X(hs1)2-n — Xpa—n) +

k=0

L2

+3 J" (Xpo-n) (X g1)2-n — XkQ_n)z + error terms
k=0
R (X) + / FI(X)dX, + / 71X (3.64)

We will not follow this method of proof, because the error terms are hard to deal with.

Proof. (for d =1)
Write X = Xo+ M + A, where A has total variation process V. Let

T, =inf {t>0: |X¢| +V; + [M]; > 7} . (3.65)

Then (7),>0 is a family of stopping times with T,  co. It is sufficient to prove (3.62) on
the time intervals [0,7,]. Let A C C?(R,R) denote the subset of functions f for which the
formula holds. Then

(i) A contains the functions f(z) =1 and f(x) = x. (ii) A is a vector space.
Below we will show that A is, in fact, an algebra, i.e. in addition
(iii) f,ge A = fgeA.
Finally we will show that
(iv) if f, € A and f, — f in C*(B,,R) for all » > 0 then f € A, where f, — f in
C?(B,, R) means that A, — 0 as n — oo with B, = {z : [z| < r} and

A= max{ sup ’fn ’ sup | fr(x (m)’, sup ‘f,’{(a:)—f"(m)’} . (3.66)
rE€EB,

rELy

(i) -(iii) imply that A contains all polynomials. By Weierstrass’ approximation theorem, these
are dense in C?(B,,R) and so (iv) implies A = C?(B,,R).

Proof of (iii): Suppose f,g € A and set Fy = f(X;), G: = g(X:). Since the formula holds
for f and g, F and G are continuous semimartingales. Integration by parts (Theorem
yields

t t
FGy— Fy Gy :/ F, dG, +/ G,dF, + [F,G], . (3.67)
0 0

By Proposition [3.12(iv) we have F'- G = F - (1 - G), and using Itd’s formula for (1 - G)s =
9(Xs) — g(Xo) we get again by Proposition |3.12(iv)

/F iG, _/ F(X) ¢/ (Xs) dX,s + = /f Vd[X], | (3.68)
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By the Kunita-Watanabe identity (Proposition[3.17) we have [f'- X, G] = f'-[X, G]. Applying
this a second time for G leads to

F.Gl, = [f'(X) X,g'(X / 11(X.) g/ (X) d[X]s . (3.69)

Substituting these into (3.67)), we obtain It6’s formula for f g.
Proof of (iv): Let f, € A such that f, — f in C?(B,,R). Then

tAT; 1 [tATr
[ - peolaves g [ o) - e d, <
0 0

1
< An,r (W/\TT + i[M]t/\Tr) < TATL,T —0 asn—o00. (370)
and so
tATy tAT, tAT, tAT
fn(Xs) dAs + 5 n(Xs)d[M]s — fI(Xs) dAs + 5 J(Xs)d[M], .
0 0 0 0

Moreover, MTr € M? and so

|(rx)- 2™ = () - )™

n

T
D= ([ e - rec)an. )
< A2 E(M]g,) <rA}, —0, (3.71)

as n — oo and so (f}(X) - M)TT - (f(X)- M)TT in M2. For any fixed r, X’r € B, and
taking the limit n — oo in It0’s formula for f, we obtain

tAT) 1 tAT)
Fun) = £+ [ Py [ )X, (372)
0 0
|
Remark. For d > 1, (i) becomes 'A contains the constant 1 and the coordinate functions
fi(z) ==x', ..., fa(x) = 2% Check that you can then follow the same argument, dealing with

all the different components X*, M* [M?, M’] etc.

Corollary 3.23 Let X', X2, ..., X% be continuous semimartingales and set X = (X1, ... ,Xd).
Let f € C*(Ry x R4 R). Then

F(t, X)) = £(0, Xo) /a (s, Xs) d+Z/ 77X 5)dX?

oy
T3 Z/@ﬂ@xﬂ ) X7, X7,

Proof. This is an immediate consequence of . Indeed, the process t +— t is nonde-
creasing and so of finite variation, so (¢, X}, ..., X?) is a (d+ 1)-dimensional semi-martingale.
The result follows by applying It6’s formula to this d + 1-dimensional process, and observing
that since t +— t is of finite variation, it does not contribute to any of the covariation terms.

We will also occasionally need the following generalization of 1t6’s formula which allows
us to localise the process in some open set:
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Proposition 3.24 Let D be a domain (open and connected subset of R?) which is a proper
subset. Let f : D — R be a C? function on D. Then if X is a semimartingale such that
Xo € D almost surely, and if T =inf{t > 0: X; ¢ D} then we have:

i ( J
J(X) = / axz JAXo+ 35 Z/ (9331630] X, X7,

almost surely for allt < T.

Proof. We may assume without loss of generality that X € M? for each 1 < i < d. Let
n > 1 and define 7, = inf{t > 0 : d(X¢, D) < 1/n}. Then 7, < T almost surely and 7,
is nondecreasing, hence L = lim,_,o, 7, exists. We have L < T by passing to the limit in
7, < T, and we also claim that L > T. Indeed, since the distance is a continuous function,
d(Xp, D) = 0. Note that d(Xr, D) = infyepe d(Xp,y) = infy e penp(x,,1) d(Xp,y). Since D
is open, DNB(X, 1) is compact and thus this distance is attained. This means that X € D¢
which implies L > T. Thus L = T. Let 7/, = inf{t > 0: | X;[| + 32 ,<; j<q V (X", X7]t) > n},
where V(X)) denotes the total variation of the process X. Let T;, = 7, A7,. Then T,, < T for
all n > 0 and 7, increases towards 71" almost surely.

Now, let us introduce a sequence of functions (¢y,)m>1 which are C*°-approximations
of the identity (such as the Gaussian density with mean 0 and covariance matrix (1/m)I.)
Consider the function

fn,m = (fl{Dn}) * Pm

where D,, is the subdomain D, = {x E D :d(z, D) > 1/n} and % denotes the convolution of
two functions, i.e., fxg(z) = [pa f( —y)dy. Since ¢, is C*°, and since convolution is a
regularizing operat1on the function fn,m is C* for all n, m. Thus we can apply [t6’s formula
to fn,m. Stopping at time T},, we get:

d

tAT, 4 of 1 tAT, an o
g n,m ? — n,m 1 J
Frm (XinT,,) /0 ;1 0z, (Xs)dX: + 2151/0 Dm0, (X5)d[ X", X]s. (3.73)

However, since f is C? inside D, we have for all x € D,,:

Ofnm, of
Bx,- (l’) = P 3931

and o o
3$ia$]’ (x) = Pmx 81‘181’] (:E)

Since ¢y, is an approximation of the identity, this means that as m — oo,

O fnm of O frm o*f
o0x; () = ox; (z), and O0x;0x; (z) = O0x;0x; ()

pointwise in D. This implies that one can take the limit m — oo in (3.73). Indeed, the second

term AT - )
/0 Gy VAN X e = /O s, L)X X,
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converges because of the Lebesgue convergence theorem since each (X¥)™» ¢ M2 (1 <i <d
and n > 1). To see that the first term also converges, applying the isometry property of the

stochastic integral:
2 2
< (O0fnm  Of T,
=E — — X)d[(X*) s | -
) (/0 (%= 20 (s ])

afn,m 8f iNTh
(T -5 e o)
Ofn,m of

Since for a fixed n, [(X?)7"] is bounded by n, and since oo (x) = 52 (2) pointwise in
x € D,, and these functions are uniformly bounded in m, we may apply the Lebesgue
dominated convergence theorem, and get that the right-hand side converges to 0. Thus we
get the desired [t6 formula for all ¢ < T, almost surely. Letting n — oo finishes the proof. [J




4 APPLICATIONS TO BROWNIAN MOTION AND MARTINGALES 50

4 Applications to Brownian motion and Martingales

4.1 Brownian martingales

As we will see in a few moments, martingales are very useful to understand (and ultimately
prove results about) the behaviour of random processes.
We start with the following very useful observation.

Theorem 4.1 (Exponential martingale.)
Let M € Mo with Mg = 0. Then Z; = exp (Mt — %[M]t) defines a continuous local
martingale. We call Z the exponential (local) martingale of M.

Proof. The function f(z,y) = exp(z—y/2) is C? and M; and [M]; are both semimartingales.
By Ito’s formula,

dZ; = Zy(dMy — 3d[M)y) + 5 Zy d[M]; = Zy dMy (4.1)

S0 Zy = Zy+ fg ZsdMsy is a local martingale.

Applying this to Brownian motion, we find the following martingales, which are the basis
of a finer study of Brownian motion. If 2,y € C%, we note (z,y) = Z?:l x;7; their complex
scalar product.

Theorem 4.2 Let (B, t > 0) be an (Ft)-Brownian motion in d > 1 dimensions.
(i) If d =1 and By € L', the process (By,t > 0) is a (F;)-martingale.
(ii) If d > 1 and By € L2, the process (|| B¢||* — dt,t > 0) is a (F;)-martingale.
(iil) Letd > 1 and u = (u1,...,uq) € CL. Assume that E[|exp((u, Bo))|] < oo, the process
defined by
M; = exp({u, B) — tu®/2)

2 is a notation for Y0, u2.

is also a (F;)-martingale for every u € C?, where u

Notice that in (iii), we are dealing with C-valued processes. The definition of E[X|G] the
conditional expectation for a random variable X € L'(C) is E[RX|G] +iE[SX|G], and we
say that an integrable process (X, ¢ > 0) with values in C, and adapted to a filtration (F;),
is a martingale if its real and imaginary parts are. Notice that the hypothesis on By in (iii)
is automatically satisfied whenever v = iv is purely imaginary, i.e., v € R.

Proof. (i) If s < ¢, E[B, — By|F,] = E[B)] = 0, where B{") = By, — B, has mean 0 and is
independent of Fg, by the simple Markov property. The integrability of the process is obvious
by assumption on By.

(ii) Since By € L? and B; — By is a normal random variable, we have by the triangle
inequality that B, € L2. For s < t, B? = (B; — Bs)? +2B4(B; — Bs) + B2. Taking conditional
expectation given Fy and using the simple Markov property gives that E[B?] = (t — s) + B2,
hence the result. A proof using It6’s formula is to say that B is an F-local martingale and
hence

t
B} = 2/ BydBg +t.
0
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Thus Bt2 —t=M; =2 fg BdB; is an F-local martingale. It thus suffices to show that it is a
true martingale, which can be proved for instance by observing that the quadratic variation
is

t
[M]; = / BZds
0

which has finite expectation for all ¢ > 0 by Fubini’s theorem. By Theorem 3.7, (Msns, s > 0)
is a martingale bounded in L? and hence M is a true martingale.

(iii) To check integrability, note that Elexp(AB;)] = exp(tA?/2) whenever B is a standard
Brownian motion, and since |e*| = €*, then we have

E(| exp(u, B)|) = E(| exp{u, (B; — Bo + Bo))l)
E(| exp{u, By — Bo)|)E(| exp(u, Bo)|)
d

= exp(z t(Ru;)?/2)E| exp(u, By)| < oo.
=1

To show that M is a martingale, consider X ;1 = ¢ which is a continuous semi-martingale.
Let f(x1,..., 24, 2ar1) = exp(Xim; wiwi — (1/2)uwg11). f € C*RM!,C) so we may apply
It6’s formula and obtain:

t d

M, = My —|—/ Zuz exp((u, Bs) — su®/2)dB.

0 =1
since d[B’, BY]; = §;;dt and [B',t] = 0 for all 1 < 4,5 < d, so that the finite variations
term cancel. It thus suffices to show that: fg ui exp({u, Bs) — su?/2)dB. is a true martingale.

We take the quadratic variation of the real and imaginary parts, and it suffices by Fubini’s
theorem to show that

. d
/0 E (exp(z 2r; B! — s(u,ﬁ)2)> ds < 0o (4.2)

i=1

where 7; is the complex modulus of u; and (u, @)2 = S°%, r2. (4.2) follows instantly from the

i=1"Ti-
independence of the coordinates and the fact that Elexp(rB;)] = exp(tr?/2). O
A classical application of these martingales is to show the following result, often referred
to as the gambler’s ruin estimates.

Theorem 4.3 Let (By,t > 0) be a standard Brownian motion and T, = inf{t > 0: B; = z}.
Then for x,y > 0, one has

P(T_, < Tp) = %er . E[I, AT, = ay.
Proof. Let T = T_,AT,, which is a stopping time. Moreover, B is bounded (by max(z,y))
so we may apply the optional stopping theorem to find that E(By) = E(By) = 0. On the
other hand, E(Br) = —yp + z(1 — p), where p = P(T_, < T) is the probability of interest
to us. Thus py = (1 — p)x and the first statement follows easily. For the second statement,
observe that B2, — (t A T) is a martingale (since martingales are stable by stopping) and
thus
B(B%q) = E(tAT).
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We may let ¢ — oo since the left-hand side is bounded and the right-hand side is monotone,
and deduce that
E(B}) = E(T)

Using the first statement,

and the claim follows. OJ
Similarly,

Theorem 4.4 The Laplace transform of T, for x € R is given by E(e~9T) = e~loIV2a,
Moreover, the random variable T'= T, N'T_, has a Laplace transform given by

sinh(y/2qx) + sinh(y/2gy)
sinh(v/2q(z 4+ y))

and when y = x, T is independent from the event {T_, < T,}.

E(eT) =

Proof. The first statement follows directly from the optional stopping theorem and the fact
that e*Bt—(\?/2)t ig martingale which is bounded when stopped at T, if x > 0 (which we
may assume by symmetry). The second statement is a bit more involved. Let

M, = e X2 sinh(A\(B; + )
is also a martingale since it can be written as

Lo aBiry) _ L x22 - ABity)

2 2
which is the sum of two martingales. Now, stopping at T'=T_, A T,,, M is bounded so we
can use the optional stopping theorem to obtain:

sinh(Ay) = E(sinh(A(Br + y))e_TA2/2)
= E(sinh(\((z + y))e T ?1pp,or )

Thus: nh(\y)
E 7T)\2/21 _ S1n y .
(e (1>T-}) sinh(A(z + y))
By symmetry,
B inh(Ax)
E T)\2/21 _ S1n .
(e (1,>12)) sinh(A(z + y))

Adding up the two terms,

sinh(Ay) + sinh(\x)
sinh(A(z +y))

E(e—TA2/2) —
When z =y, it suffices to check that

B(e ™21 or,y) = Ble ™ P)P(T, < T,) = SB(e 7
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which is easy to check. ([l

Another family of martingales is provided by the result below. This is the first hint
of a deep connection between Brownian motion and second-order elliptic partial differential
operators, a theme which we will explore in greater detail later on in the course. (This also
connects to the theory of martingale problems developed by Stroock and Varadhan, which
has proved to be one of the most successful tools in probability theory).

Theorem 4.5 Let (By,t > 0) be a (F;)-Brownian motion. Let f(t,z) : Ry x RY — C be
continuously differentiable in the variable t and twice continuously differentiable in x. Then,

t
Mtf:f(t,Bt)—f(O,Bo)—/O ds (;%—;A) f(s,Bs), t>0

is a (Ft)-local martingale, where A = Zgzl 88722 1s the Laplacian operator acting on the spatial

coordinate of f. If moreover, the first derivatives are uniformly bounded on every compact
interval (that is, for all T > 0,

< 00

of
%(t’ l’)

sup sup
te[0,T] zeR4

for all 1 <i < d), then MY is a true martingale.

Proof. By Ito’s formula,

is indeed a local martingale. The fact it is a true martingale when the first partial derivatives
are uniformly bounded on every compact time interval, follows from the fact that the quadratic
variation of M7 is bounded on on every compact time interval, and hence it is a true martingale
(even bounded in L?) on every compact time interval.

4.2 Dubins-Schwarz theorem

We work on a filtered probability space (£, F, (Ft)i>0,P) where (F;)i>0 satisfies the usual
conditions.

Theorem 4.6 (Lévy’s characterization of Brownian motion.)
Let X',..., X% ¢ M ioc. The two following statements are equivalent.

(i) For allt >0, [X* X7, = &;;t.
(ii) X = (X',..., X% is a Brownian motion in R

Proof. It suffices to show that, for 0 < s <t, Xy — X5 ~ N(O7 (t — s)I) and the increment
is independent of F5. By uniqueness of characteristic functions, this is equivalent to showing
that for all s < ¢ and for all § € R,

E(exp(i(0, X; — Xs)) | Fs) = exp (— 5[10]°(t — s)). (4.3)



4 APPLICATIONS TO BROWNIAN MOTION AND MARTINGALES 54

(Here (-, -) is the usual scalar product on R? and ||0|| is the Euclidean norm). Fix # € R? and
set
Vi =(0,X;) = 0 X} + ...+ 0, X2

Then Y is a local martingale, and by the assumptions and the bilinearity of the covariation,
[Y] =% | 02t = t]|0]|2. Define also

i=1"1
Zy = exp (iY; + 3[Y];) = exp (i(0, X;) + %|9|2t) :

Z is is the exponential martingale associated with ¢Y; which is a local martingale, so Z €
Me1oc. Moreover, Z is bounded on [0,¢] for all ¢ > 0 (since [Y]; = [|0]|*t) and so is a true
martingale by Proposition Hence, E(Z;|Fs) = Zs, or equivalently:

Zy
E( 2
(Zs

(4.3) follows directly. O

]:5) =1, a.s.

