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Abstract

We study phase transition phenomena for the distance of random walks on
graphs. In particular, we show how this question relates to the theory of
random graphs and to stochastic processes of coalescence and fragmenta-
tion. This question is also intimately connected to some problems in genome
rearrangement.
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Chapter 1

Introduction

1.1 Introduction

1.1.1 From genome evolution to random walks

We summarize here briefly how a problem in genome rearrangement leads to
questions about the distance of a random walk from its starting point.

A major problem in modern computational biology is to understand in a
quantitative way the effect of large-scale mutations on genomes and how this
may affect the rate of divergence in the evolution of two species. A typical
situation is the following.

Common Ancestor Time

Mouse Human

Figure 1.1: Of mice and men.
Suppose we ask the following question about the mouse and the human:
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How much time has elapsed since their most recent common ancestor?, or in
other words, what is the divergence time between the mouse and the human?

As can be expected, this relatively old question may be answered in quite
many different ways. Omne possible approach to this question, often used
by computer scientists and biologists working in this field (see for instance
Bourque and Pevzner (2002) and references therein), may be called the par-
simony method for large-scale mutations. To explain this method, we make
the following remark. There are many genes that humans share with mice,
and moreover within one species there is little polymorphism as to how those
genes are ordered on a chromosome, so that it makes sense to compare the
relative order of a given set of common genes on chromosomes in the two
species. This order may evolve with time due to certain large-scale muta-
tions, i.e., mutations that affect entire regions of a chromosome (containing
from dozens to hundreds of genes), rather than single nucleotides. These
mutations are assumed to affect different species independently.

The parsimony method proceeds as follows. We focus on one particular
type of those large-scale mutations. One possible example is that of reversals,
which select two genes on a chromosome and flips over the whole segment
between those two extremities. Then, on some suitably chosen portion of a
suitably chosen chromosome, we compare the order of corresponding genes
between the two species, and ask: what is the minimal number of reversals
that must be performed on this portion of the human genome to match the
corresponding portion of the mouse genome? This approach makes sense if
the chromosome chosen for comparison is the X chromosome (or if we com-
pare mitochondrial DNA), since in these two cases reversals are the only
large-scale mutations that change the relative order of genes within the chro-
mosome (translocations, for instance, involve necessarily another chromo-
some, and so never involve the X chromosome).

Indeed, given this number d (which, as we will see, is in fact a distance
between two permutations for some suitable graph on the symmetric group),
we may give the following estimate on the divergence time. It is possible
to approximate the rate p of such mutations. On each branch of the evolu-
tionary paths (common ancestor to mouse and common ancestor to human)
there have been at least roughly d/2 reversals performed, corresponding to a
duration of approximately



Actually, on the examples where we have carried out numerical investiga-
tions, it is more meaningful to proceed backwards: there already exist good
estimates on the divergence time of mouse and human, and we can use d and
T to estimate the rate p at which those mutations happen. In the case of
mouse and human we find that p is, roughly, 1 to 2 mutations per genome
per million years. We can also use this method with other species and ask
wether this rate is the same for every species. Surprisingly, some species have
much higher rates of mutations. The explanation has to be found in the way
large-scale mutations affect species.

Coming back to the problem of estimating the distance d between two
genomes (i.e., the minimal number of reversals or other mutations needed
to transform one genome into the other), the point is that it is sometime
possible to compute this quantity very efficiently. In particular, in the case
of reversals, Hannehalli and Pevzner (1995) came up with a polynomial-
time algorithm that computes the required quantity, making this approach
to estimating the divergence time 7 (or the rate p) a very convenient one.

However, this approach has one major drawback, which lies in the fact
that the parsimony approach only gives a lower bound on the true number of
reversals that have occurred on the evolutionary path leading from the mouse
to the human. Therefore it becomes of critical importance for this method
to know when the parsimony approach gives a reliable estimate of the true
number of reversals performed, i.e., when this lower bound is accurate and,
in fact, gives the actual number of reversals performed.

Bourque and Pevzner (2002) have approached this problem through sim-
ulations. They start with n genes in order

1 2 3 ... n

and successively perform a certain number of random reversals, i.e., at each
step they choose uniformly at random two points on this string, and then flip
over the segment in between those two points. After each random reversal,
they compute d(k), i.e., the minimum number of reversals that one needs to
perform to transform the original string 1 2 3 ... n into the one obtained
after k random reversals. Of course, by definition one has d(k) < k.

