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Take a deck of n = 52 cards and shuffle it. It is intuitive that if you shuffle
your deck sufficiently many times, the deck will be in an approximately random
order. But how many is sufficiently many ?

These notes will try to explain the amazing phenomenon that for the most
popular shuffling method, the “riffle shuffle”, 7 shuffles are necessary and sufficient
to bring the deck close to randomness, and that for a general deck of n cards, 7
becomes (3/2) log2 n. This is the content of two papers by Aldous [1] and by Bayer
and Diaconis [4]. We refer the interested reader to the excellent monographs of
Diaconis [6] and Saloff-Coste [9] for more about mixing time of random walks and
Markov chains. See also the book in preparation [3] (available on the web).

Many thanks to Laurent Saloff-Coste, who clarified several points for me while
I was reading these papers.

1 Introduction

A deck of cards is viewed as a permutation σ ∈ Sn the symmetric group (where
in practice n = 52). To make this identification, we use the convention

σ(i) = label of card in position i for 1 ≤ i ≤ n (1)

E.g., the deck

1 7 2 8 9 3 10 4 5 11 6 12 13

is represented by the permutation that maps 1 into 1, 2 into 7, 3 into 2, and so
on. Note that σ−1(i) is the position of the card with label i in the deck.
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1.1 Model.

Our basic framework is the Gilbert-Shannon-Reeds model for card shuffling, which
is defined as follows. We first cut the deck in two piles of size k and n− k, where
the position k of the cut follows a Binomial (n, 1/2) distribution. Then, if we
imagine that we hold the two piles in our left and right hand, drop the next card
from the left or right pile with probability proportional to the size of the pile. That
is, if there are a cards in the left hand and b cards in the right hand, drop from
the left with proba a/(a + b) and from the right with proba b/(a + b). This gives
you a new deck which is the result of one shuffle. This shuffle is then repeated
many times.

1.2 Shuffling as a Random Walk.

It is easy to see that repeated shuffling can be viewed as a random walk on Sn in
the following sense. Let G be a group, and let S be a generating set of G. (That
is, any element of G can be written as a finite product of elements in S). Let µ
be a probability measure on S.

Definition 1. The random walk on G is the process (Xm,m ≥ 0) such that

Xm = g1 · . . . · gm

where the gi’s are an i.i.d. sequence distributed according to µ.

If G = Zd and S is the set of all 2d nearest-neighbours of the origin, and µ
is the uniform measure on S, this leads to the usual simple random walk of our
undergraduate classes. Here, G = Sn and S is the set of permutation that can be
reached in one shuffle (later, this will be called R, and is the set of permutation
with two rising sequences, plus the identity). µ is the probability measure assigned
to a particular ordering of the deck under one riffle shuffle.

1.3 Exponential convergence.

Thus Xm is a random walk on the finite-state space Sn. What could be simpler
? In particular, it is a Markov chain, and it is easy to check that it is irreducible
aperiodic. Denoting by P the transition matrix, elementary theory tells us that
Xm has an invariant measure U which turns out to be simply the uniform measure
on Sn. Invariant refers to the fact that if you start with distribution U and apply
a riffle shuffle then the state is still uniform. (At first it does not seem easy to see
why is the uniform distribution invariant, but we will see why later). Moreover the
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Perron-Frobenius theorem tells us that if the second eignevalue of P is λ (always
< 1), then

sup
x
‖Pmx− U‖ ≤ Cλm

where the norm ‖ · ‖ is your favourite norm. At first sight this seems to be giving
all the information we care about: we converge to stationarity exponentially fast.
In fact this is very misleading: the Perron-Frobenius says nothing quantitative.
The only information is that the eventual rate of decay is exponential with a rate
determined by the second largest eigenvalue of the chain.

1.4 Total Variation Distance.

We will thus formulate the question more precisely. To start with, we need a way
to measure how far away from stationarity we are. This is done by introducing
the total variation between two probability measure on the state-space of the
chain. Let µ and ν be two probability measures on a space X. (For us, X is the
symmetric group Sn).

Definition 2. The total variation distance between µ and ν is

dTV (µ, ν) = ‖µ− ν‖ = sup
A∈X

|µ(A)− ν(A)| (2)

An easy exercise shows that if X is discrete,

‖µ− ν‖ =
1

2

∑
x∈X

(µ(x)− ν(x))+

and as a consequence
0 ≤ dTV (µ, ν) ≤ 1

That is, the maximal value that the total variation distance can take is 1.