Theorem 4.7 (Dubins-Schwarz theorem).

Let M € Mo with My = 0 and [M]o = 00 a.s.. Set 7, = inf{t >0 : [M]y > s},
Bs = M,,. Then 75 is an (Ft)i>0-stopping time. If Go = Fr, then (Gs)s>o is a filtration and
B is a (Gt)i>0-Brownian motion. Moreover M; = By, -

Remark. So any continuous local martingale is a (stochastic) time-change of Brownian mo-
tion. In this sense, Brownian motion is the most general continuous local martingale.

Proof. Since [M] is continuous and adapted, 75 is a stopping time, and since [M]y, = o0 it
must be that 7, < co a.s. for all s > 0. We start the proof by the following lemma.

Lemma 4.8 B is a.s. continuous

Proof. Note that s — 75 is cadlag and nondecreasing and thus B is cadlag. So it remains
to show Bs_ = B, for all s > 0, or equivalently M., = M, , where

To— =inf {t >0 : [M]; = s} (4.4)

and note that 7,— is also a stopping time. Let s > 0. We need to show that M is constant
between 7,_ and 7, whenever 75_ < 7y, i.e. whenever [M] is constant. Note that by Theorem
B.7, (M? — [M])™ is uniformly integrable since E([M™],) < occo. Hence, by the optional
stopping theorem (the uniformly integrable version, see ), we get:

E(MES - [M]Ts FTS*) = M’?sf - I:M]Tsf'

But by assumption, [M],, = [M],,_ and M is a martingale, we obtain
E(MZ — M2 _|Fr, ) =E((Mr, — My,_)*| Fr,.) =0

and so M is a.s. constant between 7s_ and 7. This proves that B is almost surely continuous

at time s. To prove that B is a.s. continuous simultaneously for all s > 0, note that if

T, = inf{t > 0: M; # M,} and S, = inf{t > 0 : [M]; # [M],} then the previous argument

says that for all fixed » > 0 (and hence for all » € Q4 ), T, = S, a.s. But observe that 7, and

S, are both cadlag. Thus equality holds almost surely for all » > 0 and hence almost surely,

M and [M] are constant on the same intervals. This implies the result. O
We also need the following lemma.
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Lemma 4.9 B is adapted to (Gi)i>0.

Proof. It is trivial to check that (Gs)s>0 is a filtration. Indeed, if S < T a.s. are two stopping
times for the complete filtration (F;), and if A € Fg, then for all ¢ > 0,

AN{T <t} =(ANn{S<t})n{T <t}

up to zero-probability events. The first event in the right-hand side is in F; by assumption,
and the second is also in F; since T is a stopping time. Since (F;) is complete, we conclude
that A € Fr as well, and hence Fg C Fp. From this, since 7, < 75 almost surely if r < s, (Gs)
is a filtration. It thus suffices to show that if X is a cadlag adapted process and T’ is a stopping
time, then XTl{T<OO} is Fpr-measurable. Note that a random variable Z is Fp-measurable if
Z1lyr<yy € Fi for every t > 0. If T' only takes countably many values {t;}72, then

o0
Xrlireoy = )Xo L{r=u
k=1

so it is trivial to check that Xplip.o) is Fr-measurable, since every term in the above
sum is. In the general case, let T,, = 27"[2"T"| where [z] denotes smallest n € Z, with
n > x. Then T, is also a stopping time, finite whenever T' < oo, and such that 7T,, > T while
T, — T almost surely. Thus for all u > 0, and for all n > 1, X7, 117, <.} is Fy-measurable.
Furthermore, by right-continuity of X, limy 00 X1, 1(1, <4} = X71{1<y}. Thus Xplip o,y is
Fy-measurable. Naturally, X7r1lir—,; = Xy1l7—,) is also F,-measurable, so we deduce that
XTl{Tgu} is F,-measurable. ]

Having proved this lemma, we can now finish the proof of the Dubins-Schwarz theorem.
Fix s > 0. Then [M™] = [M];, = s, by continuity of [M]. Thus by Theorem M™ € M?
since E([MTS]OO) < oo. In particular, (Miar,,s > 0) is uniformly integrable by Doob’s
inequality. In particular, we get that M, € L?(P) for » < s (and s was arbitrary). Applying
the uniformly integrable version of the optional stopping theorem (see ) a first time, we
obtain

E(MTSLFTT) = M.,

a.s. and thus B is a G-martingale. Furthermore, since M™ € M?, by Theorem [3.7] (M2 —
(M })TS is also a uniformly integrable martingale. By 1} again, for r < s,

E(B: - 5|G,) = E (M* — [M]),

= M2 — M), =B —r.

T T

Hence, B € M, with [B]s = s and so, by Lévy’s characterization, B is a (G;)¢>o-Brownian
motion. O

Before we head on to our next topic, here are a few complements to this theorem, given
without proof. The first result is a strengthening of the Dubins-Schwarz theorem.

Theorem 4.10 (Dubins-Schwarz theorem).
Let M be a continuous local martingale with My = 0 a.s. Then we may enlarge the probability
space and define a Brownian motion B on it in such a way that

M = B[M}t a.s. for allt > 0.
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More precisely, taking an independent Brownian motion (3, if

) M, for s < M
T My + Bs—im)oe  for all s > [M]

then B is a Brownian motion and for all t > 0, My = By, .

See Revuz-Yor (Chapter V, Theorem (1.10)) for a proof.

Remark. One informal (but very informative!) conclusion that one can draw from this
theorem is the fact that the quadratic variation should be regarded as a natural clock for the
martingale. This is demonstrated for instance in the following theorem.

Example. Let B be a Brownian motion and let h be a deterministic function in L?(R™*, B, \)
with Lebesgue measure . Set X = [* hsdBs. Then X ~ N(0,]R]3).

Proof. Apply Dubins-Schwarz’s theorem to the local martingale M; = fg hs dBs. O
Theorem 4.11 Let M be a continuous local martingale. Then
(a) B(Jim [M], = 00) = 0
(b) {w: 1tlim M, exists and is finite} = {w : [M]s < 00} up to null events.
—00

(c) {[M]s = o0} = {limsup M; = 00 and liminf My = —oco} up to null events.
t—o0 t—o0

4.3 Planar Brownian motion

As explained in the introduction to these notes, Brownian motion is the scaling limit of
d—dimensional random walks (this theorem will actually be proved in its strong form in the
next subsection). One of the most striking results about random walks is Polya’s theorem
which says that simple random walk is recurrent in dimension 1 and 2, while it is transient in
dimension 3. What is the situation for Brownian motion? Being the scaling limit of simple
random walk, one might expect the answer to be the same for Brownian motion. It turns out
that this is almost the case: there is however something subtle happening in dimension 2. In
the planar case, Brownian motion is neighbourhood-recurrent (it visits any neighbourhood of
any point “infinitely often”) but almost surely does not hit any point chosen in advance.

We work with the Wiener measure W on the space of continuous functions, and recall
that W, denote the law of a Brownian motion started at x. Let E, denote the expectation
under this probability measure. In the sequel, B(z,r) and B(xz,r) denote the Euclidean ball
of radius 7 about z € R%.

Theorem 4.12 (Recurrence/Transience classification.)
Let d > 1. We have the following dimension-dependent behaviour.

(a) If d =1, Brownian motion is point-recurrent in the sense that:

Wo —a.s. for allz € R,{t > 0: By = x} is unbounded
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(b) If d > 3, Brownian motion is transient, in the sense that |B|| — oo almost surely as
t — oo.

(c) If d = 2, Brownian motion is neighbourhood-recurrent, in the sense that for every x € R,
every open set is visited infinitely often W -almost surely. Equivalently, for any e > 0,

{t >0:||Bt|| <e} is unbounded

W,-almost surely for every x € R%2. However, points are polar in the sense that for every
z € R?,
Wo(B: = x for some t > 0) =0.

Proof. (a) is a consequence of (ii) in Proposition [1.13]

(b) Let B = (B',..., B be a d-dimensional Brownian motion with d > 3. Clearly it suffices
to prove the result for d = 3 since

3
I1Bell* > R = || Byl
i=1

and we are precisely claiming that the right-hand side tends to infinity as ¢ — oo. Now, for
d = 3, a simple calculation shows that if f(z) = 1/||z||, then Af = 0 in R3\ {0}. Thus by
the local It6’s formula,

1/Rynr is a local martingale,

where 7 is the hitting time of 0. Since it is nonnegative, it follows from Proposition
that it is a supermartingale. Being nonnegative, the martingale convergence theorem tells us
that it has an almost sure limit M as ¢t — oo, and it suffices to prove that M = 0 almost
surely. Note that E(M) < E(1/Rp) < oo, so that M < oo almost surely and thus 7 = oo
almost surely. Now on the event {M > 0}, R; must be bounded, and thus so is |B}|. This
has probability 0 by (i) and hence M = 0 a.s.

(c) Let d = 2 and let B be a planar Brownian motion. Assume without loss of generality that
By = 1. We are going to establish that starting from there, B will never hit 0 but will come
close to it “infinitely often” (or rather, “unboundedly often”). For k € Z, let Ry, = ¥ and let

T = inf{t > 0: || By|| = R}

and let
T =T oo =inf{t > 0:||B|| = 0}.

Our first goal will be to show that 7 = oo, almost surely. Define a sequence of stopping times
T, as follows: Ty = 0, and by induction if Z,, = ||Br, || then
Ty1 = inf{t > T, || Bl € {e ' Zn,eZ,}}.

Notice that if k,m > 1 are two large integers, the probability that 7_; < 7, is the probability
that Z, visits e * before ¢™. Put it another way, it is also the probability that (log Z,,n > 0)
visits —k before m.

On the other hand, by 1t6’s formula, M; = log || Bia-|| is a local martingale since

(z,y) — log(z? + 4?) is harmonic on R?\ {(0,0)}.
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Since M, is bounded on [T},; T, +1], it follows from the Optional Stopping Theorem that given
log Z, =k € Z,

P(log Zp41 =k + 1|log Z,, = k) = P(log Zp41 =k — 1|log Z,, = k) = 1/2.

Moreover, the strong Markov property of Brownian motion implies that (log Z,,n > 0) is a
Markov chain. In other words, (log Z,,n > 0) is nothing but simple random walk on Z. In
particular, it is recurrent. Therefore, for any m > 0,

Pt < 7Tm) =0

as k — oco. Therefore,
P(r <7p,)=0

for all m > 0. This implies that 7 = oo almost surely since 7,,, — 0o as m — co. On the
other hand, this argument shows that 7, < oo for all k € Z, and there are infinitely many
times that B visits this ball after returning to a radius greater than 1. Thus the set of times
such that B; € B(0, Ry,) is unbounded a.s. O

Remark. Notice that (iii) implies the fact that {¢ > 0: B; € B(x;¢)} is unbounded for every
xz € R? and every € > 0, almost surely. Indeed, one can cover R? by a countable union of
balls of a fixed radius. In particular, the trajectory of a 2-dimensional Brownian motion is
everywhere dense. On the other hand, it will a.s. never hit a fixed countable family of points
(except maybe at time 0), like the points with rational coordinates!

Exercise. Show that the Lebesgue measure of v = {By,t > 0} is 0 almost surely, where B is
a planar Brownian motion.

We start discussing finer properties of planar Brownian motion. The key is often conformal
inwvariance, already observed by Lévy in the 40’s. This says that, given a conformal mapping
f between two simply-connected planar domains D and D’, the trajectories of a Brownian
motion in D’ (that is, stopped upon reaching the boundary 9D’) are the image by f of
Brownian motion in D, up to reparametrization.

Theorem 4.13 Let d = 2 and identify R? with the complex field C. Let f : D — D’ be
analytic (i.e., complex differentiable). Let z € D and consider a Brownian motion (B, t > 0)
started at z. Let Tp = inf{t > 0: By ¢ D}. Then there exists a Brownian motion B’ started
at f(z), and a nondecreasing random function o(t), such that

f(Binmp) = B;(t)mb,y

where o(t) = fg |f'(Bs)|?ds. In other words, f(B) is a time-changed Brownian motion stopped
when it leaves D’.

Problem [2.8] asks for a proof. It will be useful to recall the Cauchy-Riemann equations for
complex analytic functions: if f = u + v is a complex-differentiable function with real and

imaginary parts v and v, then
u  _ Qv
or ~— Oy
du _ _Ov

oy ~— Oz
from which it follows by further differentiation that both u and v are harmonic functions (i.e.,
Au = Av = 0) all over D). Applying It6’s formula and the Cauchy-Riemann equations shows
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that the real and imaginary parts of f(B;) have zero covariation and that they have identical
quadratic variation. Applying the ideas of the Dubins-Schwartz theorem yields the result.

In principle, Theorem (in combination with the famous Riemann mapping theorem)
can be used to extract all the information we need about the behaviour of Brownian motion.
For instance, the exit distribution from a domain D is simply the conformal image of the
uniform measure of the circle by a map from the disc to this domain.

Remark. The ramifications of this result are huge. On the one hand, it serves as a bridge
between probability and complex analysis, and in the example sheet you will prove some
results of complex analysis just using Brownian motion (and the proofs are really easier
than the original proofs, once you know conformal invariance of Brownian motion). This is
one aspect of the deep connection between random processes and harmonic analysis (which
will be further developed later on). On the other hand, conformal invariance of Brownian
motion, already observed by Paul Lévy in the 1940’s, can be seen as the starting point of
Schramm-Loewner Evolution (SLE), one of the most fascinating recent theories developed in
probability, which may be seen as a study random processes in the complex plane that possess
the conformal invariance property.

As an example of application of conformal invariance to planar Brownian motion, we will
mention the following result, due to Spitzer. Let (B, t > 0) denote a planar Brownian motion
started from (1,0). Let W; denote the total number of windigs of the curve B about 0 up to
time ¢. This counts +1 for each clockwise winding around 0 and -1 for each counterclockwise
winding.

Theorem 4.14 (Spitzer’s winding number theorem).

We have the following convergence in distribution:

47TWt
logt

—d Ca

a Cauchy distribution with parameter 1.

Recall that a Cauchy distribution (with parameter 1) has density m and has the

same distribution as N'/N’, where these are two independent standard Gaussian random
variables. Problem [2.10] asks for the main step in the proof. To deduce Theorem from
Problem observe that by scaling, W; has the same distribution as W., where W, is
the number of windings by time 1 of a Brownian motion started from (g,0) and e = 1//%.
It is a simple estimate that |W. — 0.| is bounded in probability, where 6. is the number of
windings up to time 7', the hitting time of the unit sphere {z : |z| = 1}. Problem uses
conformal invariance under the exponential map to show that 276./loge — C, a Cauchy
random variable. The result follows since ¢ = 1/v/t and C is symmetric about 0. (This proof
is inspired by a 1982 paper of Durrett.)

4.4 Donsker’s invariance principle

The following theorem completes the description of Brownian motion as a ‘limit’ of centered
random walks as depicted in the beginning of the chapter, and strengthens the convergence
of finite-dimensional marginals to that convergence in distribution.
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We endow C([0, 1], R) with the supremum norm, and recall (see the exercises on continuous-
time processes) that the product o-algebra associated with it coincides with the Borel o-
algebra associated with this norm. We say that a function F : C([0,1]) — R is continuous
if it is continuous with respect to this norm. Often, functions F' defined on C will be called
functionals. For instance, the supremum of a path on the interval [0,1] is a (continuous)
functional.

Theorem 4.15 (Donsker’s invariance principle) Let (X,,n > 1) be a sequence of R-
valued integrable independent random variables with common law p, such that

/m,u(dm) =0 and /xQ,u(dx) =02 € (0,00).

Let Sy =0 and S,, = X1+...+ X, and define a continuous process that interpolates linearly
between values of S, namely

Sy =(1- {t})Sm + {t}SLtj—i-l t >0,
where [t| denotes the integer part of t and {t} =t — |t|. Then

SNt

SINT .= (,0 <t< 1)
Vo?N

converges in distribution to a standard Brownian motion between times 0 and 1, i.e. for every

bounded continuous function F : C([0,1]) — R,

E [F(SW)} — Eo[F(B)).
n—oo

Notice that this is much stronger than what Proposition says. Despite the slight dif-
ference of framework between these two results (one uses cadlag continuous-time version of
the random walk, and the other uses an interpolated continuous version), Donsker’s invari-
ance principle is stronger. For instance, one can infer from this theorem that the random
variable N—1/2 SUPg< <N On converges to supg<;<; B in distribution, because f +— sup f is a
continuous operation on C ([0,1],R). Propositio_n would be powerless to address this issue.

The proof we give here is an elegant demonstration that makes use of a coupling of
the random walk with a Brownian motion, called the Skorokhod embedding theorem. It is
however specific to dimension d = 1. Suppose we are given a Brownian motion (By,t > 0) on
some probability space (€2, F,P).

Let py(dr) = P(X; € do)li,>py and p(dy) = P(=X71 € dy)lfy~0y define two non-
negative measures. Assume that (Q,F,P) is a rich enough probability space so that we
can further define on it, independently of (By,t > 0), a sequence of independent identically
distributed R2-valued random variables ((Y,,, Z,),n > 1) with distribution

P((Ya, Zn) € dady) = 5(1‘ +y)pt (dr)p—(dy),

where C' > 0 is the appropriate normalizing constant that makes this expression a probability
measure (this is possible because X has a well-defined expectation).
We define a sequence of random times, by Tp = 0,77 = inf{¢t > 0: B, € {Y7,—Z1}}, and
recursively,
T,=inf{t >T,_1: B, — Br, , € {Yn,—Zn}}.