The question of whether the parsimony approach is reliable translates
directly into knowing whether d(k) is approximately & or not. Indeed when
d(k) ~ k this means that the distance gives an answer close to the actual
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number of reversals that have been performed. On the other hand if d(k) — &
is comparable to k this means that the parsimony approach underestimates
by a large amount the true number of reversals performed, and thus the time
elapsed since the most recent common ancestor. Figure 1.2 below summarizes
the results of their simulations, where they have plotted the function d(k)—k
against the number £ of random reversals performed.

80 100
| | | |
I I I |
o
_ 5 - OO O
o
Oop P
o
—-10  — 0057
%0,
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00"
-15 =
% o
o
o
o
20 ;

Figure 1.2: Bourque-Pevzner’s simulations, and Berestycki-Durrett’s theoret-
1cal predictions.

These simulations have been performed for n = 100 markers, and the
conclusion drawn from those simulations by Bourque and Pevzner was that
the parsimony approach gives a reliable estimate only as long as k£ < 0.4n,
or, equivalently, only as long as the computed distance d(k) < 0.4n. The
solid line next to the circles represents the behavior of d(k) — k predicted by
myself and Rick Durrett when we let n — oo. This has the advantage of
correcting the factor 0.4 from Bourque and Pevzner into a 0.5. Moreover, at
least from a theoretical point of view, it is now possible to actually infer &
from d(k) for all k& (even beyond k > 0.5n) since, as will be seen in Theorem
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1, the function d(k) is asymptotically increasing with an explicit expression,
so this step requires only an inversion of the function, which is trivial to do
numerically. However since the function becomes pretty flat this leads to
poor estimates.

1.1.2 Phase transitions of random walks

Implicitly in the simulations of Bourque and Pevzner, the problem has been
translated into a mathematically more tractable one about random walks. In-
deed, consider the graph whose set of vertices consists of all rearrangements
o of the string {1,2,...,n}, and put an edge between two rearrangements
o and o’ if applying some reversal to o leads to ¢’. Then performing ran-
dom reversals to the string {1,2,...,n} is exactly equivalent to follow the
successive positions occupied by a random walk on this graph, i.e., a random
process that starts at the identical rearrangement o(i) = i for 1 < i < n,
and then chooses one of its neighbors uniformly at random to move there
at the next step. Moreover, in this context, the parsimony distance between
the initial ordering {1,2,...,n} and the current state is simply the graph
distance between the current position of the random walk and its starting
point, i.e.; the minimal number of edges that one needs to cross on this graph
to reach the current state starting from the identical ordering. In this frame-
work, the observations of Bourque and Pevzner (2002) are made rigorous by
the following Theorem, which is a consequence of Theorem 6. Let d(k) be
the parsimony distance of the current position after k£ random reversals.

Theorem 1. Let t > 0. The following convergence holds in probability as
n — oo

~d(ltn]) = £(2)
where
t fort <1/2
ft) = 1 kR
®) 1—;27 o (2te Mk <t fort>1/2

Thus the random walk framework makes it possible to give a rigorous
treatment of the biological question explained in the previous question, but
it also suggests interesting mathematical behavior. Indeed, the result above,
or, more importantly from a purely mathematical point of view, Theorem
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6 below, describes the behavior of the distance of a certain random walk,
(random reversals, or the random transposition random walk, which is a
simplified version of the random reversals). It tells us that this behavior has
a very unexpected phase transition: despite all the regularity and the symme-
tries of the underlying graph, the distance evolves linearly for a certain range
(with a coefficient equal to 1), until at some critical time it abruptly becomes
sublinear. Most surprising is the fact that the function f, which describes
the asymptotic behavior of the distance of the walk, has a non-analytic point
at t = 1/2, corresponding to this critical time. The change of behavior
from linear to sublinear is also exactly the point until which the parsimony
method gives an accurate approximation. ¢ = 1/2 then corresponds to the
fact that the correct factor in Bourque and Pevzner’s simulations should be
a 0.5 asymptotically, rather than 0.4.

1

0.5

0.5 1 15 2 25 3

-1.54

Figure 1.3: Graph of the function t — f(¢) and of t — f(t) —¢.

The second curve representing f(¢) — t is of course the same as the solid
line shown in the picture of Bourque and Pevzner’s simulations.



1.1.3 Informal overview of the results in my thesis

In my thesis I have studied from a mathematical point of view the existence
of phase transitions for the distance of a random walk, as described above,
for different examples of random walks in various contexts.