1.5 The Cutoff Phenomenon.

Fact: for many random walks, “as n →∞”, if

d(m) = max
x∈G

dTV (Px(Xm ∈ ·), U)

where Px denotes the law of the process started at x ∈ G, then d(m) has the
following approximate behaviour. Let τ = inf{m ≥ 1 : d(m) < 1/e} (where the
constant 1/2) is chosen for convenicen, but could be replaces by anything < 1).
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Then d(m) is approximately equal to 1 for all m < τ , drops sharply at about τ ,
and is approximately 0 for m > τ . I.e.,

d(tτ) → 1{0≤t<1} (3)

in probability. If (3) holds for a certain Markov chain, we says that it experiences
a cutoff a time τ , and this is referred to as the cutoff phenomenon. The results
that we will describe in these notes proves that the Gilbert-Shannon-Reeds riffle
shuffle experiences the cutoff at time τ = (3/2) log2 n, and give in fact a very
detailed study of what happens near the cutoff.

A simple but useful observation is that d(m) satisfies the two following prop-
erties.

(i) d(m) is non-increasing.

(ii) Even stronger, d(m) is a submultiplicative function of m. That is,

d(m + m′) ≤ d(m)d(m′)

In view of (ii), if at some time m the distance becomes ≤ c < 1, then from
then on it will decrease exponentially fast: d(km) ≤ ck. This partly explains why
the cutoff phenomenon is believed to be widely observable.

2 Statement of the Results

We are now ready to state the main theorems. Let Xm be the state of the deck
after m riffle shuffles.

Theorem 1. (Aldous 1983 [1])

1. If m = (1− ε)(3/2) log2 n then d(m) →p 1

2. If m = (1 + ε)(3/2) log2 n then d(m) →p 0.

This says that X has a cutoff at time (3/2) log2 n. The following results of
Bayer and Diaconis analyze this in an exact and much sharper way. The first
amazing result is an exact formula for the probability distribution of the walk
after m steps.

Theorem 2. (Bayer-Diaconis 1992 [4]) After m shuffles,

P (Xm = σ) =
1

2mn

(
2m + n−R(σ)

n

)

where R(σ) is the number of rising sequences of σ, defined below.
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Using this exact formula, Bayer and Diaconis were able to study in great detail
what happens near the cutoff point, after of order (3/2) log2 n shuffles have been
performed.

Theorem 3. (Bayer-Diaconis 1992 [4]) Let m = log2(n
3/2c). Then

d(m) = 1− 2Φ

(
− 1

4
√

3c

)
+ O(n−1/4)

where Φ(x) is the cumulative distribution function of a standard normal random
variable:

Φ(x) =

∫ x

−∞
e−u2/2 du√

2πu

We now comment on the numerical values of those constants for n = 52. First,
note that in this case,

(3/2) log2 n = 8.55 . . .

which indicates that of order 8 or 9 shuffles are necessary and sufficient.
However, based on the Bayer-Diaconis formula and an exact expression for

the number of permutation with a given number of rising sequences (an Eulerian
number, discussed later), we obtain the exact value for d(m)

m 5 6 7 8 9
d(m) 0.92 0.614 0.33 0.167 0.085

As we see from this table, it is clear that convergence to equilibrium occurs after
no less than 7 shuffles. The total variation distance decreases by 2 after each
successive shuffle following the transition point.

Remark. It is interesting to note that while 7 is a very small number compared
to the size of the state-space (52! which has about 60 digits), this is a rather large
number in practice. Nobody ever shuffles a deck of card more than 3 or 4 times.
It is easy to take advantage of this in magic tricks (and in casinos, apparently).
Bayer and Diaconis describe some very pleasant tricks which exploit the non-
randomness of the deck at this stage, which are based on the analysis of the riffle
shuffle and in particular of the rising sequences. The reading of the original paper
[4] is wholeheartedly recommended !

3 Proof of Aldous’ result

We will present the key ideas that lead to the proof of Theorem 1. As we will see,
many of the ideas that were used by Bayer and Diaconis were already present in
that paper, which appeared about 10 years before.
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Before we do anything, we need to define what are the rising sequences of a
permutation σ, as the analysis essentially concentrates on the description of their
evolution under the shuffle.

Definition 3. Let σ ∈ Sn. The rising sequences of the arrangement of cards
σ are the maximal subsets of successive card labels such that these cards are in
increasing order.