By (ii) in Proposition these times are a.s. finite. We claim that
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Lemma 4.16 (Skorokhod’s embedding) The sequence (Br,,n > 0) has the same law as
(Sp,n > 0). Moreover, the intertimes (I, — Tn—1,n > 1) form a sequence of independent

random variables with same distribution, and expectation E[Ty] = o2.

Proof. Let FB be the filtration of the Brownian motion, and for each n > 0, introduce the
filtration G" = (G/',t > 0) defined by

Gr=FPvo1,Z1,..., Y0, Zy).

Since (Y;, Z;) are independent from FZ, (B, t > 0) is a G"-Brownian motion for every n > 0.
Moreover, T}, is a stopping time for G". It follows that if B, = (Bp,+t — Br,,t > 0) then
B is independent from gr, . Moreover, (Y41, Zn+1) is independent both from gr, and from
B, therefore (Th+1 — Ty), which depends only on B and (Yn+1, Zn+1) is independent from
Gr . In particular, (T,,4+1 — Ty) is independent from o(7y,T1,...,T,). More generally, we
obtain that the processes (Bit1, , — Br, ,,0 <t < T, —T,_1) are independent with the
same distribution.

It therefore remains to check that By, has the same law as X; and E[T}] = 0?. Remember
from Propositionthat given Y, Z7, the probability that By, = Y1 is Z1/(Y1+21), as follows
from the optional stopping theorem. Therefore, for every non-negative measurable function
f, by first conditioning on (Y7, Z7), we get

Z
i+ 2,

Y;
+ f(—Zl)Y1 +1Z1]

E[f(Br)] = E [fm)

1 Y T
= [ el o) (0 s )

= L s ) s @)+ 2f ()
Ry xRE
- & mtnre | : yu- () + [ rwsw et

Now observe that since E(X;) = 0, it must be the case that
/ w4 (dz) = / yu—(dy) =,
Ry R%
say, and thus, the left hand side is equal to

BB = 5 [ (e (@) + f(-o)n-(a2)

C/
-G [ Hmtaa)
Cl

= EE[f(Xl)]-

By taking f = 1, it must be that ¢’ = C, and hence By, has the same law as X;. For
E[T1], recall from Proposition that Elinf{t > 0 : By € {z,—y}}] = =y, so by a similar
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conditioning argument as above,

E[T1] = /]R - %(x+y)wyu+(d$)uf(dy)

1 1
— ¢ [ ) [ @ [ v [ o)
R R% R} R,
c’ / 9
=— [ z°u(dx
& | #utaa)
= CC",O-Q
but since we already know that C’ = C, this shows that E(T}) = o2, as claimed. O

We will need another lemma, which tells us that the times 7T, are in a fairly strong sense

localized around there mean mo?2.

Lemma 4.17 We have the following convergence as N — oco:

N~' sup |T, —o’n| =0 as. (4.5)
0<n<N

Proof. By the strong law of large numbers, note that 7, /n — o2 almost surely. Thus,
fix ¢ > 0. Then there exists Ny = Ny(e,w) such that if n > Ny, [n"'T}, — 0?| < e. Thus if
Ny <n < N, then

N_1|Tn —naQ\ < %6 <eg

Moreover, N~ supg<,<n, |Tn — no?| tends to 0 almost surely as N — oo, so this implies

[E5). O
Proof of Donsker’s invariance principle. We suppose given a Brownian motion B. For
N > 1, define BISN) = N'/2B ~N-1z, ¢ > 0, which is a Brownian motion by scaling invariance.

Perform the Skorokhod embedding construction on B®Y) to obtain variables (7, ,EN), n > 0).
) M) . Then by Lemma [4.16| (quN),n > 0) is a random walk with same

Then, let S, = B;ZQN)'
law as (Sp,,n > 0). We interpolate linearly between integers to obtain a continuous process
(S0 < ¢ < 1) which thus has the distribution as (S;,0 < ¢ < 1). Finally, let

B )

! _\/O'N

and TVV(LN) =N _1TT(LN). Finally, let B; = B,2;/V¢?, which is also a Brownian motion. We are
going to show that the supremum norm

SN
1B; = 5 oo =, 0
as N — oo, where —, denotes convergence in probability.
First recall what we have proved in (4.5, and note that this implies convergence in
probability. Since (T,gN), n > 0) has the same distribution as (7),,n > 0) we infer from this
that for every § > 0, letting &' = do? > 0, we have:

P(N_l sup |T,§N)—n02>5'> — 0.
0<n<N N—o0
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Therefore dividing by o?:
]P’( sup [TV /g? —n/N| > 6) — 0.
0<n<N N—oo

Now, note that if ¢ = n/N, then

(N)
g(N) Sr(zN) Bﬁ(lN) /

! :\/NO'2 N Vo2 :BTTEN)/UQ'

Thus, by continuity, if ¢ € [n/N, (n + 1)/N], there exists u € [TT(LN)/OQ,TSX%/OQ] such that
S,FN) = B),. Therefore, for all ¢ > 0 and all § > 0, the event

{ sup \gt(N) - Bj| > 5} - KéVULf;YE,
0<t<1

where

KY = { sup |TNV) /o? —n/N| > 5}
0<n<N

and
L{;YE ={3te[0,1],3uet—5t+5+1/N]:|B; - B,| > ¢}

We already know that P (K év ) — 0as N — oo. For Lfg\;, since B’ is a.s. uniformly continuous
on [0, 1], by taking § small enough and then N large enough, we can make P(L") as small
as wanted. More precisely, if

Lose = {3t €[0,1], 3u€ [t — 26,6 +20] : |B, — BL| > eV

then for N > 1/§, L(];VE C Lgs., and thus for all 6 > 0:
lim sup P (H§<N> B > g) < P(Las.)
N—o0
However, as 6 — 0, P(Las.) — 0 by almost sure continuity of B’ on (0, 1) and the fact that

these events are decreasing. Hence it must be that

lim sup P <||§(N) — B[ > 5) =0.

N—oo

Therefore, (S™),0 < t < 1) converges in probability for the uniform norm to (By,0 < ¢ < 1),
which entails convergence in distribution. This concludes the proof. ([l

4.5 Brownian motion and the Dirichlet problem

Let D be a connected open subset of R? for some d > 1 (though the story is interesting only
for d > 2). We will say that D is a domain. Let 9D be the boundary of D. We denote by A
the Laplacian on R,
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Definition 4.1 Letg: dD — R be a continuous function. A solution of the Dirichlet problem
with boundary condition g on D is a function u : D — R of class C*(D) N C(D), such that

{ Au=0 onD (4.6)

ulpp = g.

A solution of the Dirichlet problem is the mathematical counterpart of the following
physical problem: given an object made of homogeneous material, such that the temperature
g(y) is imposed at point y of its boundary, the solution u(x) of the Dirichlet problem gives
the temperature at the point x in the object when equilibrium is attained.

As we will see, it is possible to give a probabilistic resolution of the Dirichlet problem
with the help of Brownian motion. This is essentially due to Kakutani. We let E, be
the law of the Brownian motion in R? started at x. In the remaining of the section, let
T = inf{t > 0 : B, ¢ D} be the first exit time from D. It is a stopping time, as it is the
first entrance time in the closed set D¢. We will assume that the domain D is such that
P(T < 00) =1 to avoid complications. Hence Br is a well-defined random variable.

In the sequel, | - | is the Euclidean norm on R?. The goal of this section is to prove the
following result:

Theorem 4.18 Suppose that g € C(OD,R) is bounded, and assume that D satisfies a local
exterior cone condition (l.e.c.c.), i.e. for everyy € 0D, there exists a nonempty open convex
cone with origin at y such that C N B(y,r) C D¢ for some r > 0. Then the function

u: x> By [g(Br)]

is the unique bounded solution of the Dirichlet problem @ In particular, if D is bounded
and satisfies the l.e.c.c., then u is the unique solution of the Dirichlet problem.

We start with a uniqueness statement.
Proposition 4.19 Let g be a bounded function in C(OD,R). Set

u(z) = Eq [9(Br)] .
If v is a bounded solution of the Dirichlet problem, then v = u.

In particular, we obtain uniqueness when D is bounded. Notice that we do not make any
assumption on the regularity of D here besides the fact that T' < oo a.s.
Proof. Let v be a bounded solution of the Dirichlet problem. Let 7,, = inf{t > 0 :
d(X¢, D) < 1/n}. Since Av = 0 inside D, we know by Lemma that M; = v(Biar,) —
v(Byp) is a local martingale started at 0 (here, By = x almost surely). Moreover, since v
is bounded, M is a true martingale which is uniformly integrable. Applying the optional
stopping theorem at the stopping time 7,,,

Since T;, — T almost surely as n — oo, and since v is continuous on C(D), we get:

v(x) = Ex(9(Br))



4 APPLICATIONS TO BROWNIAN MOTION AND MARTINGALES 65

as claimed.
O

For every z € R% and r > 0, let 0z, be the uniform probability measure on the sphere
Ser ={y € R? : |y — 2| = r}. Tt is the unique probability measure on Sz, that is invariant
under isometries of S;,. We say that a locally bounded measurable function A : D — R is
harmonic on D if for every x € D and every r > 0 such that the closed ball B(x,r) with
center x and radius r is contained in D,

h(x) = /S h(y)ows (dy).

Proposition 4.20 Let h be harmonic on a domain D. Then h € C*°(D,R), and Ah =0 on
D.

Proof. Let z € D and ¢ > 0 such that B(z,c) C D. Then let ¢ € C**(R,R) be non-negative
with non-empty compact support in [0,e[. We have, for 0 < r < ¢,
W) = / h(x + y)oo(dy).
S(0,r)
Multiplying by ¢(r)r?~! and integrating over r € (0,¢) gives
ch(w) = [ (Db + 2)dz,
B(0,¢)
where ¢ > 0 is some constant, where we have used the fact that

flx)de =C rd_ldr/ f(ry)oor(dy)
R Ry S(0,r)

for some C > 0. Therefore, ch(z) = fB(m’a) o(|z — x|)h(z)dz = [ga@(|z — x|)h(2)dz since ¢ is
supported on B(0,¢). By derivation under the [ sign, we easily get that h is C*°. (Indeed,
we may assume that r — @(r1/2) is C*°). Another way to say this is to say that ch(z) = pxh
where ¢(2) = o(|z]). If r = @(r'/?) is €, then ¢ € C*°(R% R) and thus, the convolution
being a regularizing operation, this implies ¢ x h € C>°(D,R). Thus h € C*°(D,R).

Next, by translation we may suppose that 0 € D and show only that Ah(0) = 0. we may
apply Taylor’s formula to h, obtaining, as x — 0,

d 2 2
() = h(0) + (Vh(0),2) + 3020 5 (0) + Y vy 50 ;xj (0) + ().
i=1 i i#j !

Now, integration over Sp, for r small enough yields
/ h(x)og . (dz) = h(0) + CAR(0) + o(r?),
S:c,r

where C, = fSor 2300, (dz), as the reader may check that all the other integrals up to the
second order are 0, by symmetry. Now, it is easy to see that there exists ¢ > 0 such that
C. > cr? for all 0 < r < 1. Since the left-hand side is h(0) and the error term on the
right-hand side is o(r?) = o(C,), it follows that Ah(0) = 0. O

Therefore, harmonic functions are solutions of certain Dirichlet problems.
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Proposition 4.21 Let g be a bounded measurable function on 0D, and let T = inf{t > 0 :
B, ¢ D}. Then the function h : x € D — Ez[g(Br)] is harmonic on D, and hence Ah = 0
on D.

Proof. For every Borel subsets A, ..., A of R? and times t; < ... < t3, the map
T — Px(Bh S Al, e 7Btn € An)

is measurable by Fubini’s theorem, once one has written the explicit formula for this probabil-
ity. Therefore, by the monotone class theorem, = +— FE,[F| is measurable for every integrable
random variable F', which is measurable with respect to the product o-algebra on C(R, ]Rd).
Moreover, h is bounded by assumption.

Now, let S = inf{t > 0: |B; — x| > r} the first exit time of B form the ball of center =
and radius 7. Then by (ii), Proposition S < oo a.s. By the strong Markov property,
B = (Bstt,t > 0) is an (Fsy;) Brownian motion started at Bs. Moreover, the first hitting
time of D for Bis T'=T — S. Moreover, Bz = Br, so that

Euly(Br)) = Buly(Br)) = [ Pu(Bs € dy)Eyfo(Br)1res)

and we recognize [P,(Bg € dy)h(y) in the last expression.

Since B starts from z under P,, the rotation invariance of Brownian motion shows that
Bg — x has a distribution on the sphere of center 0 and radius r which is invariant under the
orthogonal group, so we conclude that the distribution of Bg is the uniform measure on the
sphere of center z and radius r, and therefore that h is harmonic on D. ]

It remains to understand whether the function v of Theorem is actually a solution
of the Dirichlet problem. Indeed, is not the case in general that u(x) has limit g(y) as
x € D,x — y, and the reason is that some points of 0D may be ‘invisible’ to Brownian
motion. The reader can convince himself, for example, that if D = B(0,1) \ {0} is the open
ball of R? with center 0 and radius 1, whose origin has been removed, and if g = 1 {0}, then no
solution of the Dirichlet problem with boundary constraint g exists. The probabilistic reason
for that is that Brownian motion does not see the boundary point 0. This is the reason why
we have to make regularity assumptions on D in the following theorem.

Proof of Theorem [4.18l

It remains to prove that under the le.c.c., u is continuous on D, i.e. u(x) converges to
g9(y) as x € D converges to y € dD. In order to do that, we need a preliminary lemma. Recall
that T is the first exit time of D for the Brownian path.

Lemma 4.22 Let D be a domain satisfying the le.c.c., and let y € 0D. Then for every
n>0,P,(T<n)—laszxeD—y.

Proof. Let C, = y+ C be a nonempty open convex cone with origin at y such that C;, C D¢
(we leave as an exercise the case when only a neighborhood of this cone around y is contained
in D¢). Then it is an elementary geometrical fact that there exists a nonempty open convex
cone C’ with origin at 0 such that for every § > 0 small enough, we can find an € = ¢(4) > 0
such that if C7, = x 4+ C’, then (C, \ B(x,4)) C C, for all x € B(y,¢).

[Here is a justification. Assume without loss of generality that y = 0 to simplify, and
fix 6 > 0. Let O be an open set in the unit sphere such that C = {Az,z € O,A > 0}.
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There exists o > 0 and another open set O" in the unit sphere such that O’ C O and if
z € Sp,1 with d(z,0’) < a then z € O. (For instance consider the intersection of the sphere
with two concentric open balls centered at some zy € O, and take O’ the smaller of the two
balls intersected with S). Now, choose ¢ = da/4. Let z € B(0,¢), and let us show that
(x+C")\ B(x,d) C C where (" is the cone generated by O’ originating at 0 (which does not
depend on §). For y € O, let z = (x + Ay)/r where r = ||z + \y||, then z € Sp;. Moreover,
note that by the triangular inequality | — A| < e. Thus if r > 6/2,

1
ly =zl = [ly — ;(Ay + )|

1
= Jlr =Ny — 2l
2
< S =N+e)
<4—€<
=75 S«

by definition of €. Hence z € O and hence x + Ay = rz € C. Now, if ¢ is further chosen
such that e < §/2, then for all x € B(0,¢) and for all u € (z + C') \ B(z,6), r = ||lu|| < 6/2
automatically by the triangular inequality, and thus the previous conclusion u € C holds. We
have shown that (x + C’) \ B(z,d) C C as desired.]

Now by (iii) in Proposition if

H?, =inf{t >0: B; € C"\ B(0,6)},
then
Po(HS < 1) — Po(Her <m) =1as | 0.

Therefore, for all > 0 there exists § > 0 such that P(H, <n) > 1 — a. Choosing ¢ = ()
associated with this §, we find that for every = € B(y,¢), we have by translation invariance,
and letting T be the hitting time of a set K,

= Po(Hr > 1)
< a (by our choice of §).

This means that P,(T > n) — 0 as £ — y, which proves the lemma. O

We can now finish the proof of Theorem Let y € 9D. We want to estimate the
quantity E,[g(Br)] — g(y) for some x € D. For 1,0 > 0, let

0<t<n

A5 = { sup |B; — x| > 5/2}.

This event decreases to @ as 1 | 0 because B has continuous paths. Now, for any §,n > 0,

E.llg(Br) — gl = Eullg(Br)—g)l; {T <n}n A5,
+E.[|g(Br) — 9(y)|; {T < n} N Asyl
+E.[lg(Br) — 9(y)|; {T > n}]
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Fix £ > 0. We are going to show that each of these three quantities can be made < /3 for z
close enough to y. Since g is continuous at y, for some § > 0, |y—z| < § with y, z € 9D implies
l9(y) — g(2)| < &/3. Moreover, on the event {T' < n} N A§,, we know that [Br — z[ < §/2,
and thus |Br — y| < d as soon as |z —y| < §/2. Therefore, for every n > 0, the first quantity
is less than ¢/3 for x € B(y,4/2).