In many examples, I have been able to show how the existence of such
phase transitions can be related to the existence of large clusters in certain
random graphs. In particular Erdés-Renyi random graphs (i.e., mean-field
percolation) play a crucial role. Often these systems exhibit a phase tran-
sition from a phase where all clusters are small to a phase where there is a
single ”giant” component. By studying the properties of these objects we
can often gain very useful insight on the behavior of the random walks.

I have also approached the problem of these phase transitions from the
point of view of the geometry of the underlying graph, and have proved a
connection with hyperbolic geometry.

Finally, discussing different examples has led me to construct an approx-
imate picture of what may be the different possibilities for the behavior of
the distance versus time for a random walk. Based on the examples that we
study, it seems that there are only two types of possible behaviors. The first
one is the diffusive behavior (this is for instance the case of simple random
walk on Z%), and the other one is the case of a phase transition from a linear
to a sublinear behavior. The case of random transpositions is the prototyp-
ical example of this type of behavior, but we will also discuss other random
walks with similar phase transitions.

1.1.4 Relation to classical theory of card shuffling and
the cut-off phenomenon

Classically, the literature about random walks on finite graphs and groups
has focused on one major question, which concerns the rate of convergence
of a given Markov chain, reversible or non-reversible, towards its equilibrium
distribution. A useful example to bear in mind for this theory is that of card
shuffling. We can represent the ordering of a deck of 52 cards by a permu-
tation in the set Sso of the 52! permutations of those 52 cards. Repeatedly
shuffling the deck of cards according to some method is then represented
by the successive states of a certain Markov chain with transition probabil-
ities p(o, ) corresponding to the particular way the shuffling is done. For
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instance, if the method chosen consists of selecting two cards at random
among the n = 52 cards in the deck, and then interchanging them (which,
albeit a highly unrealistic approach to actually shuffling cards, is easy to
implement in a computation), then p has the form

(1.1)

p(o,m) = {1 /(g) if 0 = 7‘1'7' for some transposition 7

0 otherwise
This Markov chain is an example of a random walk on the symmetric group
S, where the set of generators is all transpositions. In general, if S is a set
generating the group S,, we say that the Markov chain (Xj;k > 0) is the
random walk with set of generators S if the transition probabilities of X
are given by p(z,y) = |S|7! if yz=! € S and 0 otherwise. Actually, it will
often be more convenient for us to work with continuous-time (rate 1) ran-
dom walks, meaning that at each state we wait an independent exponential
(mean 1) amount of time before jumping according to the transition kernel
p. The embedded discrete-time random walk is sometimes called the discrete
skeleton of the walk.

In the context of card shuffling, the interesting cases are those when the
equilibrium distribution of the Markov chain X is the uniform distribution;
the main question of interest is then to ask How many moves does it take to
bring the deck of cards close to the uniform distribution ?

The first breakthrough about this question came in a well-known paper
by Diaconis and Shahshahani in (1981), where they proved the following.
If we take the random transposition random walk (1.1) in continuous time
(to avoid parity/periodicity problems) then the convergence to the equilib-
rium (uniform) distribution occurs abruptly, after %nlogn shuffles. This
phenomenon is known as the cut-off phenomenon. It has the following pre-
cise mathematical meaning:

Theorem 2. Diaconis and Sahshahani, 1981. For any € > 0, the total
variation distance between the law of the chain at time (1 — €)inlogn and
the uniform distribution converges to 1 as n — oo, while the same quantity
at time (1 + 6)%n10gn converges to 0.

Since then, the cut-off phenomenon has been observed in a wide variety
of contexts. An exposition of this fascinating subject can be found in the



well-known book of Diaconis (1988). See also the survey by Saloff-Coste
(2003) for a more recent presentation of this area with a slightly different
perspective. We refer the reader to Durrett (2003) for applications of these
ideas to questions in evolutionary biology.

As we see, this theory is concerned with the behavior of random walks
at a rather later stage of their evolution than we presently are in Theorem
1. In some sense the question we are interested in is a refinement of the
mixing time question, since for instance clearly mixing cannot occur before
the walk has reached a distance corresponding to the average diameter of
the group. Also, from this question, one gains a better understanding of the
way the random walk converges to its equilibrium distribution. For this, see
in particular the result of Oded Schramm on random transpositions (that
we will discuss at the end of the introduction), and the case of the random
regular graph, where the analysis of the distance question (Theorem 17) leads
to a conjecture about the mixing time on this graph.

1.2 Erdoés-Renyi Random Graphs

Erdos-Renyi random graphs play a major role in the proof of the phase
transition for random transpositions, so we start by recalling some basic
properties of these objects.