This definition is a little hard to digest at first but a picture illustrates the
idea, which is very simple. For instance, if n = 13 and the deck consists of the
following arrangement:

1 7 2 8 9 3 10 4 5 11 6 12 13

then there are two rising sequences:

1 2 3 4 5 6
7 8 9 10 11 12 13

The number of rising sequences of σ is denoted by R(σ). Note that rising sequences
form a partition of the card labels 1, . . . , n.

The reason why rising sequences are so essential to the analysis is because when
we perform a shuffle, we can only double R(σ). The above example illustrates well
this idea. The two rising sequences identify the two piles that have resulted from
cutting the deck and that have been used to generate the permutation σ in one
shuffle. This leads to the following equivalent description of the Gilbert-Shannon-
Reeds riffle shuffle measure µ.

Description 2. µ is uniform on the set R of permutation with exactly two rising
sequences, and gives mass (n + 1)2−n to the identity.

To see this, fix a permutation σ ∈ R. The two rising sequences of σ have
length L and n−L, say. Then as explained above, they identify the cut of the two
piles that have resulted from cutting the deck. The probability of having made
exactly this cut is

(
n
L

)
2−n. We then need to drop the cards from the two piles in

the correct order. This corresponds to the product of terms of the form a/(a+ b),
where a and b are the packet sizes. If we focus on the denominators first, note
that this will always be the number of cards remaining in our hands, hence it will
be n, n − 1, . . . , 2, 1. As for the numerators, cards dropping from the left hand
will give us the terms L,L− 1, . . . , 2, 1 and terms from the right hand will give us
n− L, n− L− 1, . . . , 2, 1. It follows that the probability of obtaining σ

µ(σ) =

(
n
L

)

2n

1

n!
L!(n− L)! = 2−n
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Note that a riffle is entirely specified by saying which card comes from the left
pile and which from the right pile. Thus, we associate to each card c a binary
digit D(c) = 0 or 1, where 0 indicates left and 1 indicates right. By the above
description, the resulting deck can be described by sequence of n bits which is
uniformly distributed over all possible sequences of n binary digits. (Check that
this works with the identity as well). This leads to the following description. Let
µ′(σ) = µ(σ−1) be the measure associated with the reverse move.

Description 3. The reverse shuffle (i.e., the shuffle associated with the measure
µ′), can be described as assigning i.i.d. 0-1 digits to every card c, with P (D(c) =
1) = 1/2 and P (D(c) = 0) = 1/2. The set of cards c such that D(c) = 0 is then
put on top of the set of cards with D(c) = 1.

The beautiful idea of Aldous is to notice that this reverse description (the
backward shuffle) is a lot easier to analyze. Let (X ′

m,m ≥ 0) be the random walk
associated with the shuffling method µ′. Since

X ′
m = g′1 . . . g′m = g−1

1 . . . g−1
m = (gm . . . g1)

−1

we see that
X ′

m =d X−1
m

and it follows easily that the mixing time of the forward shuffle X is the same
as the mixing time of the backward shuffle X ′. In fact if d′ is the total variation
function for the walk X ′ we have

d(m) = d′(m)

We are thus going to analyze X ′ and show that it takes exactly 3/2 log2 n steps
to reach equilibrium with this walk.

A very beautiful idea. To describe the state of the deck after m backward
shuffles, we successively assign i.i.d. binary digits 0 or 1 to indicate (respectively)
top or bottom pile. E.g., after 2 shuffles:

deck 1st shuffle 2d shuffle
− 1 0
− 0 0
− 0 1
− 1 1
− 1 0
− 0 0

Reading right to left, it is easy to see that the deck consists of the cards with
labels 00, then 01, then 10, then 11. This generalizes as follows. For any card c,
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we attach m binary digits 0 and 1 which tell us if the card is going to the top or
the bottom pile in m successive backward shuffles. We may interpret this sequence
by reading from right to left as the binary expansion of a number Dm(c). Then
the fundamental properties of the deck are:

(a) The deck is ordered by increasing values of Dm(c).

(b) If two cards c and c′ have the same value of Dm(c) = Dm(c′) then they retain
their initial ordering.

Note that the numbers (Dm(c), 1 ≤ c ≤ n) are i.i.d. for different cards, with a
distribution that uniform on {0, . . . , 2m − 1}.

3.1 A first upper-bound

One immediate consequence of properties (a) and (b) is that if T = the first
time at which all labels Dm(c) are distinct, then the deck is exactly uniformly
distributed. We use this remark to get a first upper-bound on the time it takes
to get close to stationarity.

Lemma 1. If m À 2 log2 n then with high probability all labels Dm(c) are distinct.