Next, if M is an upper bound for |g|, the second quantity is bounded by 2MP(A;,).
Hence, by now choosing 7 small enough, this is < ¢/3.

Finally, with 6,7 fixed as above, the third quantity is bounded by 2MP, (T > n). By the
previous lemma, this is < £/3 as soon as z € B(y,a) N D for some a > 0. Therefore, for any
z € B(y,a N§/2) N D, |u(x) — g(y)| < e. This entails the result. O

Corollary 4.23 A function u: D — R is harmonic in D if and only if it is in C*(D,R), and
satisfies Au = 0.

Proof. Let u be of class C2(D,R) and be of zero Laplacian, and let = € D. Let ¢ be such
that B(z,e) C D, and notice that u|§(x75) is a solution of the Dirichlet problem on B(z,¢)
with boundary values u|gp(y,c)- Then B(z, ) satisfies the l.e.c.c., so that u|g(, ) is the unique
such solution, which is also given by the harmonic function of Theorem [{.18] Therefore, u is
harmonic on D. O

4.6 Girsanov’s theorem

Given a local martingale M, recall the definition of its exponential martingale (Theorem ,
which will play a crucial role in what follows. Recall that if M € M, with My = 0,
then Z; = exp (Mt — %[M ]t) defines a continuous local martingale by Itd’s formula. Z is the
exponential (local) martingale of M (sometimes also called the stochastic exponential of M)
and we write Z = E(M).

We start by the following inequality which will be useful in the proof of Girsanov’s theorem,
but is also interesting in its own right.

Proposition 4.24 Exponential martingale inequality
Let M € Mo with My = 0. Then for all x > 0,u > 0,

]P(Sup M >z, [M] < u) < e/ (2u), (4.7)
t>0

Proof.
Fix x > 0 and set T'=inf{t > 0: M; > z}. Fix 6 € R and set

Zy = exp (M} — 10*[M]]) . (4.8)

Then Z € Mo and |Z| < €. Hence, Z € M? and, by OST, E(Z) = E(Z) = 1. For
u > 0 we get by Markov’s inequality

P(igg My>z, [M]o <u) <P(Zoo > eex_%erz“) < e frtgfu (4.9)

Optimizing in 0 gives # = x/u and the result follows. (It is also possible to use the Dubins-
Schwarz theorem, as a calculus argument shows that P(|Z] > A) < e **/2 for all A > 0, when
Z is a standard Gaussian random variable). O
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Proposition 4.25 Let M € Mo with My = 0 and suppose that [M] is a.s. uniformly
bounded. Then E(M) is a UI martingale.

Proof. Let C be such that [M]s < C a.s. By the exponential martingale inequality, for all
x>0

P(suth > x) = P(suth >z, [M]e < C) < e7%/Q0) (4.10)
>0 >0

Now, sup&(M); < exp <Sup Mt) and

>0 >0
o0
E(exp (sup Mt)> = / ]P’(sup Mtzlog)\) dA
t>0 0 t>0
o0 2
< 1+/ e~ 10BN/ O\ < o0 . (4.11)
1
Hence, £(M) is UI and, by Proposition E(M) is a martingale. O

Girsanov’s theorem is a result which relates absolute continuous changes of the underlying
probability measure IP to changes in the drift of the process. The starting point of the question
could be formulated as follows. Suppose we are given realisations of two processes X and Y,
where X is a Brownian motion and Y is a Brownian motion with drift . However, we do
not know which is which. Can we tell them apart with probability 1 just by looking at the
sample paths? If we get to observe them up to time oo then we can, since lim; o Y3/t = b
almost surely. However, if we get to observe them only on a finite window, it will not be
possible to distinguish them with probability 1: we ay that their law (restricted to [0, 7] for
any T' > 0) is absolutely continuous with respect to one another. When such is the case, there
is a “density” of the law of one process wit respective to the other. This density is a random
variable which depends on 7', and which will turn out to be a certain exponential martingale.

Recall that for two probability measures P, Py on a measurable space (2, F), Py is abso-
lutely continuous with respect to Po, P; < Py, if

Py(A)=0 = Pi(A)=0 forallAe F. (4.12)

In this case, by the Radon-Nikodym theorem, there exists a density f : Q@ — [0, 00) which is
F-measurable and Py unique almost surely (and hence P; unique almost surely as well), such
that P; = fIPy. That is, for all A € F,

Py(A) = /Q F(@)1pay (@) dPa(w).

f is also called the Radon-Nikodym derivative, and we denote:

dPq

|, =t

F

(Note that in general, the density f depends on the o-field F).
In order to see where Girsanov’s theorem comes from on a simple example where one
can compute everything by hand, consider the following. Let ¢ > 0 and b # 0, and let
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Xy = 0B 4+ bt. Then we claim that the law of X is absolutely continuous with respect to
the law of Brownian motion Y; = o B; with speed o (but without drift), so long as we restrict
ourselves to events of F; for some fixed ¢ > 0. Indeed, if n > 1 and 0 =ty < t1 < ...t, =1
and g = 0,z1,...,2, € R, then we have:

n—1
’ x; — b(t;
P(th:xb.“’th:xn):Cexp<_Z($+1 20( +1 — )dez
1=0

tz—i—l - t

where C is a factor depending on ti,...,t, and o, whose value is of no interest to us. It
follows that

P(th :{L‘l,...,th::En) 7
P(Yy, = z1,..., Y1, = p)

n

where
n—1 2 2
7N~ @i =& = bt — )" (i1 —24)
“—o 202(t7;+1 — ti) 202(t7;+1 — ti)
n—1
b 1
= —;(aziﬂ X ) + ﬁbQ(tﬂ_l — ti)
=0
t 1 t
— — <72de;.,s—i-2/b2 d as n — 0o
0 0

(We have written the last bit as a convergence although there is an exact equality. This
makes it clear that when o and b depend on the position = — which is precisely what defines
the SDE’s developed in the next chapter— then a similar calculation holds and Girsanov’s
theorem will hold.) Thus if Q is the law of X, and P the law of Y,

Ccli%ft:expu B~ /202>

= E(bo72Y);

So we have written the density of X with respect to Y as an exponential martingale.

The point of view of Girsanov’s theorem is a slightly different perspective, essentially
the other side of the same coin. We will consider changes of measures given by a suitable
exponential martingale, and observe the effect on the drift. It is of fundamental importance
in mathematical finance (in the context of “risk neutral measures”).

Theorem 4.26 Girsanov’s theorem
Let M € Mo with My = 0. Suppose that Z = E(M) is a UI martingale. We can define a
new probability measure P < P on (Q, F) by

P(A) =E(Zo14), A€F. (4.13)

Then for every X € Mc0c(P), X — [X, M] € Mc,loc(@)' Moreover the quadratic variation of
X under P and of X — [X, M| under P are identical P and P almost surely.
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Proof. Since Z is Ul, the limit Z = lim;_ Z; exists P-almost surely, Zo > 0 and
E(Zs) = E(Zy) = 1. Thus P(Q) = 1, P()) = 0 and countable additivity follows by linearity
of expectation and the monotone convergence theorem. IP(A) = 0 then P(A) = J4 ZsodP = 0,
soP<P. Let X € M oc and set

T, =inf {t >0 : |X; — [X,M];| > n} . (4.14)

Since X — [X, M] is continuous, P(7;, /* oo) = 1 with implies P(T,, /* 00) = 1. So to show
that Y = X — [X, M| € M ,(P), it suffices to show that

yIn = xTn — [XTn M) € M.(P) forallneN . (4.15)

Replacing X by X ™ we reduce to the case where Y is uniformly bounded. By the integration
by parts formula and the Kunita-Watanabe identity,

A2Z,Y,) = YdZ+ Z,dY, + d[Z,, Y]
= YiZdM; + Z,(dX; — d[Xy, My]) + Z; d[My, X,]
= Y, Z,dM; + Z,dX, (4.16)

andso ZY € M o(P) . Also {ZT : T is a stopping time} is UI.
So since Y is bounded, {ZT Yr : T is a stopping time} is UI. Hence, ZY € M.(P). But
then for s <, if A € Fj,

E((Y: = Ys)1a) = E(Zoo(Y; — Y)14)
= E[lA(E(Zoo}/t’ft) - E(Zoo}/s‘f‘s))]
=E[14(ZY; — ZsY5)] =0

since ZY € M.(P). Therefore, Y € M (P) as required. The fact that the quadratic variation
[Y] is the same under P as it comes from the discrete approximation under P:

|27t -1
Y] = [X]s = lim Z (X (rt1y2-n — Xpa-n)?
k=0
P-u.c.p. Thus there exists a subsequence n; for which the convergence holds P-almost surely
uniformly on compacts. Since P is absolutely continuous with respect to P this limit also
holds P almost surely for this particular subsequence. Since the whole sequence converges in
probability to [Y] in the P-u.c.p. sense (by general theory, since Y € M. o.(P)), this uniquely
identifies the limit, and hence the quadratic variation [Y] under P has the same value as under
P. O

Corollary 4.27 Let B be a standard Brownian moti~0n under P and M € Mo such that
Mo = 0. Suppose Z = E(M) is a Ul martingale and P(A) = E(Zx 14) for all A € F. Then
B := B — [B, M] is a P-Brownian motion.

Proof. Since B € M o.(P) by Theorem and has [B]; = [B]; = t, by Lévy’s characteri-

zation, it is a Brownian motion. O
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Remark. This corollary should be read backward: if X is a Brownian motion, then changing
the measure by the exponential martingale £(M), X = X + [X, M] where X is a Brownian
motion under the new measure. So the old process (which was just Brownian motion) becomes
under the new measure a Brownian motion plus a “drift” term given by the covariation [X, M].

Let (W, W, W) be the Wiener space. (Recall that W = C([0,00),R), W = o(X; : t > 0)
where X; : W — R with X;(w) = w(t). The Wiener measure W is the unique probability
measure on (W, W) such that (X;);>0 is a Brownian motion started from 0.)

Definition 4.2 Define the Cameron-Martin space
H={heW : hit / ¢(s) ds for some ¢ € L*([0,00)) } . (4.17)

For h € H, write h= ¢ the derivative of h.

Theorem 4.28 Girsanov, Cameron-Martin theorem
Fiz h € H and set W to be the law on (W, W) of (B; + h(t),t > 0) where B; is a Brownian
motion: that is, for all A € W,

WHA) =W({weW : w+he A}). (4.18)

Then W" is a probability measure on (W, W) and W" < W with Radon-Nikodym density

L =—ew </0°° h(s) dX, — % /OOO (s)? ds). (4.19)

Remark. So if we take a Brownian motion and shift it by a deterministic function h € H
then the resulting process has a law which is absolutely continuous with respect to that of
the original Brownian motion.

dWh
dW

Proof. Set W, = o(Xs,s < t) and M; = fo s)dXs. Then M € MZ(W W, (Wt)tzo,W)
and

oo
Ml = / $(s)?ds =: C < oo . (4.20)
0
By Proposition 4.25) £(M) is a UI martingale, so we can define a new probability measure
P < Won (W, W) by

I ()= exp (Moo(t0) 5 (Moo a2) ) = exp ( | oaxio— [ °o¢<s>2ds) (4.21)

and X = X — [X, M] € Mcioc(P) by Girsanov’s theorem. Since X is a W-Brownian motion,
by Corollary X is a P-Brownian motion. But by the Kunita-Watanabe identity,

[Xth=[X ¢ X
X, X,

/ 6(s)ds = ht)
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hence we get that X(w) = X(w) —h = w — h. Hence, under P, X = X + h, where X is a
P-Brownian motion. Therefore, W" = P on Foo = W:
P(A) = P({w TwE A}) = P({w : X(w) +he A})
=W{w:w+h e A}) = Wi(A)

as required. O.

One of the most important applications of Girsanov’s theorem is to the study of Brownian
motion with constant drift. Indeed, applying the previous result with ¢(s) = 14,<; gives us
the following corollary (check it!)

Corollary 4.29 Let v # 0 and let W7 be the law of (X + ~t,t > 0) under W. Then for all
t >0, and for any A € Fy,

WY (A) = Ew <1A exp(vX; — ;’yQt)) . (4.22)

This allows us to compute functionals of Brownian motion with drift in terms of Brownian
motion without drift — a very powerful technique. You will see some applications of this result
in Example Sheet 3.
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5 Stochastic Differential Equations

Suppose we have a differential equation, say dfigt) = b(m(t)) , or, in integral form,

x(t) = x(0) —i—/o b(z(s)) ds , (5.1)

which describes a system evolving in time, be it the growth of a population, the trajectory of
a moving object or the price of an asset. Taking into account random perturbations, it may
be more realistic to add a noise term:

t
Xt = XO +/ b(Xs) dS—l-O'Bt y (52)
0

where B is a Brownian motion and o is a constant controlling the intensity of the noise.
It may be that this intensity depends on the state of the system, in which case we have to
consider an equation of the form

t t
Xt:X0+/ b(XS)ds+/ o(Xy) dBs , (5.3)
0 0

where the last term is, of course, an 1t6 integral. (5.3)) is a stochastic differential equation and
may also be written

5.1 General definitions

Let B be a Brownian motion in R™ with m > 1. Let d > 1 and suppose

o(x) = (Uz‘j(x)) 1<i<d :RY s Réx™
1<j<m

and
b(x) = (0:(2)) iy : RY — R?

are given Borel functions, bounded on compact sets. Consider the equation in R%:
dXt = O'(Xt) dBt + b(Xt) dt y (55)
which may be written componentwise as
dX} =Y 0ij(Xy)dB] +bi(X;)dt , 1<i<d. (5.6)
7=1
This general SDE will be called E(o,b). A solution to E(o,b) in (5.5)) consists of
e a filtered probability space (Q, F, (Ft)t=0. P) satisfying the usual conditions;

e an (F;);>0-Brownian motion B = (B!, ..., B™) taking values in R™;
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e an (F;)i>0-adapted continuous process X = (X1 ..., X9) € R? such that
t t
X, = X, +/ o(X,)dB, + / b(X) ds (5.7)
0 0

When, in addition, Xo = = € R?, we say that X is a solution started from .

There are several different notions of existence and uniqueness for SDE’s, and we need to
carefully distinguish between the various modes in which solutions can exist and be unique.

Definition 5.1 Let E(c,b) be the SDE in (5.5).

e We say that E(c,b) has a solution if for all z € R?, there exists a solution to the SDE
started from x.

e There is uniqueness in law if all solutions to F(o,b) started from x have the same
distribution.

e There is pathwise uniqueness if, when we fix (Q,]-" , (ft)tzo,P) and B then any two
solutions X and X' satisfying X¢ = X, a.s. are indistinguishable from one another.

e We say that a solution X of E(c,b) started from x is a strong solution if X is adapted
to the natural filtration of B.

Remark 5.1 In general, 0(Bs,s < t) C F; and a solution might not be measurable with re-
spect to the Brownian motion B. A strong solution depends only on z € R* and the Brownian
motion B, and is moreover non-anticipative: if the path of B is known up to time t, then so
is the path of X up to time t. We will term weak any solution that is not strong.

Remark 5.2 If every solution is strong, then pathwise uniqueness holds. Indeed, any solution
must then be a certain measurable functional of the path B. If two functionals F1 and F> of
B gave two solutions to the SDE, then we would construct a third one by tossing a coin and
choosing X1 or Xo. This third solution would then not be adapted to FB.

Example. It is possible to have existence of a weak solution and uniqueness in law
without pathwise uniqueness. Suppose § is a Brownian motion in R with Sy = . Set

-1 ifz<0

t
B, = /D sgn(fBs) dBs where Sgn(m):{ 1 ifz>0 o8

Since sgn is left-continuous, (sgn(ﬂt)) />0 1s previsible, so that the Ito integral is well defined
and B € M o.. By Lévy’s characterization, B is a Brownian motion started from 0, since
[B]: = [B]t = t. It is also true that

t
Br=x+ /0 sgn(fs) dBs. (5.9)

(Indeed, by definition dBs = sgn(fs)dfs so multiplying by sgn(8s) yields, by the stochastic
chain rule, sgn(fs)dBs = df3s.) Hence, (3 is a solution to the SDE

dX; =sgn(Xy)dBy, Xo=ux. (5.10)
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Thus has a weak solution. Applying Lévy’s characterization again, it is clear that any
solution must be a Brownian motion and so there is uniqueness in law. On the other hand,
pathwise uniqueness does not hold: Suppose that § is a solution to with Sy = 0. Then
both 8 and —f are solutions to started from 0. Indeed, we may write

t
B=— /0 sgn(Bs)dB,

t t
= / sgn(—,@s)dBS + 2/ 1{63:0}st-
0 0

The second term is a local martingale since it is an integral with respect to B. The quadratic
variation of this local martingale is 4 f(f 1(5,—0yds which is 0 almost surely by Fubini’s theorem
(since 8 must be a Brownian motion by Lévy’s characterization). Hence this local martingale
is indistinguishable from 0, and —/ is a solution to ([5.10|).
It also turns out that 5 is not a strong solution to ({5.10)).

The following theorem (whose proof is omitted) shows however that there is no counterexam-
ple in the opposite direction.