The theory of random graphs was born towards the end of the 50’s in a
series of papers by Erdds and Renyi, where they asked the following question.
Suppose we take n vertices and a number p = p(n) with 0 < p < 1. Let
G(n,p(n)) be the graph such that there is an edge between any two given
vertices ¢ and j with probability p(n), and the existence of an edge between
two vertices are independent events for different pairs of vertices. We denote
by Q, = QZ(n) the law of this random variable on the space of all graphs with
n vertices. (The graph G(n,p(n)) is now known as an Erdés-Renyi random
graph). The question asked by Erdés and Renyi was the following: what can
be said about the properties of the graph for various scaling of the function
p(n)? To avoid trivialities, (there is always a positive probability that there
is no edge at all in the graph, for instance), we make the following definition.

Definition 1. A property 11 is said to hold with high probability (or asymp-
totically almost surely, a.a.s.) if

Qp(my (1) — 1
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as n — oQ.

With this definition, Erdos and Renyi were able to answer questions like:
how should we choose p(n) so that with high probability the graph G(n,p(n))
is connected? Clearly, the larger p, the likelier it is to be connected, so it is
interesting to see what is the ”smallest” value of p(n) that will make G(n, p)
connected with high probability.

Erdos and Renyi discovered the fascinating fact that many properties of
random graphs appear all of a sudden, with a threshold:

Definition 2. p = p(n) is a threshold function for the property 11 if

ifp<p then Q,(II) — 0
ifp>p then Q,(II) — 1
Here a,, < b, means a, /b, — 0, which we will also denote by a,, = o(b,).
Chapter 1 of Janson et al. (2000) contains many general results about the
existence of thresholds and how to quantify their sharpness.

A typical example of this phenomenon is connectedness of the random
graph.

Theorem 3. Erdés and Renyi (1960). Connectivity of G(n,p) has a sharp
threshold function p(n) = logn/n.

In this result the word sharp refers to the fact that for any 6 > 0 if p =
(1 —6)p(n) then Q,(G is connected) — 0 while if p = (1 4 §)p(n) then
Q,(G is connected) — 1.

As we will see when we describe the basic correspondence between the
random transposition random walk and the random graphs (Theorem 5), the
above result is related to the convergence to equilibrium of the random walk
in time (1/2)nlogn (Theorem 2), although it seems hard to mathematically
deduce Theorem 2 from Theorem 3. However Theorem 20, which is due to
Schramm, will shed some unexpected light on this question.

As was mentioned, we will be interested in what happens to the random
walk before it converges to equilibrium, so it is necessary to describe what
does the random graph look like for smaller values of p.
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It turns out that such a description reveals a fascinating feature of random
graphs, which is sometime called the birth of the giant component. This
phenomenon is perhaps better described by first introducing a time-evolving
graph process.

To each edge of the complete graph K, (i.e., the graph consisting of all
(’;) possible edges between pairs of vertices), we associate an independent
exponential random variable with mean (;) We then look at the process
{G(n,t);t > 0} where for all ¢ > 0 G(n,t) is defined as the graph whose
edges have ringed by time ¢, by which we mean that we put an edge between
i and j (with ¢ < j) if and only if the corresponding exponential random

variable X;; < t.

Properties. The following properties are obvious:

(i) As time evolves the only modifications we make to G(n,t) are to add
edges to existing edges.

(ii) Conditioned on having k edges at time t, G(n,t) is uniform on all
graphs with k& edges on n vertices.

(ii) At a fixed time t, G(n, t) has the distribution of an Erdés-Renyi random
graph Q,, with p =1 — exp(—t/ (g))

This procedure is analogous to the coupling in percolation, where a re-
alization of P, has been constructed on the same probability space for all
values of 0 < p < 1. However here the underlying graph is the complete
graph rather than the usual Z? lattice. In this "coupled” version, Theorem
3 can be stated as: it takes time (nlogn)/2 for G(n,t) to be connected with
high probability.

The result announced concerns the emergence of a giant cluster that en-
compasses a positive fraction of all vertices much before the graph becomes
completely connected. More precisely, the size of the largest connected com-
ponent has a phase transition at p = ¢/n for ¢ = 1, or equivalently, at times
cn/2 with ¢ = 1 in the graph process.

11



Theorem 4. (Erdds-Renyi, 1959). Suppose p(n) = c¢/n for ¢ > 0. As
n — oo,

Regime Size of largest component
¢ < 1 (subcritical regime) ﬁ logn
c =1 (critical regime) O(n?/3)
¢ > 1 (supercritical regime) || Largest = 0(c)n
Second = O(logn).