Proof. The proof is elementary, and is a reformulation of the Birthday problem.
We view the M = 2m possible values of Dm(c) as M urns and we are throwing
independently n balls into them at random. The probability that they all fall in
distinct urns is

P (all labels distinct) = 1

(
1− 1

M

)(
1− 2

M

)
. . .

(
1− n− 1

M

)

= exp

(
n−1∑
j=0

ln

(
1− j

M

))

≈ exp

(
−

n−1∑
j=0

j

M

)
≈ exp(−n2/2M)

It follows that if M ¿ n2 then some cards will have the same label, but if M À n2

then with high probability all cards will have distinct labels. But M = n2 is
equivalent to m = 2 log2 n.

To rigorously use Lemma 1 to conclude that the distance function at time
(1+ε) log2 n is small, we need a Lemma which expresses the total variation distance
as the probability that the two distributions can be successfully coupled. If µ, ν
are probability measures, a coupling of µ and ν is a pair of random variables
(X, Y ) defined on the same probability space such that X =d µ and Y =d ν.
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Lemma 2. The total variation distance is equal to

dTV (µ, ν) = inf
couplings (X, Y )

P (X 6= Y )

Since X ′
T =d U is uniform, the above Lemma tells us that

d(m) ≤ P (T > m)

and P (T > m) → 0 if m = (2 + ε) log2 n. This is not the (3/2) log2 n we were
hoping for, but building on these ideas we will do better a bit later.

3.2 A first lower-bound

In the forward shuffle, the essential concept is that of rising sequences. In the
backward shuffle, the equivalent notion is that of descents of a permutation. We
say that σ has a descent at j (where 1 ≤ j ≤ n− 1) if σ(j) > σ(j + 1). Let

Des(σ) = #descents of σ =
∑

j

aj (4)

where aj is the indicator of the event that σ has a decent at j. It is trivial to
observe that

R(σ) = Des(σ−1)− 1

In this lower-bound, we will show that for m < log2 n, the number of descents of
X ′

m is not close to the number of descents of a uniform permutation. This will
show that the distance is approximately 1.

Lemma 3. Let σ =d U . Then

E(Des(σ)) = (n− 1)/2 and varDes(σ) ∼ n/12 (5)

The expectation is very easy to compute. In a random permutation each j
has probability 1/2 of being a descent. Moreover there is a lot of independence
between the aj, so it is not surprising that the variance is of order n. In fact,
as we will mention later, Des(σ) is approximately normally distributed with this
mean and variance.

Now, consider our urn representation of the deck X ′
m. Each of the 2m urns

corresponds to a possible value of Dm(c), and those cards which fall in the same
urn retain their initial order. It is obvious that each urn can create at most one
descent when we put piles on top of each other (wince within each urn, the order
is the same as initially). It follows that

Des(X ′
m) ≤ 2m − 1
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If m = (1 − ε) log2 n then Des(X ′
m) ≤ n1−ε and thus this is incompatible with

(5). The two distributions (X ′
m and U) concentrate on permutations with very

different number of descents, hence the total variation is close to 1.

3.3 A true lower-bound

Here we we push a bit further the lower-bound of the previous section. We will
show that for m = α log2 n and α < 3/2, then

E(Des(X ′
m)) =

n− 1

2
− nβ (6)

with β > 1/2, while the variance of DesX ′
m stays O(n). This will imply again that

the total variation distance is approximately 1 in this regime. Indeed, (5) implies
that for a uniform permutation, the number of descents is n/2 ± √n. Here, (6)
implies that the number of descents is n/2−nβ±√n. Since β > 1/2, this implies
that the two distributions concentrate on permutations with a distinct number of
descents.

We need the following lemma, which is a simple modifitcation of the Birthday
problem.

Lemma 4. Throw n balls in M urns, and suppose M ∼ nα. Let

Un = #{j ≤ n : ball j and ball i fall in same urn, for some i < j}

Then

E(Un) ∼ 1

2
n2−α and var(Un) ∼ 1

2
n2−α (7)

There surely is a central limit theorem, too.

To prove (6), consider the set Jm of positions j in the resulting deck such that
the card in position j and in position j + 1 have the same value of Dm. Then
note that this j can not be a descent for X ′

m. On the other hand, note that the
random variables aj are almost iid outside of Jm. More precisely, conditionally on
Jm, the random variables (aj, j odd andj /∈ Jm) are independent, and each has
expectation 1/2 (and similarly with even values of J). From this we deduce:

E(Des(X ′
m)|Jm) =

n− 1

2
−#Jm

(each integer gives us probability 1/2 of being a descent, except those who are in
Jm). Also,

var Des(X ′
m) = O(n)
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Now, to conclude, remark that #Jm =d Un in equation (7) and thus

E(#Jm) ∼ 1

2
n2−α.