Theorem 5.3 (Yamada-Watanabe) Let 0,b be measurable functions. If pathwise unique-
ness holds for E(o,b) and there exist solutions, then there is also uniqueness in law. In
this case, for every filtered probability space (2, F, (Ft)i>0,P) and every Fi-Brownian motion
B = (B —t,t >0), and for every x € R?, the unique solution X to E,(c,b) is strong.

In particular pathwise uniqueness is stronger than weak uniqueness, provided that there exist
solutions.

5.2 Lipschitz coefficients
For U CR% and f: U — RY, say f is Lipschitz with Lipschitz constant K < oo if
|f(‘7:)_f(y)‘ SK’IE—y’ for all xayer (511)

where |.| denotes the Euclidean norm on R, (If f : U — R¥™ then the left-hand side is
the Euclidean norm in R%*™). The key result of this section will be that SDE with Lipschitz
coeflicients have pathwise unique solutions which are furthermore always strong.

We start preparing for this result by recalling two important results which will be used in the
proof.

Theorem 5.4 Contraction Mapping Theorem
Let (X,d) be a complete metric space and F : X — X. Suppose that the iterated function F"™
s a contraction for some n € N, i.e.

Ir<1Vz,yeX : d(F"(z), F"(y)) <rd(z,y) . (5.12)

Then F has a unique fixed point.
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Remark. This theorem is most well-known when F' itself is contractive, rather than F™.
However, the theorem for n > 1 easily follows from the n = 1 result. Indeed, if n > 1 and F™”
is contractive, then (by the theorem for n = 1) F™ must have a unique fixed point . We claim
that x is also a fixed point of F. Indeed, let #1 = F(x),20 = F?(x),...,2,_1 = F" ().
Then since F"(x) = x, we have

so x1 is a fixed point of F™ as well. But F™ has a unique fixed point, so x = x1. Therefore,
F(x) =1 =z and 1 is a fixed point of F.

Lemma 5.5 Gronwall’s Lemma
Let T > 0 and let f be a non-negative bounded measurable function on [0,T]. Suppose that
for some a,b > 0:

t
f(t)§a+b/ f(s)ds 0<t<T. (5.13)
0
Then f(t) < aexp(bt) for allt € [0,T]. In particular if a =0 then f = 0.

Proof. The proof uses a trick which is close to what we will do in the proof of the next
theorem. The idea is to iterate the inequality (5.13]). We get:

f(t)§a+b/ta+b/sf(u) du ds
0 0

=a+ abt 4 b? // f(t1)dtydts
0<t1<t2

242 prgn
S...ga—l—abt—{—aT—{—...—Fa

' +bn+1/ F(t)dty .. dtng
n! 0<t1<..<tn+1<t

where the term b"t" /n! comes from the fact that f0<t1.‘.tn<t dt; ...dt, = t"/nl, since the vol-
ume of the cube is t” and the ordering ¢t; < ..., is one of n! possible ordering of the variables,
with each ordering contributing the same fraction to the total volume. This argument shows
that the last term in the right-hand side of the inequality tends to 0 (since f is bounded).
We recognize the Taylor expansion of the exponential function in all the other terms when
n — oo. Thus f(t) < ae®.

Theorem 5.6 Suppose that o : R* — R¥>™ gnd b : R® — R are Lipschitz. Then there is
pathwise uniqueness for the SDE

dX; = O’(Xt) dB; + b(Xt) dt . (514)

Moreover, for each filtered probability space (Q,]—", (ft)tZO,IP’) and each (Fi)i>o0-Brownian
motion B, there exists a strong solution to the SDE started from x, for any x € R,

Proof. (for d =m =1). Fix (Q,F, (F;)i>0,P) and B. Let (F);>0 be the natural filtration
generated by B so that FP C F; for all t > 0. Suppose that K is the Lipschitz constant for
o and b.
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Pathwise uniqueness:
Suppose X and X’ are two solutions on (Q,]—", (F)e>o0, IP) with Xo = X a.s.. Fix M and let

T=inf{t>0: Xy V|X[| > M} . (5.15)

tAT tAT
Then Xinr = X +/ o(Xs)dBs + / b(Xs)ds , and similarly for X’.
0

0
Let T > 0. If 0 <t < T then, since
(z+1)* < 2(2% +y?) (5.16)
for all z,y € R, we have:

E((Xt/\f - Xz{Ar)Z)

<o (( [ w0n) - otxpyan)) e (( [ 60x) - vee) as)’)
< 2E(/OMT (o(Xs) — a(X;))2d3> + 2TE</OW (b(X,) — b(X;))2d5>

(by the It6 isometry and the Cauchy-Schwarz inequality)

tAT

tAT
<2K*(1+T) E(/ (X, — X1)? ds> (by the Lipschitz property)
0
t
< 2K%(1 + T)/ E((Xsar — XIrr)?) ds. (5.17)
0

Let f(t) = E((X¢nr — X/rr)?). Then f(¢) is bounded by 4M? and

F(t) < 2K2(1+T) /0 " s)ds . (5.18)

Hence, by Gronwall’s lemma, f(¢t) = 0 for all ¢ € [0,7]. So Xiar = X[, a.s. and, letting
M, T — oo, we obtain that X and X’ are indistinguishable.

Existence of a strong solution:

We start by constructing a weak solution as a fixed point of a certain mapping. Let (Q, F, (F;),P)
be a filtered probability space and let B be a Brownian motion. Write Cr for the set of con-
tinuous processes X : [0,7] — R adapted to (F;) such that

X ||z := || sup | X¢|], < o0 (5.19)
t<T

and C for the set of continuous adapted processes X : [0,00) — R such that
I X]lr < oo forall T >0. (5.20)

Recall from Proposition [3.4] that (Cr, ||.||7) is complete. Let C;. = Cr N {Xo = «}, and let ®
be a mapping defined on C/. by;

t t
O(X) =+ / o(X,)dB, +/ b(Xs)ds forallt<T . (5.21)
0 0
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Note that a solution to E(o,b) is a fixed point of ®. We start by showing that if X € C/,,
then so is ®(X). For all y € R,

o(y)] < |o(0)] + KTyl , \b(y)\ < [b(0)] + KTyl - (5.22)

Suppose X € Cr for some T'. Let M; = fo s)dBs, 0 <t <T. Then [M]r = fOTU(X5)2 ds
and so by (5.16| -

B([Mlr) < 2T(jo(0) + KX ||3) < oo . (5.23)

Hence, by Theorem (My)o<t<r is a martingale bounded in L2. So by Doob’s L? inequality

and (5.23)
(g [ )
t<T

Therefore (M, t > 0) belongs to Cp. Similarly, by (5.22), (5.16) and the Cauchy-Schwarz

inequality:
2(sun [ o0ma’) < 7 [ povopas)

212 ([b(0)|* + KX |I3) < oo . (5.25)
Therefore, fo s)ds,t > 0) belongs to Cp as well. By the triangular inequality, it follows
that ®(X) € Cp and thus ®(X) € C/, since by definition ®(X)o = z. Now, let X,Y € C/.. By
Doob’s inequality again and (5.17)),

> < 8T<|a(0)}2 + K2|||X|||§,) <o (5.24)

IN

IN

[2(X) = 2(Y)||7 = E (()iltlfT |P(X): — (I)(Y)t|2> (5.26)
t t 2
< 2E <02ng /0 o(Xs)dBs —/0 o(Ys)dBs > (5.27)
t t 2
+2E (0212T /0 b(Xs)ds —/0 b(Ys)ds ) (5.28)

T
§2K2(4+T)/ E(X, — Y;?)dt
0

T
§2K2(4+T)/ |1X —Y||2 dt (5.29)
%,—/ 0
Cr

By induction using (5.29), we have for all n > 0 that

lo"(X) - e"(V)[3 < Cp / o [ I = VI Loty <.ctvery dirity

TLTTL
= Cr |X —Y||3> by symmetry (see Gronwall’s lemmal()5.30)

For n sufficiently large, ®" is a contraction on the complete metric space (C, |[.||7). Hence, by
the Contraction Mapping Theorem, ® has a unique fixed point which we may call X(T) ¢ Cl.
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By uniqueness of this fixed point, Xt(T) = Xt(T/) for all t < T AT’ a.s. and so we may
consistently define X € C by

X, =X fort<N, NeN. (5.31)

This is the pathwise unique solution to the SDE started from z. It remains to prove that it
is (FP)i>0-adapted. Define a sequence (Y"),>¢ in Cr by

Y=z, Y"=d(" Y forn>1. (5.32)

Then Y™ is (FP);>0-adapted for each n > 0. Since X = ®*(X) for all n > 0 by (5.30) we
have
crrm

n||2
Ix -y < =5

X = =I7 - (5.33)

Hence, Y™ — X in Cr and thus Y;* — X, in probability for a fixed ¢ > 0. Thus there exists a
subsequence ny such that Y;"* — X; almost surely. Since Y;"* is FB-measurable, then so is
X;. Therefore X is (FP);>0-adapted and the proof of this theorem is finished. O

Remark 5.7 The uniqueness of the fized point in the contraction mapping theorem can not
be invoked directly to prove pathwise uniqueness of the solutions. What this result give is
pathwise uniqueness of solutions in Cr for any T > 0. So if we knew a priori that any
solution belongs to Cp, we could invoke this result. (Note that our proof that ®(X) € Cp relies
on the fact that X is already assumed to be in Cr). Thus a byproduct of our proof is that
indeed any solution belongs to Cp for any T > 0.

Corollary 5.8 Let 0;;,b; be Lipschitz functions on R? for 1 <i,j <d. Then every solution
to Ey(o,b) is strong, and there is uniqueness in distribution for the solutions to E(o,b).

Proof. The proof of the theorem constructs a strong solution for every filtered probability
space and Brownian motion defined on it. On the other hand there is pathwise uniqueness of
solutions so any solution must be strong. By the Yamada-Watanabe theorem, it also follow
from existence of solutions and pathwise uniqueness that uniqueness in distribution holds.

Example. Ornstein-Uhlenbeck process
Fix A € R and consider the SDE in R?

AV, =dBy — \V,dt , Vo=wy, dX;=Vidt, Xo=ux0. (5.34)

When A > 0 this models the motion of a pollen grain on the surface of a liquid, and A then
represents the viscosity of that liquid. X represents the z-coordinate of the grain’s position
and V represents its velocity in the z-direction.—AV is the friction force due to viscosity.
Whenever |V| becomes large, the system acts to reduce it. (This is a much more realistic
model of random motion from a physical point of view than Brownian motion which oscillates
too widly!) V is called the Ornstein-Uhlenbeck (velocity) process. Then there is pathwise
uniqueness for this SDE. In fact, this is a rare example of a SDE we can solve explicitly, see
Problem 4.6l

Remark 5.9 If o and b are only defined on a closed set K, then there is strong existence
and pathwise uniqueness at least up until the time T = inf{t > 0: X; € K}.
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5.3 Strong Markov property and diffusion processes

In an ordinary differential equation, the future of the trajectory of a particle is entirely de-
termined by its present position. The stochastic analogue for stochastic differential equations
is true as well: solutions to SDE’s have the strong Markov property, i.e., the distribution of
their future depends only on their present position. (In fact, SDE solutions should be viewed
as the prototypical example of a strong Markov process.)

Theorem 5.10 (Strong markov property). Assume that o and b are two Lipschitz func-
tions. Then for all x € RY, if X* denotes a weak solution started from x to E(o,b), if F is
any measurable nonnegative functional on C([0,00), R?) then almost surely, for any stopping
time T':

E[F(Xfyy,t > 0)|Fr] = E[F(X{,t > 0)]] (5.35)

y=Xr~’
on the event {T' < oo}.

Proof. By considering T' A n, it suffices to consider the case where T < oo a.s. As we will
see, the strong Markov property is a relatively straightforward consequence of Corollary
Let Y; = X7,. Since X is a solution to E,(c,b), we have

T+t T+t

o(XT)dB, + / b(X7)ds (5.36)

Xfo-Xp= [ [

T

To make the change of variable u =t + T', we use the following Lemma:

Lemma 5.11 Let H be a previsible locally bounded process, and let X be a continuous local
martingale. If T is a stopping time and XT) = (X, 7 — Xp,t > 0) then

t+T t
/ HydX, = / HpyudX(T
T 0

Proof. Only the case where X is a local martingale needs to be discussed. The statement is

trivial for processes of the form H = 1;4, (s where A € F; and the general result follows

by linearity and the It6 isometry when M € M2 and H € L?>(M). Finally the general result

follows by localization. O
Thus, if y = X7, then making the change of variable in we get:

t t
Y, =y + / o(Y,)dB) + / b(Y,)du
0 0

where Bt(T) = Bry: — Br is a Brownian motion independent from Fr. Y is adapted to the
filtration (Fryy,uw > 0) which satisfies the usual conditions. Therefore, the previous theorem
applies and Y is adapted to (Gt)¢>0, where for all ¢t > 0, G; is the o-field generated by X7 and
BgT), s <t. Thus, we can write (Y;):>0 as a certain deterministic and measurable functional
® of its starting point X7 and the driving Brownian motion, ® (XT,B(T)). Furthermore,
note that by definition ®(y, B) is the unique solution to E,(c,b) corresponding to the driving

Brownian motion B. Hence (by weak uniqueness) ®(y, B) has the same law as X¥. Since
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B™) is independent from Fr, it is independent from X7 (because X is adapted to F). It
follows that the left-hand side of (5.35) may be computed as:

E[F(Y;,t > 0)|Fr] =E [F (q> <XT, B(T)>) \]—‘T}

)

= E[F(X{,t > 0)]|,_x, as.

which is exactly the content of the strong Markov property. O

In the remainder of this course we now provide a brief introduction to the theory of
diffusion processes, which are Markov processes characterized by martingale properties. We
first construct these processes with SDE’s and then move on to describe some fundamental
connection with PDE’s. In the next section we show how diffusions arise as scaling limits of
Markov chains.

Define, for f € C?(R%),

d
1
Litw) = 2 ,]z_:l axlam] - ; 83:1 (5:37)

where a; ;(x) is a measurable function called the diffusivity and b(z), another measurable
function, is called the drift. We assume that (a;;j(x));; is a symmetric nonnegative matrix
for all » € R%.

Definition 5.2 Let (Q, F,(F),P) be a filtered probability space satisfying the usual condi-
tions. Say that a process X = (X¢,t > 0) is an L-diffusion (or diffusion generated by L) if
for all f € Cf(Rd), the process MY is a local martingale, where for all t > 0:

M = f(X0) — F(Xo) - / LA(X,)ds. (5.38)
0

For the moment, we don’t know whether such processes exist, and we haven’t shown any
sort of uniqueness. The following result takes care of the existence part.

Theorem 5.12 Let X be a solution (in RY) to the SDE
dXt = O'(Xt)dBt + b(Xt)dt

where B is a (F)-Brownian motion in R, and where o = (05 ;(x))1<i j<a and b = (b;(z))1<i<d
are measurable. Then for all f € CY2(Ry x RY),

M = 70, x0) = $0.%0) - [ (G4 L5) 5. X0 (5.39)

i a local martingale, where L has the form and a = ool'. In particular, if the coeffi-
cients o,b are bounded, then X is an L-diffusion.

This results follows simply from an application of 1t6’s formula.

Remarks.



5 STOCHASTIC DIFFERENTIAL EQUATIONS 83

1. If a; ; is uniformly positive definite (that is, there exists € > 0 such that

d
(A8,6) = > Gayi(w)g; > ell¢]?

1,j=1

for all ¢ € R? and all 2 € R?), then a has a positive-definite square root matrix o. If
a is furthermore Lipschitz, then it can be shown that o(x) is also Lipschitz. It follows
that if a,b are bounded Lipschitz functions and a is uniformly positive definite, then
L-diffusions exist, by Theorem for any given starting point Xj.

2. Brownian motion in R% is an L-diffusion for L = %A.

3. In the language of Markov processes, we say that L is the infinitesimal generator of
X. Intuitively, Lf(x) describes the infinitesimal expected change in f(X) given that
X; = x. That is,

iy £0e) )

e—0 £

ft,Xt = .%') = Lf(.ilf)
for every f € CZ(R%).

5.4 Some links with PDEs

In this section we state a theorem which we do not prove due to time constraints. (Parts of
this result are easy and other less trivial...)

Theorem 5.13 Let D be an open set in R%. Let L be defined by for uniformly positive
definite Lipschitz bounded coefficients a,b. Let g € C(0D) and let ¢ € C(D) such that both ¢
and g are bounded. Define:

u(z) = B, < /0 " o(X.)ds + g(XT)) , zeD

where X is an L-diffusion and T' = inf{t > 0: Xy ¢ D}. Then u is the unique continuous
function on D which is solution to the Dirichlet problem.:

Lu+¢=0 nD
U=y on 0D.

Another link is provided by the following Cauchy problem — that is, an evolution problem
for which the initial condition is prescribed.

Theorem 5.14 Let g : R? — R be a given continuous bounded function, and let X be an L
diffusion where L satisfies the same assumptions as in Theorem[5.13. Then if we define:

u(t,z) = Ey(g(Xy)) for allt >0,z € RY

then u is the unique solution in CY2(Ry x R%) to the problem:

0
8—7::Lu on Ry x R?

u(0,-) =g onR%
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One word about the proof of the uniqueness part: let v be a solution to this problem, and
let u be our candidate. Let us show that v = u. Fix T' > 0 and let f(t,z) = v(T — t,x).
Applying (5.39) to the function f, we see that

My=v(T—t,X;), 0<t<T

is a martingale. Thus
E(Mo) = E(Mr)

and it follows that v(T,z) = E;(g(X7)). The uniqueness part of the Theorem is proved.