Here, 0(c) is the probability of survival for a branching process whose offspring
distribution s a Poisson random variable with mean c.

This has the precise meaning that the ratio of the size of the largest
component to 3(1 — ¢)"2logn (when ¢ < 1), or to #(c)n (when ¢ > 1),
converges to 1 in probability. When ¢ = 1 there is a non-degenerate limit in
distribution, although a satisfactory description of the limiting distribution
has only recently been given by Aldous (1997).

Figures 1.5, 1.6 and 1.7, at the end of this introduction, illustrate this
phase transition. The simulations have been realized using Matlab, and
taking n = 100 vertices. The figures represent the state of an Erdos-Renyi
graph at ¢ = 0.95, ¢ = 1 and ¢ = 1.05 and show a drastic change in the cluster
containing a fixed vertex, say 1. For comparison, we have also represented
on the right-hand side of the figures the complement of this cluster - notice
how this gets smaller and smaller.

We will sketch the proof of this result a little below, but we first wish to
comment on the content of Theorem 4. Looking at things from the point of
view of the graph process, this can be rephrased as the following. At times
cn/2, if ¢ < 1, all clusters are smaller than O(logn). However when ¢ = 1 the
logarithmic factor blows up: we have reached a phase where clusters are large
enough and they get interconnected more easily, which gives rise to several
large components of order n%3. (Aldous (1997) has given a representation of
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the asymptotic state of a random graph near the point of its phase transition
involving the ranked lengths of the excursions of a certain Brownian motion
with parabolic drift). However when ¢ becomes greater than 1, all of the large
clusters merge into a single giant component, whose size is approximately
0(c)n, whereas all other clusters are only of order logn at most. From then
on until the end of the process, as soon as a cluster becomes reasonably large,
it get absorbed into the giant component, until finally all vertices are in it,
which happens by Theorem 3 at time nlogmn/2.

Sketch of the proof. The proof of Theorem 4 relies on a limit theorem
for the size of the connected component containing a distinguished vertex,
which can be identified as the total progeny of a branching process with
offspring distribution a Poisson random variable with mean ¢ (abbreviated
into PGW (¢), for Poisson Galton-Watson process). This limit theorem will
also be very useful in the understanding of the random transposition random
walk. Recall that (Z;,i > 0) is a PGW(c) process if it is a Markov chain
on the nonnegative integers N, with transition probabilities p(k, ) = u**(-)
where 1 is the Poisson(c) distribution and p** denotes k—fold convolution
of p with itself. Let Z = "°  Z; be the total progeny of this process when
started with Zy = 1 individual.

Proposition 1. Let C; be the cluster that contains vertex 1. Let ¢ > 0 and
p=c/n. Then as n — o0

Qu(ICi] = k) — P(Z = k)

Proof. The number of children of vertex 1, Z! = |Y;| has distribution Bi-
nomial (n — 1,¢/n) since it has n — 1 potential neighbors, each being an
actual neighbor with probability ¢/n. This converges to a Poisson(c) limit
by elementary computations with Stirling’s formula. We can proceed one
generation further: given that 1 is connected to exactly n; other vertices,
each of the ny children is connected to a Binomial(n — 1 — nq, ¢/n) number
of individuals. This also converges to Poisson(c) distribution. However this
time we need to be a little careful, since some of these children in the second
generation could be the same for different individuals in the first. An easy
calculation shows that these can be neglected asymptotically. Proceeding
like this with further generations gives the proof. O

Armed with this Proposition, we now finish the sketch of the proof of
Theorem 4. When ¢ < 1, the expected number of offsprings is < 1 so the

13



branching process dies out. Roughly, there are n clusters of finite size Z with
exponential tails, so assuming independence of the size of different clusters
gives that the largest cluster is of order O(logn).

When ¢ > 1, there is a probability 1 — 6(c) that PGW (c) dies out. This
means that for roughly (1 — 6(c))n vertices, their cluster dies very quickly.
For the remaining 6(c)n vertices, their cluster grows quite large, but this ob-
servation is not enough to understand the existence of the giant component:
it remains to see why there is only one such large component. In other words,
we need to see why all vertices whose cluster is quite large are actually part
of the same cluster. In the Proposition above, we proved finite-dimensional
distribution convergence toward those of a PGW (c). However a more so-
phisticated argument (a consequence of the birthday problem) shows that
this approximation is reasonable at least until n'/?w(n) have been exposed
in this growing procedure, where w(n) — oo slowly enough. Let x and y
be two vertices whose clusters are larger than n'/%w(n), and suppose that
by the time each has size n'/2w(n), they haven't intersected yet. We show
that it is likely that they will intersect at the next generation. Indeed, there
are roughly n'/ 2w(n) vertices in the last generation of each cluster, which
means that there are potentially N = (”1/22“ (")) edges between these two
sets. Therefore, the probability that there is no edge between the two sets of
vertices is smaller than

(1= c/n)™ < exp(—w(n)?) — 0

which explains the uniqueness of the giant component. For more on this
approach (and real proofs), see the recent notes of Durrett (2005).