Since β = 2− α > 1/2, the lower-bound is proved.

3.4 Guessing the true upper-bound

We now wish to prove that after m = (3/2 + ε) log2 n, the deck is well-mixed.
Aldous [1] has a calculation that looks pretty simple but that I haven’t managed
to clarify completely. Instead I propose the following intuitive explanation.

After α log2 n shuffles and α > 3/2, the number of descents can still be written
as

n− 1

2
− n2−α + standard deviation term

What happens is that n2−α becomes o(n1/2) and hence the variance term takes
over. It is in fact not hard to believe that at this stage, DesX ′

m is in fact approx-
imately normally distributed with mean n/2 + o(n1/2) and variance cn for some
c > 0. This is almost the same thing as for a uniform permutation, except that
the constant for the variance may be different.

Lemma 5. Let X and Y have two normal distribution with mean 0 and variance
σ2

1 and σ2
2. Then

dTV (X,Y ) = f(σ1/σ2).

f satisfies 0 < f(x) < 1 for all x 6= 1

Lemma 5 and the above comment thus imply that the total variation distance
between the law of DesX ′

m and Desσ (where σ is uniform) is at most a constant
< 1.

While that seems pretty far away from our desired conclusion (the total varia-
tion distance between X ′

m and σ is also < 1), we can in fact get there by using in
anticipation the Bayer-Diaconis formula. That formula shows that the number of
rising sequences of Xm is a sufficient statistics for Xm. (Here, sufficient statistics
refers to the fact that knowing R(σ) is enough to know the chance of σ - the
meaning may be different in statistics...). Thus, Des(X ′

m) is a sufficient statistics
for X ′

m, and it is obviously so for a uniform permutation as well. On the other
hand,

Lemma 6. The total variation distance between X and Y is equal to the total
variation distance between any two sufficient statistics of X and Y .
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For a proof of this lemma, Bayer and Diaconis refer to an early work of Diaconis
and Zebell (1982) [7]. This is a pretty intuitive fact, and from there the upper-
bound follows easily !

4 Proof of the results of Bayer and Diaconis

All the foundations are now laid down, and the Bayer-Diaconis formula will fol-
low instantly from the following description of the forward riffle shuffle. (It is a
consequence of the urns and balls description of Aldous, but can be proved by
other elementary means).

Description 4. Xm is uniform over all ways of splitting the deck into 2m piles
and then riffling the piles together.

4.1 A proof of the Bayer-Diaconis formula.

We now prove the Bayer-Diaconis formula:

P (Xm = σ) =
1

2mn

(
2m + n−R(σ)

n

)

Let a = 2m. There are an shuffles in total. Hence it suffices to prove that the
number of ways to obtain the permutation σ is

(
2m+n−R(σ)

n

)
.

Note that after the a piles are riffled together, the relative order of the cards
within a pile remains constant. Hence this gives at most a rising sequences. Let
r = R(σ), and consider the partition of σ induced by the rising sequences. These
r blocks must correspond to r cuts of the deck. The remaining a− r cuts may be
placed anywhere in the deck. To count how many ways there are of doing this,
we use what Bayer and Diaconis call the “stars and bars” argument. Increase the
deck size to n + a− r. Now, we must choose a− r positions to put our a− r cuts.
There are (

n + a− r

a− r

)
=

(
n + a− r

n

)

of doing so. Hence the result !

4.2 A proof of the convergence to equilibrium.

Using the above formula we can be very explicit about the total variation distance
function. Note that

d(m) =
∑
π∈Sn

(
Pm(π)− 1

n!

)+

=
∑
π∈Sn

1

n!
(n!Pm(π)− 1)+ (8)
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Let m = log2(n
3/2c).

n!Pm(π) = n!
1

2mn

(2m + n− r) . . . (2m +−r + 1)

n!

=
2m + n− r

2m
. . .

2m − r

2m

= exp

(
n−1∑
i=0

ln

(
1 +

n− r − i

2m

))

After an exciting expansion of the log up to the 4th order, and replacing 2m = n3/2c
and writing r = n/2 + h (where h may range from −n/2 + 1 to n/2, we get

n!Pm(π) = fn(h) := exp

(
−h

c
√

n
− 1

24c2
− 1

2

(
h

cn

)2

+ O(1/n) + O(h/n)

)
(9)

Let h∗ be defined by

h ≤ h∗ ⇐⇒ Pm(π) ≥ 1/n!