Remark 5.15 The application of (5.39)) (as opposed to (5.38)), which defines diffusions) is
a bit tricky to justify at this point. We will soon see that diffusions solve suitable SDE’s (see

Theorem, from which Theorem follows. Alternatively, if X is a diffusion then by
the integration by parts formula, the process MY of s a local martingale as soon as
f(t,x) = fi(t) f2(z) for some C? functions fi and fo. Thus the class of f for which M7 is a
local martingale contains all linear combinations of product functions fi(t) fa(x). That
holds for general functions f now follows from an approximation argument.

Remark 5.16 Note that the Cauchy problem may reformulated as a Dirichlet problem in

R by changing L into

~ 0
L—L—a

Fiz a point (t,x) € R4, By Theorem the solution u(t,x) is given by B(Xr) where X is
the diffusion with generator L. This corresponds to adding a coordinate X%t to the diffusion
X, such that Xg“ = Xg'H — s, that is, time is decreasing at speed 1. The time T corresponds
to the first time that the “time” coordinate hits 0, i.e., time t if we start from (z,t). The
other d coordinates are then distributed according to P,(X; € -). This proves Theorem
given Theorem [5.15.

Example. Let (B, t > 0) be a 3-dimensional Brownian motion with By = 0. Let 7 = inf{t >
0:||B¢|| = 1}. Compute E(7). Answer: Let R; = || Bt||. Then an application of Ité’s formula
shows that

1
dR; = dBy + —-dt.
t ¢+ R,
It follows that (Ry,t > 0) is a diffusion process on (0, 00), with generator:
_1da? 14
C 2dx?  zdx

Thus if ¢ = 1 and g = 0 in the previous theorem, Eo(7) = u(0) where u(z) = E,(7) is a
function solving:
Lu= -1, forall z € (0,1).

Solving this ODE yields that if f = «’ then
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for some constant ¢ € R, so integrating:

u(z) = —1

3

x2 + ¢ + c
x
for a constant ¢ € R. But we note that ¢ must be equal to 0. Indeed, otherwise E(7) = oo by
the monotone convergence theorem, which is impossible by comparison with a one-dimensional
Brownian motion and Theorem
Thus

1
u(z) = —-a? + ¢
3
and since u(1) = 0 we have u(z) = (1 — 2?). Hence Eo(7) = 1/3.

Exercise. The above calculation is not rigorous because of the singularity of 1/x at 0 (hence
the SDE is not even properly defined at 0, let alone Lipschitzian...) Make it rigorous by
considering the diffusion R; started at level € and taking D' = (¢/,1) with ¢’ < . Letting &’
and € — 0, recover the fact that Eo(7) = 1/3.

We now present a result called the Feynman-Kac formula, which is a systematic way of
solving a class of PDE’s by using Brownian motion.

Theorem 5.17 Let f € CZ(R?) and let V € L>®(R?), that is, V is uniformly bounded. For

all t,z >0, let t
) =B, (e ([ viBois))

Then w is the unique solution w € 02’2(R+ x RY) :

1
?;:QAu—i—Vu on Ry x R?
u(0,-)=f on R?.

Proof. Here again, the uniqueness part is an easy application of It6’s formula. Let u be a
solution and let M; = u(T —t, By)E; where E; = exp(fot V(Bs)ds) is of finite variation. By
It6’s formula:

1
th = VU(T — t, Bt)EtdBt + (—U + §AU + V’U> (T - t, Bt)Etdt
== VU(T - t, Bt)EtdBt

since the second term is equal to 0 (because u is a solution to the PDE problem). Thus M
is a local martingale, and it is uniformly bounded on [0, 7], hence a true martingale. By the
Optional Stopping Theorem:

u(T,z) = E;(Mo) = Ey(Mr) = E.(f(Br)ET)

which is precisely the claim.

Remark. This formula turns out to be very useful when applied the other way round: in
fact, it was originally introduced to compute expectations involving exponential functionals
of Brownian motion, which tend to occur frequently in mathematical finance and in statistical
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mechanics, where V' is a potential. (This is presumably why Feynman got interested in this
problem). Then we can write:

e (o {0 [ Vixgash s ) = e,

ou 1

— = ZAu—BuV on Ry x R?

ot 2 b *

and u(z,0) = f(z) for all z € R?. This often makes these computations easier, by bringing in
techniques that were developed in analysis (e.g., Fourier analysis). In mathematical finance,
the Feynman-Kac formula allows to compute the Black-Scholes formula for the price of a call
in terms of a certain PDE. This point of view is in some sense dual to ours, and it is a great

advantage to have these two approaches for what is, fundamentally, the same object.

where
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6 Stroock-Varadhan theory of diffusion approximation

6.1 Martingale problems.

Let 0 j(x)1<i j<a and (b;(z))1<i<q) be a family of measurable functions with values in R. Let
a(z) = o(z)o? (z). (Here we assume for simplicity that m = d).

Definition 6.1 We say that a process X = (X;,t > 0) with values in R?, together with
a filtered probability space (Q, F,(F),P), solves the martingale problem M(a,b) if for all

1<i,j<d,
. . t
Y'= <th —/ bi(Xs)ds;t > 0>
0

‘ ¢
<Y;fly;ij —/ a;j(Xs)ds;t > 0)
0

and

are local martingales.

Of course, the second condition implies that [V, Y7]; = [X?, X/]; = fot a; j(Xs)ds.
For instance, if o,b are in addition Lipschitz, then there exists (€2, X, (F)t>0) and an
(Fi)-Brownian motion (By,t > 0) solution to the stochastic differential equation:

dX, = o(X,) - dB, + b(X)dt.

X then solves the martingale problem M(a,b). In fact, note that any (weak) solution to
E(0,b) gives a solution to the martingale problem M(a,b). More generally even, any L-
diffusion will solve the martingale problem:

Exercise. Let X be an adapted continuous process. Show that the following are equivalent.

(1) Mtf = f(Xy) — f(Xo) — f(f Lf(Xs)ds is a local martingale for every coordinate function f
(i.e., f(z1,...,2n) = ;) and every pairwise coordinate product function (i.e., f(x1,...,2,) =
TiT;.)

(ii) X solves the martingale problem M(a,b).

[Hint: In (i) = (ii), to show that Y'YJ — [a; ;(X)ds is a local martingale, apply the
integration by parts formula to relate this X*X; — fot Lf(Xs)ds, showing that the difference
between these two processes is a local martingale].

Rather remarkably, as the next theorem shows, these are the only solutions.

Theorem 6.1 Let a = ool and let X and (2, (F;),P) be a solution to M(a,b). Then there
exists an (Fi)-Brownian motion (B, t > 0) in R? defined on an enlarged probability space,
such that (X, B) solves E(o,b).

Proof. Assume first that o is invertible for every z € R?. Then define Y = X} — fg bi(Xs)ds,
so that Y € M, jo¢, and by definition we have d[Y?,Y7]; = a; j(X;)dt. Define:

n d
i o). k
Bi = /0 S (0 )i (Xo)dY

k=1
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1

Thus B' € Mo Since a = ool and thus pap’ = I where p = 01, or, in coefficients,

2kt Pik@h,ePje = 0ij, we have:

B’ BJ Z / ik (Xs)pje(Xs)ag o(Xs)ds = d; it

k=1

so by Lévy’s characterization, B is an Brownian motion in R
Moreover, by the stochastic chain rule (Theorem ,

/t o(X,)dBs =Y, — Yy = X; — /t b(Xy)dt. (6.1)
0 0

Indeed the i component of the left-hand side may be written as

d t '
Z/ Ui,j(Xs)dB§=/ EGZ,JUﬁdY’“ /dY
j=170

7,k=1

But is simply the statement that (X, B) solves E(o,b).

When o is not everywhere invertible, we proceed like in the generalized version of Dubins-
Schwartz’s (when [M]. < o0) and let the Brownian motion evolve independently when s is
such that o(Xj) is not invertible. See pp.190-191 of Revuz-Yor for the details and Durrett,
p-200 for the case d = 1. O

Theorem shows that there is a one-to-one correspondence between solutions to the
stochastic differential equation E(o,b) and the martingale problem M(a,b). In particular,
there is uniqueness in distribution to the solutions of E(o,b), if and only if the solutions to
the martingale problem M(a,b) are unique, where uniqueness means that all solutions to
M(a,b) with identical starting points have the same law.

6.2 Notions of weak convergence of processes

In this section we describe some basic results in the theory of weak convergence of processes,
which we do not prove due to the time constraints. We will however use these results in the
next section about the convergence of Markov chains towards solutions of certain stochastic
differential equations.

The point of view here is similar to the one in Donsker’s theorem. We view a process as a
random variable with values in the space €2 of trajectories. We thus need to recall a few notions
about weak convergence in general metric space. Let (S, d) be a metric space. The distance
function d(x,y) satisfies d(x,y) = 0 if and only if x = y; d(z,y) > 0; d(x, z) < d(x,y)+d(y, 2).
The open ball B(x,r) is the set {y € S : d(z,y) < r}. The Borel o-field is the field generated
by all open sets.

The notion of convergence in distribution is defined in terms of test functions, which are
only required to be bounded and continuous (for the topology of S):

Definition 6.2 Let (n)n>1 be a sequence of probability distributions on S. We say that
Un — W weakly as n — oo, if fS fdup, — fS fdu as n — oo for all bounded continuous
functions f. If uy, is the law of a random variable X,, and p that of a random variable X, we
say that X,, — X in distribution (or in law).
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There are a number of ways one can reformulate the notion of weak convergence in terms
of the mass assigned to events that are either closed or open. If A C S, we recall the definition
of the frontier of A, which is the set 94 := A\ int(A).

Theorem 6.2 Let (X,,)n>1 be a sequence of random variables with values in S. The following
are equivalent.

(i) X — X in distribution.
(i

)

) For all closed set K, limsup,,_,.. P(X,, € K) <P(X € K).
(iii) For all open set O, liminf, - P(X,, € O) > P(X € O).

)

)

)

(iv) For all sets A such that P(X € 0A) =0, limsup,,_,,,P(X € A) =P(X € A).
(v) For all sets A such that P(X € 0A) =0, lim, ..o P(X € A) =P(X € A).

(vi) For any bounded function f, denote by Dy the set of discontinuities of f. Then for any
[ such that P(X € Dy) =0, E(f(X,)) = E(f(X)) as n — oo.

It is important to note that the random variables X, need not be related in any particular
way. In fact they may even be defined on different probability spaces. However, it turns
out that (provided the metric space is sufficiently nice), one can always choose a common
probability space for the random variables and define a sequence of random variables Y;, with
law identical to X,,, in such a way that convergence occurs almost surely. This is the content
of the “Skorokhod representation theorem”, which we may occasionally need.

Lemma 6.3 Suppose S is complete and separable. If p, — 1 weakly then there exists random
variables Y, defined on Q = [0,1] equipped with the Lebesque measure P, such that Yy, 4 L

for allm > 1, and lim, 0 Y, =Y, P-almost surely, where Y 4 L

We now specialize to the case where the random variables X,, take values in the space C'
of continuous trajectories over the compact interval [0, 1]. This is precisely the point of view
in Donsker’s theorem. We equip C with the distance of the sup-norm:

d(f,9) = IIf = glle = up [£(t) —g(D)]-

te[0,1

This turns C into a complete, separable metric space, on which it makes sense to talk about
weak convergence.

Example. If (S,,n > 0) is a simple random walk on Z, then by Donsker’s theorem: (St[N], 0<
t < 1), converges weakly towards a Brownian motion on [0, 1], where St[N} = N~1/28y,.

Exercise. Use Donsker’s theorem and (vi) in Theoremto show that if Ly is the last time
before time IV that S, = 0:
Ly =max{n < N:S, =0},

then Ly /N — L in distribution, where L is the last zero of a Brownian motion before time
1. (By an exercise in the first example sheet, this has the arcsine law). The issue here is
that the functional which associates to a path w € C' its last zero L(w) before time 1, is not
continuous with respect to the topology of C': for instance, consider the sequence of function
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fe(t) = et,0 <t <1, as € — 0. However, it turns out that the set of functions for which
L is discontinuous has zero Wiener measure, and so the functions Ly /N also converge in
distribution to L.

A classical trick in analysis for proving convergence of a sequence x,, towards a limit x is
to prove that (a) the sequence takes its values in a compact set, and (b) there can only be one
subsequential limit. It is usually part (a) which demands slightly harder work to establish,
as part (b) follows from usually softer arguments (you typically have identified the limit at
this stage). Fortunately there is a general criterion and fairly easy to use in practice, which
tells us when the set K = {x,}°° is compact (or, actually, precompact, meaning that K is
compact). When this happens, we say that the sequence of processes (X"),>1 is tight. This
criterion consists in, roughly speaking, showing that the process doesn’t oscillate too wildly.
This is the content of the following theorem. For a continuous path w(t),t € [0, 1], let

oscs(w) = sup{|w(s) —w(t)] : |s —t| < d}.
oscg is simply the modulus of continuity of the path w, at precision 4.

Theorem 6.4 Suppose that (X"),>1 is a sequence of processes with values in C. Then X"
is tight, if and only if for each € > 0, there exists ng, M > 1 and § > 0 such that:

(i) P(|X™(0)| > M) < e for all n > ng.
(ii) P(oscs > ¢) <e.

To summarize, to show that a sequence converges weakly in C, it suffices to prove that (i)
and (ii) hold above and that there is a unique weak subsequential limit. This is for instance
the case if one has already established convergence of the finite-dimensional distributions, i.e.,
convergence of the k-dimensional vector (X{},..., X} ) towards (Xy,,..., Xy, ), for any k£ > 1
and any choice of “test times” t1,...,t;. This could have been a possible route for proving
Donsker’s theorem, as convergence of finite-dimensional distributions is easy to establish.

Note that condition (i) in the above theorem says that the starting point of the process
X™(0) takes values in a compact set with arbitrarily high probability. This is usually trivial
since very often, the starting point of a process is a deterministic point such as 0.

In the next section, we will prove weak convergence of certain rescaled Markov chains
towards diffusion processes. For this, we will usually use the fact that any weak subsequential
limit must satisfy the associated martingale problem M(a, b) for which sufficient smoothness
of the coefficients proves uniqueness in distribution. However there is one (small) additional
difficulty in this case: it will be more natural to work with right-continuous processes X"
rather than with the linear-interpolation of X,,, which typically loses some of the Markov
property. Let D be the space of right-continuous paths on [0,1]. Without entering into
the details, D can also be equipped with a complete separable metric d, which is called the
Skorokhod topology. It can also be proved that if a sequence of right-continuous processes
X" satisfy (i) and (ii) in Theorem then X™ is also tight and any subsequential limit X
must be continuous, in the sense that P(X € C') = 1. Furthermore, weak convergence with
respect to the Skorkhod topology towards a continuous process X, implies weak convergence
in C of the linear interpolations. Another fact which will be needed is that if z,, — x in the
Skorokhod topology, then z,,(t) — x(t) for all ¢ > 0.
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6.3 Markov chains and diffusions

The result which we now discuss is due to Stroock and Varadhan (Chapter 11 in [4]), and
shows a link between rescaled Markov chains and certain diffusion processes. It is applicable
in a remarkably wide variety of contexts, of which we will only have the time to give one
example. Our treatment follows rather closely the book of Durrett [I] which can be used to
look up additional details.

While the idea for the statement of the result is in fact fairly simple, there is quite a bit
of notation to introduce. We assume that a certain Markov chain is given to us. A certain
scaling parameter A > 0 is going to 0, and we assume that the chain has already been rescaled,
so it takes it values in a certain set S, C R?. We will denote this Markov chain by (Y;*, n > 1).
The transition probabilities of Y are given by a transition kernel II;, which may depend on
h > 0:

P(Y,", € AV, = 2) = My (z, A).

n

We define the random process on [0, 1] by
X[ =Y/t €[0,1]

so that X" is almost surely right-continuous and is constant between two successive jumps of
the chain, which may occur every h units of time for the process X”. We let K}, denote the
rescaled transition kernel:

1
Kh(fE, dy) = Eﬂh(ajv dy)

Roughly, the conditions of the theorem states that “the infinitesimal mean variance of the
jumps of X when X = xz are approximately given by b(z) and o(x), respectively”. The
conclusion states that X" converges weakly towards the solution of M(a, b).

For 1 <i,j < d, define:

dly= [ - K. dy)
ly—=z|<1

b (z) = i — x) Ky (x,d
fo= | K

AlM(z) = KMz, B(z,€)°).

Suppose that a;; and b; are continuous coefficients on R? for which the martingale problem
M(a, b) is well posed, i.e., for each € R? there is a unique in distribution process (X;,0 <
t < 1) such that Xy = x almost surely, and

¢ , t
W:ﬁ—/m&mamww—/%mms
0 0
are both local martingales.

Theorem 6.5 Suppose that the above holds, and that for every 1 < i,5 < d, and every R > 0,
every € > 0,

(i) limp_o SUP|z|<R |a£‘j (x) —aj(z)| = 0.