1.3 Random transpositions: the phase tran-
sition.

1.3.1 Coupling with an Erdos-Renyi random graph.

We first define properly the main object of this study, the random transposi-
tion random walk. This is the Markov chain in the symmetric group S, (i.e.,
the space of all n! permutations of n symbols), starting at the identity ele-
ment, and whose transition probabilities are described by the kernel p given
in (1.1). In words, at each step, we pick two symbols uniformly at random
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and exchange them. This might seem a very unrealistic simplification of the
random reversals process that we considered at the beginning, where, instead
of simply exchanging the two extremities, we also flipped around the whole
segment. In fact, this is not the case, since careful analysis of Hannehalli
and Pevzner’s (1995) algorithm shows that it shares an essential feature with
this random transposition random walk, namely, the existence of a discrete
coagulation-fragmentation chain, which allows us to translate our results for
random transpositions to random reversals.

In fact, it will be more convenient for us to use a continuous-time version
of this walk. Let (o4t > 0) be the random Markov process in continuous
time taking its values in S,, with oy = e the identity, and whose discrete
skeleton has transition probabilities (1.1). Let D(t) be the minimum number
of transpositions needed to construct o; starting at the identity. Equivalently,
if S, is viewed as a graph G,, with edges between permutations o and ¢’ when
p(o,0’) > 0 (i.e., there is some transposition 7 such that o = ¢'7), then D(t)
is the graph distance between o; and the identity, i.e. the minimum number
of edges one needs to cross to go from the starting point of the walk to its
current position.

The aim of this section is to present convincing evidence that there is a
phase transition for D(t) when t = n/2, and to relate this phase transition
to that of the Erdés-Renyi random graph.

The first step in proving this result (Theorem 6) is to see that if o is
a permutation then its distance to the identity is related to the number of
cycles in the cycle decomposition of o. Recall that the cycle decomposition
of a permutation is the decomposition of {1,...,n} into disjoint orbits under
the action of o: hence the cycle that contains 1 consists of 1,0(1),0%(1),...
and eventually o*(1) = 1 again, so the cycle has been completed and we can
proceed with the next cycle, which is the one containing the smallest integer
not used by the previous cycles. For instance the permutation which maps

k|1

23456789
ok)|3 96 8215 47
has cycle decomposition (136)(2975)(48).

Then D(o) is obtained by the simple formula, first discovered by Cayley
(1889)
D(o) = n — Fcycles of o (1.2)
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Therefore to evaluate D(t) it suffices to know how many cycles is o, made of.
We now make a fundamental remark that under the random transposition
random walk, the cycles of o; evolve according to a discrete coagulation and
fragmentation chain. Suppose that at a given time ¢ we apply a transposition
(x,y) to the permutation o;-, with x and y in different cycles C' and C’ of this
permutation. Then the cycle decomposition of o, is the same as that of ;-
except that the cycles C' and C” have been replaced by a unique cycle CUC":
we say that C' and C’" have merged. On the other hand, suppose that x and y
belong to the same cycle C' = (xy, ..., ) of the permutation o,-. If z = x;
and y = z; with z; # x; then C breaks into (z1,...,%;—1, %, Tjt1,...,Tk) OL
the one hand and (x;,...,2,;_1) on the other hand: we say that C' is being
fragmented. In particular, conditionally of making a fragmentation of the
cycle C, then the two pieces have respective size U and |C| — U, where U is
a uniform random variable on {1,...,|C| — 1}.

We are now ready to describe the coupling with the Erdés-Renyi random
graph. As we perform the random walk, we draw a graph G(¢) by the simple
following procedure: whenever a transposition is applied to o,~ involving
i and j, we also draw an edge between i and j in G(t). For convenience
we change the time-parametrization: we work at times cn/2 rather than
tn (as in Theorem 1). As proved by the next result, this has the great
advantage of making G(en/2) an Erdds-Renyi random graph with standard
scaling parameters. Although very simple to prove, this is an essential result
of my thesis:

Theorem 5. At time cn/2, G(cn/2) is a realization of the Erdds-Renyi ran-
dom graph Q,,, with p, ~ ¢/n: in fact G(t) has the law of the evolving graph
process of Proposition 1.2. Moreover, in this coupling, any cycle C' of o, is
a subset of some connected component of G(t).