This h∗ tells us what are the nonzero terms in (8). Now, by setting the exponent
equal to 0 in (9), we obtain

h∗ = −
√

n

24c
+

1

12c3
+ B + O(1/

√
n) (10)

It follows that

d(m) =
∑

−n/2≤h≤h∗

Rnh

n!
(fn(h)− 1)

where Rnh is the number of permutations with n/2 + h rising sequences. This
number is well-known to combinatorists. The number of permutations with j
rising sequences is called the Eulerian number anj, see, e.g. Stanley [10]. Tanny
and Stanley show the remarkable formula that if X1, . . . , Xn are iid uniform on
(0, 1)

anj

n!
= P (j ≤ X1 + . . . Xn ≤ j + 1) (11)

This implies in particular the normal approximation for the descents (or the rising
sequences) of a uniform random permutation, with variance equal to n/12 as
claimed in (5).

From then on, it is essentially a game of algebraic manipulations to obtain
Theorem 3. We refer the interested reader to p. 308 of [4] for details.
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5 A few complements

These results have had a huge impact and have spurred research in many di-
rections. Here are just a couple of them outside of the obvious field of mixing
times.

5.1 Strong stationary times

The wonderful stopping time T where all the values of Dm(c) are distinct for
the first time, (at which point the deck is exactly uniform) is what Aldous and
Diaconis [2] have called strong stationary time. These are stopping times T
such that

• XT =d π the stationary distribution

• XT is independent of T .

Here, T is moreover optimal in the sense that some configurations can not be
reached before T . (Think about the deck n n − 1 . . . 2 1. Since before T some
two random variables have the same label, their initial ordering is preserved and
the deck cannot be in the above configuration). This means that T is the smallest
strong stationary time. The theory developed by Aldous and Diaconis [2] shows
that if

sep(m) = sup
π∈Sn

(n!Pm(π)− 1)

is the separation distance between Pm and the uniform distribution, then

sep(m) = inf
T s.s.t.

P (T > m)

and hence the separation distance has a cutoff at time exactly 2 log2 m. In general
the cutoff for the separation distance occurs later than the cutoff for the total
variation distance, but never more than twice as long.

5.2 Connection to Dynamical Systems and a Geometric
representation

Diaconis [6] mentions the following beautiful geometric representation of the riffle
shuffle.

Description 5. Drop n points uniformly on the unit interval, and let x1 <
. . . . . . < xn be their ordered statistics. To each xi, apply the transform

T : x 7→ 2x mod 1

14



The resulting order of the xi’s after applying the transform T gives the deck after
one forward riffle shuffle. To obtain the state of the deck after multiple forward
shuffles, it now suffices to apply the transform T iteratively !

The evolution of the deck can thus be seen as a dynamical system on the torus
with random initial conditions.

5.3 The intermediary phase transition

Let dRS(σ) be the minimal number of riffle shuffles needed to build a permutation
σ using riffle shuffles. Consider the evolution of this distance as a function of the
number of shuffles performed, that is, let D(m) = dRS(Xm). Rick Durrett and I
have proved in [5] that

D(t log2 n)

log2 n
→p min(t, 1)

In other words, the random walk escapes with a speed equal to 1 as long as t < 1
but then the random walk gets abruptly stuck at distance log2 n, which is the
average diameter of the graph.

This seems intuitively related to an older result of Stark, Ganesh, and O’
Connell [11], which says that the entropy of the riffle shuffle decays linearly up
to time log2 n but exponentially fast after that. The relation remains mysterious,
although I conjecture that such a connection holds pretty generally (eg, random
transpositions, and many similar random walks).

Finally, Fulman [8] has analyzed in quite a lot of detail what happens close to
the transition point t = 1 of this intermediary phase transition. His results can
be stated as follows. Fix an α > 0 and consider the state of the Gilbert-Shannon-
Reeds riffle shuffle after m = blog2(αn)c shuffles. Part of Fulman’s result may be
reformulated in the following way. Let R(Xm) be the number of rising sequences
of Xm.

Theorem (Fulman [8]). Suppose α > 1/(2π).

1

n
E(R(Xm)) → α− 1

e1/α − 1
(12)

This results leaves open the intriguing question of what happens for smaller
values of α. The study of fluctuations is also a very interesting question, see [8]
and [5] for a discussion.
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