(ii) limp—0Supj,<p bl (z) — bi(z)| = 0.
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(iii) limp_yo supp,<g A(z) = 0.
Then if X = x, — x0, we have (X,0 <t < 1) — (X4,0 < t < 1) weakly in D, and in

particular, the linear interpolations of Y converge weakly in C.

The rest of this section is devoted to a proof of this result. By localization, one may
replace (i), (ii) and (iii) by the following stronger conditions:

(i) limy o sup,epa |afy(x) — agi(z)| = 0.
(if) limp 0 sup,ega b} (z) — bi(x)] = 0.
(iii) limy 0 sup,era A(z) = 0.

)

Moreover, al*., b, A" are uniformly bounded in h and z.

(iV 1,50 V10

Step 1. Tightness

Let f be a bounded and measurable function. Define the operator L" by

L' f(x) / K, dy)(f(y) — F(2)). (6.2)

This is the “generator” of the process: this represents the infinitesimal change in the function
f when the process is at x. In particular, note that the process

_ithf(yjh), k=0,1,... (6.3)
§=0

is a (discrete-time) martingale. For our proof of tightness we are going to need an estimate
on the time needed by the chain to make a deviation of size roughly € > 0, when it starts at
position y € R To do this, we introduce a function ¢ : R — R such that g € C2,0< g <1
and g(x) = 0 if z > 1, while g(0) = 1. We also define for z € RY, f.(x) = g(|z|?/€?) which is
also C2, and becomes 0 when |z| > ¢, and for a € R?, let f, .(2) = f-(z — a).

Lemma 6.6 There exists C. < oo, independent of h, such that |L"f,.(z)] < C. for all
a,r € R?,

Proof. This is simply an application of Taylor expansion. For ¢ € [0,1] and x,y € R?, let
¢(t) = fae(x +t(y — x)). Then by Taylor’s theorem, there exists ¢,y € [0, 1] such that

fa,zs(y) - fa,E( z) = ¢(1) — ¢(0) = ( )+ ¢N( xy)

d
= Wi —2)Dif(z) + > (yi — x:)(y; — 25) Dij f (2ay)
i=1 1<i,j

where f = f, . and D; and D;; stand for 2 ax and BI 8 - respectively, while 2,y = & + ¢y (y —
z) € [z,y].
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To obtain L" f(x), we integrate the above with respect to Kj(x,dy), and get:
L fucle) = [ Kn(oady) acl) ~ foclo)

<

Vheo) | - e)Kaedy)

+ /|ym|§1 ;(yz —2)(yj — ) Dij fa e (2ay) Kp(z, dy)

+ 2|\ faelloo EKn(, B(x, 1)%).
Let Ac = sup, |V fac(x)], let B. = sup, || Df(2)||, where Df = (D;jf)i<ij<a is the Hessian

matrix of f and for a matrix M = (m;;) we note
Imill := sup  [{u, Mu)|.
u€R:|u|=1
Thus
> (i = @) (yj — ) Dij fae(zy)| < |y — 2 Be
i?j
hence by Cauchy-Schwarz

tha,a(w) < As’bh(m)’ +Be/| | ’y_$|2Kh(fL',dy)+2Kh(x,B(:C, 1)0).
y—z|<1

Since f\y—x|§1 ly — z|?Kp(z,dy) = Y, ali(z) and since we have assumed in (iv) that all those
quantities were uniformly bounded, we have proved the lemma. ]
To estimate oscs(X"), we introduce the following random variables: 79 = 0,

T = inf{t > 7,1 : | X — an_l\ > e},
N =min{n: 7, > 1}
o=min{r, —7-1:1 <n <N}

and, finally
0 = max{|X"(t) — X"t7)|: 0 <t < 1}.

The relation between these random variables and tightness is provided by the following lemma:
Lemma 6.7 Assume that o > § and that 6 < e. Then oscs(X") < 4e.

Proof. The proof is straightforward. We want to show that for all s, ¢ € [0, 1] with [s—t| <6,
| X" (s) — X"(t)| < 4e. The point is that since |s —t| < § < o, s and t can only span at most
one of the interval [7,,—1,7,], and by definition of these stopping times, everything behaves
well on those intervals. Thus if 7,1 < s <t < 7, then |f(s) — f(t)| < 2e. If on the other
hand, 7,1 < s < 7, <t, then

[f(s) = FOI < [f(8) = Fa-1)| + £ () = f ()]

+1f () = fr)+ 1 f (7)) = fm)]
< 4e.
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We now use this to prove the tightness estimate. Since it is assumed that the starting point
X(’f = xg is nonrandom and converges towards a fixed xg, it suffices to prove the statement
about oscillations: for all e, there exists 6 > 0 and hg such that for all h < hg,

P(oscs(X") > ¢) < e.
Thus it follows to prove that for all h sufficiently small and for § small enough, P,.(6 > ¢/4) —
0as h— 0, and P,(c > ) — 0 for h — 0 for all z € R?. The first one is very simple: since
there are at most 1/h time steps in the unit interval [0, 1], a simple union bound yields

P.(0 > ¢) < —supll(y, B(y,e)°) < sup Ag(y) —0
y y

==

by (iii). The second one requires more arguments. We follow the elegant argument introduced
by Stroock and Varadhan (Theorem 1.4.6). The first step is to estimate P, (71 < u) for small
u. Note that by Lemma the process

fo (Y + Cehk, k=0,1,...

is a submartingale. Thus letting 7 = inf{k > 1: |Y}® — x| > ¢}, so that 71 = h7 .Using the
Optional stopping theorem at 7 A v’ with ' = u/h,

By { fue(Vfy ) + Co(r ) } > 1.

Since 7 A u < u and since on the event that 7 < v/, we have that |Y" , — x| > ¢, so

TAU
fre(YR ) =0, we have:

Po(ri < u) = P(r <) <E, {1— foo(V]i,)} < hCo! = Ceu.

TAU
This has the following consequence: for all u > 0, letting p = P, (7 < u):

Ep(e™™) < Pu(7 <u)+e “Pu(t > u)
<pte“(l—-p) <e“+pl—-e)
<eU4pu<l—u+Cu®

Thus by choosing u small enough, we can find A < 1, independent of x or ¢§ (depending
solely on e through C;), such that E,(e”") < A. Now, iterating and using the strong Markov
property at times 74, ..., 7,, which are stopping times,

Ey(em™) < A"
since A does not depend on x, and thus by Markov’s inequality:

P.(N >n) =P (1, <1) <Pyle ™ >e )
<eEz(e™™) <eA™
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We finish by saying that
Py(o < 9) < ksupPy (7 < 96) + P, (N > k)
Y

< Ckd + ek,
Thus we take k large enough that eA* < £/2 and then pick 6 small enough that C.k§ < £/2.
We are then done for the proof of tightness.
Step 2. Uniqueness of the weak subsequential limits.

Since we have assumed that the martingale problem M(a,b) was well posed, it suffices
to show that the limit of any weakly convergent subsequence solves the martingale problem
M(a,b). Our first step for doing so is to show that the generator of the Markov chain L"
converges in a suitable sense to the generator L of the diffusion:

1l
Li(z) = 2 Z a5 (@) 8@81’] )+ Zb (9%

ij=1 i=1

Lemma 6.8 Let f € C% be twice differentiable and with compact support. Then LM f(z) —
Lf(x) uniformly over x € R% as h — 0.

Proof. Going back to our Taylor expansion of L"f(z), and recalling the definition of b} (z)
and a;;(x), we may write:

d
L'f(x) = b(z)Dif (z)
=1

d
s — Tg j—ﬂjj Dij ZIyK .’E,Cl
e DD s =)D i )

+ /| W)~ @) )

The final term in the right-hand side converges to 0 uniformly in z by assumption (iii) with
g€ = 1. To deal with the first term, note that

Zb

which converges to 0 uniformly in z by assumption (ii) (since f € C%{) It remains to deal
with the central term. Recalling the definition of azhj(a:), we get:

< sup [b(z) IZIID Flloo

1<i<d

d
/ —IEi)(yj - ) zgf(zmy Kp(z,dy) — Z ZJf )
ly— x\<11] 1 =1
d
< Z ali(@)Dijf(x) = > aij(x)Dij f ()
i,j=1 tj=1
d

H [ e )~ 9D (o) - Dig (@)K, d)
ly—z|<1 1
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The first term converges to 0 uniformly in x by (i) and the fact that the derivatives of f
are uniformly bounded. The second term can be split in an integral over |y — 2| > ¢ and
ly — x| < e. The first one converges to 0 uniformly in x € R? thanks to (iii) and the fact that
the integrand is bounded. For the other term, let

I'(e)= sup sup |Dy;f(zay) — Dijf(z)l.
1<i,5<d |y—x|<e

Then sice zz, lies on the segment between x and y, and since D;;f is continuous on the
compact set K (and hence uniformly continuous), I'(¢) — 0 as ¢ — 0. On the other hand,

/ Klzy@—xl — ))[Dij f(zy) — Dig F @)K, dy)

1,7=1

<I'(e) / ly — 2|2 K}, (z, dy) by Cauchy-Schwarz’s inequality,
ly—=z|<e

so the proof of the lemma is complete. O

We now use this lemma to conclude the proof of Theorem Fix h, — 0 such that
Xhn — X weakly (in D) as n — oo. (Recall that X" is defined as X' = YL}tL/hj‘) Fix s < t.
Then for any continuous functional F' : D — R which is measurable with respect to Fs, we
have, since L" is the discrete generator of Y,

FXp) Zh (X0 ), k=0,1,...
is a martingale. In particular, taking k = k,, such that kh,, > s, i.e., k, = [s/hy], and taking
¢, similarly so that £,h,, > t, i.e., £, = [t/h,], we get
ln—1
E, | F(X") f(Xélnhn) Xl}cl:hn Z ho L™ f X}'Li?n) = 0.

J=kn

By using the Skorokhod representation theorem, one may find Y™ such that Y™ 2L xhn and

Y™ — Y almost surely, where Y 4 X. We recognize a Riemann sum in this expectation.
Since almost sure convergence in D implies almost sure convergence of the marginals, we
conclude by the Lebesgue convergence theorem that

t
. (Feo {0 - 500 - [ Liccan}) <o
Since F' is an arbitrary continuous function on D, it follows that
t
FO) — [ LeCt)du, 20
0

is a martingale for all f € C%(. Since the martingale problem has a unique solution, the desired
conclusion follows. This ends the proof of Theorem O
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6.4 Example.

This result has literally thousands of practical applications, and we show one particularly
simple such application.

The Ehrenfest chain. This is a Markov chain which models a box filled with gas molecules
which is divided in two equal pieces, and where gas molecules can be exchanged between the
two pieces through a small hole. Mathematically, we have two urns with a total of 2n balls
(molecules). At each time step we pick one ball uniformly at random among the 2n balls of
the urn, and move it to the other urn (we think of this event as a certain gas molecule going
through that hole). Let Y;” denote the number of molecules in the left urn.

Define a normalized process X' = (Yﬁn | n)/y/n, and assume for instance that Y* = n,
i.e., equal number of molecules in each urn.

Theorem 6.9 The process (X*,0 < t < 1) converges weakly to an Orstein-Uhlenbeck diffu-
sion (Xy,0 <t < 1) with unit viscosity, i.e., the pathwise unique solution to

dX; = —X,dt + dBy, Xo = 0.

Thus the number of molecules in each urn never deviates too much from n. Writing
K"(z,dy) = nll"(z,dy),
Proof. The state space for Y" is S,, = {k/+/n : —n < k < n}. The transition probability
II™ of Y™ is given

" (z, x + n_l/z) _n-wvn —Qx\/ﬁ’ " (z,x — n_l/z) _ nrrvn +2:c\/ﬁ
n n

Here d = 1, and the expected infinitesimal drift

b () = /(y — 2Kz, dy) = n {nlﬂn_l’ﬁ _ nWW} S

2n 2n

while the infinitesimal variance

"(z) = /(y — 22K (2, dy) = n {n—ln_;;*/ﬁ + n—ln*;iﬁ} — 1.

It follows without difficulty that the truncated expected drift and variance, respectively
b (x) = ﬁy_z‘gl(y —2)?K"(x,dy) and a"(z) = f|y—z\g1(y — x)?K"(z, dy), satisfy:

a"(z) = 1;0"(z) - —x

uniformly on every compact set. Since the coefficients of the Ornstein-Uhlenbeck diffusion
are Lipschitz, there is pathwise uniqueness for the associated SDE and thus uniqueness in
distribution. Therefore, (X/*,0 <t < 1) converges to (X;,0 < ¢ < 1) weakly, by Theorem

This finishes the lecture notes for this course. I hope you’ve enjoyed it!



7 PROBLEMS

7 Problems
Problem set 1

1.1 Let (B, t > 0) be a one-dimensional Brownian motion, and for x € R let T, =
inf{t >0: B; = x}.

(a) Show that

2

g

where N is a standard Gaussian random variable.

T, =

(b) Show that (T;,x > 0) has independent and stationary increments: [We say
that a process (X;,t > 0) has independent and stationary increments if for
all t1,...,t, the random variables X, ,, — X;, are mutually independent and
their law depends only on ¢; 1 — ¢;.]

1.2 Define R =inf{t > 1: B, =0} and let L = sup{t <1: B; = 0}.

(a) Show that L is not a stopping time. Is R a stopping time?
(b) Show that
2
P(R > 1+u) =1— = arctan(v/u).
7r
(it is recalled that the quotient of two independent standard Gaussian random
variables has the Cauchy distribution).

(c) Deduce that L has the arcsince law:

¢ dx
1.3 Brownian bridge. Let B be a standard Brownian motion. Fix y € R, and define
a process (bf,0 < ¢ < 1) by putting
b =yt + (B — tB1)

Let W§ denote the law of this process on the space C(0, 1) of continuous functions
on [0,1]. We wish to show that b¥ can be interpreted as Brownian motion condi-
tioned upon Bj = y, even though the latter is a zero probability event. To do so,
fix a functional F' : C(0;1) — R such that F' is bounded and continuous for the
topology of uniform convergence on [0; 1]. For y € R, define

fly) = W§(F) =Ew[F(b/,0 <t <1)].
where W is the standard Wiener measure. Show that:
Ew(F‘Bl) = f(Bl), a.s.

(Hint: find a simple argument to show that (B, —tB1,0 <t < 1), is independent
from Bj.) Conclude that WY is the weak limit as ¢ — 0 of Brownian motion
conditioned upon the event {|B; — y| < €}.

98
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1.4

1.5

1.6

1.7

1.8

Quadratic variation. Let B be a Brownian motion and let ¢ > 0 be fixed. For
n>1,let A, = {0=1to(n) < t1(n) < ...tm,(n) =t} be a subdivision of [0, ],
such that:

T = max ti(n) —ti—1(n).
Show that
Mn
. . 2 _
nh—>120 : 1(Bti Bti—l) t
1=

in L2(P). Show that if the subdivision is dyadic, this convergence holds almost
surely as well.

Let a € L0, 00) and set

Show that x is continuous and of finite variation, with

t
olt) = [ faolas.

and that if h is non-negative and Borel measurable, then
t ¢

/ h(s) da(s) = / h(s) als) ds.
0 0

Let a : [0,00) — R and = : [0,00) — R be continuous and suppose a is of finite
variation. Show that, for all t > 0,

|2nt] -1
Tim Y (a((k+1)27") — a(k2™) (a((k +1)27") — 2(k2™") = 0.
k=0

Deduce that if B is a Brownian motion, then B is almost surely not of finite
variation.

Suppose B is a standard Brownian motion.

L. Let T' = inf{t > 0 : B; = 1}. Show that H defined by H; = 17> is a
previsible process.

2. Let

1 ifr<0
(@) =9 iy

Show that (sgn(Bi))i>0 is a previsible process (which is neither left- nor
right-continuous).

Let H be a previsible process. Show that H; is J;_-measurable for all ¢ > 0,
where Fi— = o(Fs : s < t).
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1.9

1.10

1.11

1.12

1.13

1.14

1.15

Let H be a left-continuous adapted process which is bounded on compact time
intervals and let A be a cadlag adapted finite variation process. Show that

(H-A)= nh_{glo kz_o Hk2—"(A(k+1)2—"/\t — Aga—nnt)

with convergence uniform on compact time intervals. (Consider the limit w by
w.)

1. Let (Ft)t>0 satisfy the usual conditions (i.e. completeness and right continu-
ity). Show that the map M +— My, : M? — L?(F,,) is onto.

2. Let Y be a random variable taking values +1, each with probability % Set
Fi={0,9} for t <1 and F; = o(Y) for t > 1. Show that all cadlag (F;)i>o0-
martingales are constant. (So, in this case, the map M + My, : M? —
L?(Fs) is not onto.)

An essential fact. Let M be a continuous local martingale starting from O.
Show that M is an L?-bounded martingale if and only if E([M]) < co. (This is

Theorem [3.7])

Let X™ be a sequence of cadlag processes and let T} a sequence of random times,
with T}, T co a.s. as k — oco. Suppose |H(X”)Tkm — 0 as n — oo for all k. Show
that X™ — 0 u.c.p.