This result is quite simple to understand. In G(t) the edges are indepen-
dent because we can think of the edges (or, equivalently, the transpositions)
arriving according to some Poisson point process on the space of all (g) edges.
Since the arrivals of points are independent in a Poisson point process, this
proves the independence of edges in G(t). Moreover, if e is an edge,

Plee ) =1 - exn(-t/(3))

by the same Poisson point process approach. When t = cn/2, this gives
pn ~ c¢/n. The fact that the cycles of o, are subset of connected components
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of G(t) is equally simple. As we draw the graph G(t) the clusters can only
experience coagulation, whereas from time to time there is a fragmentation
in the cycles of o;: hence a cluster in G(t) may correspond to several cycles
in o;. In fact we can be a little more precise in this description. We see
that, except for double or multiple edges, which cannot be seen on G(t),
fragmentations are related to components with cycles in G(t). We say that
C is a cyclic component of GG, or that it has positive complexity if there is
a closed path (i.e., starting and ending at the same vertex) that uses only
edges in C' and no edge more than once. In the opposite case, C' is a tree. So,
if ¢ is a time such that there is a fragmentation at this time, caused by some
transposition (, 7), then i and j must be part of the same cycle in o;—. Hence
we see that except if (7,j) was already an edge in G(¢7), this transposition
puts an edge between two vertices which were previously in the same cycle
of o,-, and hence in the same connected component. Therefore this move
increases the complexity of the component: in particular, if it was a tree
before, it now has a cycle. This fact will be very convenient when dealing
with the subcritical case, where few fragmentations happen (Theorem 7). In
the other regimes, and in particular in the supercritical regime, clusters of
the random graph may have a large complexity, so the relationship between
fragmentation and complex components is less clear.

1.3.2 Law of large numbers behavior for random trans-
positions

We recall that D(t) denotes the distance to the identity from o;. The follow-
ing result describes the mean behavior for D(cn/2).

Theorem 6. Let ¢ > 0. The following convergence holds in probability as
n — oo .
—D(en/2) —, u(c)
n
where
c/2 fore<1

u(c) = =1 k2 (1.3)

(ce ) <¢/2  forec>1

Sketch of the proof.
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A simple consequence of formula (1.2) is the following expression for D(t)

D(t) =N —2> 1(ry (1.4)

s<t

where V; is the total number of transpositions applied before time ¢ and 1¢x,
denotes the indicator of the event that there is a fragmentation at time s, so
the sum counts the number of such fragmentations. Indeed, the distance can
only increase or decrease by 1 at each move, and (1.2) tells us that it increase
by 1 with a coagulation and decreases by 1 with each fragmentation. Hence,
if we count ”+1” for each transposition (adding up to N;), we also have to
subtract 2 for each fragmentation.

If ¢ < 1 it is well-known that there are only a bounded (in expectation)
number of complex components in G(n, ¢/n). Therefore the number of frag-
mentation prior to cn/2 is o(n) and by (1.4), it follows that D(cn/2) = Ng, )2,
which is a Poisson random variable with mean cn /2.

The case ¢ > 1 is much more delicate, since it seems at first that by (1.4)
we have to show that there is a lot of fragmentation, meaning that using
G(n,c/n) facts may not be very relevant. However, a quick argument shows
that at time cn/2 the difference between the number of cycles in o.,/, and
the number of clusters in G(cn/2) is o(n). This may seem paradoxical at
first, but our work on the supercritical regime (Theorem 9) sheds light on
this phenomenon. In fact what is happening is that even though there are
many fragmentations happening, many of those fragments get reabsorbed by
larger cycles fairly quickly. Therefore, when we count the cycles at a given
time, compared to the random graph, we only have to add those extra cycles
that have been generated by fragmentation and have not yet been reabsorbed
by a larger cycle. This is of course much smaller than the total number of
fragmentations.

On the other hand, counting the number of clusters in G(n,c¢/n) is an
easy task. Indeed each given tree on k given vertices has probability

(E)k—l <1 - E)(g)—(k—1)+k(n_k)

n n
~ —(k—1) = —c\k
n . (ce™@)

to be one of the connected components of the random graphs. By Cayley’s
(1889) formula, there are k*~2 ways to draw a tree on k given vertices, so,
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since (Z) ~ n*/k! for fixed k, the expected number of trees is, approximately,

. 1 kkiQ —c\k
n N (ce™@)
k=1

On the other hand trees are all that we need to count since even in the
supercritical regime there is only one component (the giant one) which has a
large complexity. Using (1.2) then finishes the proof. Note the amazing fact
that we haven’t used ¢ < 1 for this proof: in fact the above series simplifies
into 1 — ¢/2 when ¢ < 1, but not for ¢ > 1!