1. Suppose that M and N are two independent continuous local martingales.
Show that [M, N]; = 0 for all t > 0. In particular, if B") and B are the co-
ordinates of a standard Brownian motion in R?, this shows that [B(), B®)], =
0 for all ¢ > 0.

2. Now let B be a standard Brownian motion in R and let T" be a stopping time
which is not constant a.s. By considering B” and B — B”, show that the
converse to (a) is false. [Hint: show that T is measurable with respect to the
o-algebras generated by both BT and B — BT ]

Optional additional problems
Let a < b < ¢ < d. Show that, a.s.:

sup By # sup B;.
te(a,b] tee,d)

Deduce that every local maximum of B is a strict local maximum.

Let B be a one-dimensional Brownian motion. Show that

t /vt
</ eBSds>
0

100

converges in distribution towards a certain limit. (Hint: what is the limit as p — oo of

(1 @yrar) ")
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1.16

1.17

1.18

1.19

1.20

Iterated law of the logarithm, upper-bound. Let B be a standard Brownian
motion, and let S; = sup¢(g g Bsds. The goal of this problem is to show that

lim sup % <1, as. (7.1)

t—oo V2tloglogt —

(In the next problem you will be asked to prove a matching lower-bound).

(a) Fix € > 0. Let c =1+ € and set t,, = ¢". Show that:

St < (14 €)y/2t, loglogt,
for all large enough n, almost surely.

(b) Deduce (7.1)).

Iterated law of the logarithm, lower-bound. The setup is the same as above. Fix
6 > 1 and let t,, = ™. Let a be such that 0 < a < /1 —1/6.

(a) Let A, be the event that {B;, — By, , > ay/2t,loglogt,}. Show that A,, occurs
infinitely often.

(b) Show that
S
limsup ———— > 1, a.s. (7.2)

t—soo V/2tloglogt —

(¢) What do (7.1]) and (7.2)), put together, say about the behaviour of B, near t = 07
What you get is called the iterated law of logarithm.

Let B be a one-dimensional Brownian motion and let Z be its zero set:
Z={t>0:B;,=0.}

Show that Z is almost surely closed, unbounded and has no isolated point. (In partic-
ular, it can be shown that this implies that Z is a.s. uncountable.) Show however that
Z has zero Lebesgue measure. (It can be shown that Z has Hausdorff dimension equal
to 1/2).

Show that the covariation [M, N] of continuous local martingales M and N is a sym-
metric bilinear form.

Suppose that H and K are previsible processes which are bounded on compact time
intervals (i.e. supgs<; Hs < 0o and sup,<; K5 < oo for all ¢). Show that if A is a cadlag
adapted finite variation process then

H. (K-A) = (HK)-A.

[Hint: use a monotone class argument.]
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2.1

2.2

2.3

2.4

Problem set 2

Let B be a standard Brownian motion. Use It6’s formula to prove that the following
processes are martingales with respect to the natural filtration of B:

1. Xy = exp(A\?t/2)sin(ABy)
2. Xt = (Bt + t) exp(—Bt - t/2)

Let H be a real-valued adapted continuous process, which is uniformly bounded, and
let (B¢, t > 0) be a one-dimensional Brownian motion.

(a) Using Cauchy-Schwarz’s inequality and Jensen’s inequality, show that

1 [ 1/4
E '/ (H, — Hy)dB, 0
B: J,

ase — 0.
(b) Use (a) to prove that for all ¢ > 0,

1 t+e
M Bh.—p ), MBI

in probability.

Let h : [0,00) — R be a measurable, square integrable function on [0, ¢], for all ¢ > 0.
Show that the process H; = fg h(s) dBs is Gaussian, and compute its covariances. (A
real-valued process (X;,t > 0) is Gaussian if for any finite family 0 < #; < to < --+ <
t, < 00, the random vector (Xi,,..., Xy, ) is Gaussian.)

Let B be a standard Brownian motion and let (F;):>¢ be its natural filtration. Let G,
be the o-algebra generated by F; and B;. Prove that for 0 < s <t <1,
t—s

E(B: — Bi|Gs) = {— (B1 — By).

In particular, observe that B is not a (G¢)i>o-martingale. Prove, however, that

tAl
B1 — B

Bt:Bt—/ 2L P s
0 1—5

is a continuous (G:):>o-martingale and so B is a continuous (G):>o-semimartingale.
What is the quadratic variation of 37 Conclude that 3 is a (G;)¢>o-Brownian motion.
[Hint: Show that

t—s
= SE(B1—BS) 1 An{B,eD}>

E(Bt—Bs) 1an{B,en} =

for all A € Fs, D € B(R).]

(This demonstrates that if a process is a continuous semimartingale in two different
filtrations (F¢)¢>0 and (Gt)i>0, its Doob-Meyer decompositions may be different, even
when F; C G, for all t.)
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2.5 Let M be a continuous local martingale started from 0. Use It6’s formula to find the
Doob-Meyer decomposition of |M|P when p > 2. Deduce, via Holder’s inequality, that
there exists a constant C), € (0,00) such that

E(M*)P < CE([M]Z?),

where M* = sup;> | M.
(This is a special case of the Burkholder-Davis-Gundy inequality: for every p € (0,00),

there exist constants ¢, and C), such that for all local martingales M with My = 0,
cpE([MIEL) < E(M*)P < CE([ME?).
See Revuz and Yor for a proof.)

2.6 1. Let X be a nonnegative continuous martingale such that Xg = z¢ and X; — 0 a.s.
as t — 0o. Define X* = sup; X;. Let > 0. Prove that

P(X* > x) = min{1, zo/x}

2. Let B be a standard Brownian motion. Show that B; — bt — —o0 a.s. as t — o0,
for all b > 0. Using part (a) and the fact that exp(aB; — a*t/2) is a martingale,
show that the distribution of sup;~q(B; — bt) is exponential with parameter 2b.

2.7 Let d > 3 and let B be a Brownian motion in RY, started at By = Z where 7 =
(z,0,...,0) € R for some x > 0. Let ||-|| be the Euclidean norm on R?. Let 7, = inf{t >
0: ||Bi|]| = a}, and for a stopping time T, define BT to be the process (Biar,t > 0).

(a) Let D =R\ {0} and let h : D — R be defined by h(z) = ||z|>~¢. Show that h is
harmonic on D and that M; = ||B]*||*>~? is a local martingale for all a > 0. Is M
a true martingale? (Consider the case a > 0 and a = 0 separately).

(b) Use (a) to show that for any a < b such that 0 < a < x < b,

¢(b) — ¢(x)
¢(b) — ¢(a)

where ¢ is the function defined on R, by ¢(a) = a®>~%. Conclude that if z > a > 0

Pi(1a < mp) =

Py(7q < 00) = (a/:c)d*2

2.8 Let f : C — C be analytic and let Z; = X; 4+ iY; where (X,Y’) is a Brownian motion
in R?. Use Ito’s formula to show that M = f(Z) is a local martingale (in R?). Show
further that M is a time-change of Brownian motion in R?.

2.9 Let D = {|]z| <1} and take z € D. What is the hitting distribution for Z on 9D in the
case Zy = 07 By considering an analytic map f : D — D with f(0) = z, determine the
hitting distribution for Z on 9D when Zy = z. (You don’t need to give the details of
the computations here: just explain how you would do start the computations).

2.10 Winding numbers of planar Brownian motion. Let (X;,¢ > 0) and (Y;,¢ > 0) be
two independent one-dimensional Brownian motions.
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(a)

Assume that Xy = Yy = 0 almost surely. Show that if 7, = inf{t > 0: X; = z}
for some 2 > 0 then 7, has the same distribution as 22 /N? where N is a standard
normal random variable. Use this result and a scaling argument to conclude that

a N
Yrm:l“ﬁ

where < means that the distributions of the left and right hand side are equal, and
where N, N7 are independent standard normal random variables. The distribution
of N/N" is known as the Cauchy distribution.

Regard Z;, = (Xy,Y;) as a two-dimensional Brownian motion, and assume that
Xo=—z and Yy =0, with z > 0. Let 7 = inf{t > 0 : RZ; > 0}, where Rz denote
the real part of z € C. Deduce from the previous question that

4

Y, xC

where C' has the Cauchy distribution.

Let £ > 0 and let ¢ = e~*. Let Z, be a two dimensional Brownian motion with
Zl = (¢,0). Let 0. denote the number of windings of Z’ prior to time 7' = inf{t >
0 :||Zj]| = 1}. That is, each time Z’' completes a winding around zero in the
counterclockwise direction, this adds +1 to 6., and each clockwise winding about
0 adds —1 to 6.. Use (b) and conformal invariance of Brownian motion to show
that as ¢ — 0,
0. a4 1
loge 2T

where C' is a Cauchy random variable, and where 4 stands for convergence in
distribution. [Hint: consider exp(X; + iY:) where Z; = (X3,Y;) is the Brownian
motion from part (b)]. This result is Spitzer’s law on windings of Brownian motion.

2.11 Let N be a Poisson process of rate 1. Set M; = N; —t. Show that both M; and ]\Jt2 —1
are martingales. Why does this not contradict Lévy’s characterization of Brownian
motion?

2.12 Use conformal invariance of Brownian motion to prove Liouville’s theorem: if f : C — C
is a bounded analytic function in the complex plane then it must be constant.
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Problem set 3

3.1 Let (Sp,n > 0) be a simple random on Z, with Sy = 0. For every n > 1, define a
measure p, on R, the average occupation measure of S, by:

1 n
n(4) =B <n Zl 1{5%64}) ’

for all Borel sets A. Show that u,, converges weakly towards a measure p on R which you
should identify. (It is recalled that a measure p,, converges weakly if [ pdu, — [ odu
for all continuous bounded functions ¢).

3.2 Characterize the solutions to the Dirichlet problem in 1 dimension (distinguish between
the case D bounded or not).

3.3 Let D C R? be a domain satisfying the local exterior cone condition, it is desired to
prove the boundary continuity of the harmonic function u(z) = E,(g(Br)) where B is
a d-dimensional Brownian motion, g : 3D — R is a bounded continuous function and
T is the hitting time of D¢. To this end, we prove: as x — y, y € D and z € D, then

Py (T > ) — 0 (7.3)

for all € > 0.

1.

2.

3.

Fix e > 0 and for all § > 0, let gs(x) =P, (X; € D,V t € (6, + §)). Show that gs
is continuous on D. (Hint: apply the Markov property at time §).

A function f : U € R? — R is called upper semi-continuous if for all zy € U,
limsup, ., f(z) < f(zo). An important property of upper-continuous functions
is that if f,, are continuous functions on U and f,(z) | f(x) for all x € U as
n — oo, then f is upper-semi-continuous. Deduce from this property that g(x) =
P.(X: € D,V t € (0,¢]) is upper-semi continuous. Hence show that holds.

Conclude that « is continuous on D.

3.4 Let W# be the law of Brownian motion with drift 4 and started at zero, and let T' =
inf{t > 0: X; = £1}. Using Girsnaov’s theorem, show that X7 and T are independent
under WH. (It’s worth thinking about this counterintuitive statement !)

3.5

(a)

Let (Z;,t > 0) be a continuous local martingale which is strictly positive almost
surely. Show that there is a unique continuous local martingale such that Z =
E(M), where £(M) denotes the exponential local martingale associated with M:

E(M), = exp(M; — %[M]t)

and [M] denotes as usual the quadratic variation process of M. [Hint: for the
existence part, define My = In Zy + fg dZ—Z:‘, and then apply Ito’s formula to In Z;.]
Let (Q,F,(F;),P) be a filtered probability space satisfying the usual conditions.
Let @ be another probability measure on (€, F, (F;)) such that Q is absolutely
continuous with respect to P on F. Show that if Z;, = %m forall 0 <t¢ < T, then
Z is nonnegative P-martingale. Assuming that it is strictly positive almost surely
and continuous, what can we say about the relations between semi-martingales

with respect to P and Q7



7 PROBLEMS 106

3.6 Let v € R, and let W be the Wiener measure, i.e., the law of Brownian motion on R
and let F = (F;,t > 0) be the filtration generated by the Brownian motion. Define a
probability measure Q on 2 by

A2
Q|r, = exp(vX; — ?t) - W

Let T be a stopping time. Show that

Q(T < o0) =Ew <GXP(’YXT - fy;ﬂ) :

. . . 2
In particular, T' < oo Q-almost surely if and only if Ey (exp(yv X7 — %T)) = 1.

3.7 Let B be a standard Brownian motion and for a,b > 0let 7,5, = inf{t > 0 : B;+bt = a}.
Use Girsanov’s theorem to prove that the density of 7, is

f(t) = a2nt®) ™2 exp(—(a — bt)?/2t).
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4.1

4.2

4.3

4.4

4.5

Problem set 4

Consider the stochastic differential equation with Lipschitz coefficients
dX; = O'(Xt)dBt + b(Xt)dt, Xo = xo.

Show without appealing to the Yamada-Watanabe theorem that there is uniqueness in
law (i.e. that the pathwise unique solutions on different spaces given by Theorem 5.3.1
must have the same distribution).

Suppose that o,b and o,,b,,n = 1,2, ... are Lipschitz, with constant K independent of
n. Suppose also that o, — ¢ and b, — b uniformly. Define X and X" by

dXt = O'(Xt)dBt + b(Xt)dt, X() =,
AX! = 0, (XM)dBy + bp(XP)dt, X = a.

Show that, as n — oo,

E, [Sup | X" — Xﬂ — 0.
s<t

Let B be a standard Brownian motion on R. Use the integration by parts formula to
give a simple proof that £(AB); = zgexp( ABy — )‘7215) is the pathwise unique solution
to the SDE

dXt = )\XtdBt, X() = Xy.

[Hint: if Y is another solution, prove that d(Y X 1) = 0]
Suppose that X satisfies the stochastic differential equation
dXt = O'(Xt)dBt, XQ = 2o,

where o is Lipschitz and B is a Brownian motion. Show that, for some constant C' < oo
depending only on the Lipschitz constant of o, X satisfies the estimate

Esup | X — zo|* < Cte” |o (o).
s<t

Discuss the tightness of this estimate with reference to the special cases o(x) = 1 and
o(x) = x.

Consider the stochastic differential equation in R
ClXt = dBt + b(Xt)dt, XO =,

where b is bounded and measurable. Suppose that, under P, X is a Brownian motion
started from x. Use Girsanov’s theorem to find a new probability measure P, absolutely
continuous with respect to P, such that if

t
Bt = Xt — / b(Xs)dS,
0

then (Bi)o<t<1 is a Brownian motion under P. This is called solution by transformation
of drift.
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4.6

4.7

4.8

4.9

Consider the Ornstein-Uhlenbeck SDE:

dV; =dB; — AV, dt
Vo =wo

(a) Show that any solution satisfies V; = vg e ™ + fot e~ 2t=%) dB,. What is the distri-
bution of V; 7

(b) Consider now the two dimensional system:

AV, = dB; — \Vidt, Vi =0,
dX; = Vidt, X, = 0.

Find the joint distribution of (X¢, V4). [Physical interpretation: when A > 0 this
models the motion of a pollen grain on the surface of a liquid. X represents the
z-coordinate of the grain’s position and V represents its velocity in the z-direction.
—AV is the friction force due to viscosity. Whenever |V'| becomes large, the system
acts to reduce it. V is called the Ornstein-Uhlenbeck (velocity) process.]

Let a,b,c: R — R be bounded with bounded derivatives and with a > 0. Suppose that
u € C’;’Q(R+ x R, R) solves the Cauchy problem
g:;—Luin]RJr xR, u(0,)=fonR

where

1
Lu= §a(m)u" + b(z)u' + c(z)u.

Set ¢ = y/a and define X by the SDE
dX; = o(Xy)dBy + b(Xy)dt, Xo=x.
Define also B, = exp{fg c(Xs)ds}. Show that
u(t,z) =E, (Etf(Xt)).

Let b : R — R? be Lipschitz and let 2o € R?. Consider for each £ > 0 the diffusion
process X¢ in R?, starting from g and having generator

1
ﬁ:§§A+MmV.

Show that, for all ¢ > 0,

sup | XS — x4 = 0

s<t
in probability as € — 0, where (z:)s>0 is given by the differential equation &; = b(xy),
starting from zg.

Consider a Galton-Watson process, where every individual lives one unit of time, and
when they die, they leave a random number of offsprings distributed according to some
fixed distribution (pg)r>o: thus the probability that this individual has k offsprings is
pr- The number of offsprings for different individuals is assumed to be independent.
We suppose that the offspring distribution is critical (i.e., >~ kpr = 1), and has finite

variance o2. We also assume that for some A > 0, ppaty eMepy, < o00.
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1. Let 6 > 0. For N > 1, let Zt(N) denote the size of the population at time ¢, when
the initial population size is ZO(N) = |&N |, where x > §. Let ¢ > 0. Show that

P12\ — aN| > eN) < 222N

for some a > 0 which depends only on € and ¢ (and not on x or N).

2. Let 0 <6 <z, and let T(s(N) =inf{t >0: Zt(N) < 0N}. Show that

L v
7 > — (7 >
(N LtNJ/\TéN)7t_O> (Zints t 2 0)

weakly, where Z is the solution to the stochastic differential equation:
dZt =V UQthBt; Z() =,

where B is a one-dimensional Brownian motion, and T = inf{t > 0 : Z; < §}.
Why is the law of (Zia7y,t > 0) unique?
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