1.3.3 Fluctuations

The study of fluctuations around the mean obtained in the last section is
much more delicate and we outline our results with very short sketches of
the main underlying ideas.

Let Z. = ngcn/Q 1¢p,) be the number of fragmentations up to time cn /2.

Theorem 7. Let c < 1. Then
Z. —4 Poisson(k(c)) (1.5)

where k(c) = (—log(1 —¢) — ¢)/2. In fact, the process (Z.,c < 1) converges
with respect to the Skorokhod topology on compact sets to a Poisson process
whose compensator is (k(c),c < 1).

This result should really be viewed as a result on the fluctuations of
D(cn/2) about its mean. We have chosen to formulate it in terms of fragmen-
tations rather than the distance, since by (1.4), De,jo—cn/2 & Nepjp—cn/2 =
O(n'/?). That is, in continuous time and in the subcritical regime the fluc-
tuations of the distance are due to those of the Poisson process. However for
the embedded discrete time chain, if k = [en/2], then

(k — Dy)/2 = Poisson(k(c)) as n — oo (1.6)

(We divide by 2 since a fragmentation reduces the distance by 1 instead of
increasing it by 1). To deduce (1.6) from (1.5) we note that time & in the
discrete walk corresponds to time N~'(k) = c¢n/2 in the continuous time
walk.

19



Very roughly speaking, this O(1) bound on the number of fragmentations
can be understood by remarking that Theorem 4 for random graphs implies
that all cycles are very small in the subcritical regime. Therefore, the prob-
ability of breaking a cycle (and thus of increasing the value of Z,) is small,
since we need to pick two integers in the same cycle. When cycles are of
order 1, this happens with probability of order O(1/n), so on the order of a
time-scale const - n this happens only a bounded number of time. To get the
exact limit, the key idea is then to use exchangeability and a limit theorem
for the size |Ci| of a cycle containing a distinguished vertex, say 1. Since
fragmentations are somehow negligible, it is not surprising by Proposition 1
that

C1| =4 Z

the total progeny of a PGW(c).

When we enter the critical regime, the fluctuations start getting bigger.

Theorem 8. If c =1, then

6\ 1
(logn) (Zc—glogn) —4 N(0,1) (1.7)

a standard gaussian random variable.

Again, we emphasize that this result really describes the fluctuations of
D(n/2) about its mean, n/2.

To prove this result, we proceed in two steps. It is well-known (see, for
instance, Aldous’ description of the critical random graph), that the correct
scaling to observe the critical random graph is at times cn/2 with ¢ = 1 +
An~1/3 X € R. So, our first step will be to use subcritical estimates up to
time cn/2 with ¢ = 1 — n~/3, and prove that for this value of ¢, the limit
theorem (1.7) holds. To see this, define for 0 <r <1

6 \? r
Wh(r) = (logn) (Z1_p—ris — élog n)

Then (W, (r);r < 1) is a martingale whose jumps may be neglected asymp-
totically. Moreover, it can be proved using subcritical estimates that the
quadratic variation of W, (r) converges to r because of the special form of
the time-change ¢ = 1 — n~"/%. Therefore

(Wa(r),r <1) —4 (B, t < 1)
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a standard Brownian motion (with respect to the Skorokhod topology). In
particular, its terminal variable converges as announced to a standard gaus-
sian random variable.

Our second step is to use random graph estimates to show that only a
bounded number of fragmentations may happen between ¢ = (1 — n=/?)
and ¢ = 1. Indeed, by Aldous’ theorem, the largest components have size
O(n?/?) in the random graph, so the probability of making a fragmentation

is O(”Zd%/d) = O0n%3). But ¢ = 1—n""3to ¢ = 1 corresponds to a

physical time-span of O(n?/?), so the expected number of fragmentations in
this regime has to be bounded.

Finally, we may state the result for the fluctuations in the supercritical
regime, ¢ > 1. This is the most complicated but also the most interesting
case.

Recall that u(c) =1— ,, %%(ce‘c)k.

Theorem 9. If ¢ > 1, then the following convergence holds

D(cn/2) — nu(c)
nl/2

—d N<Oa U2>

for some explicit o = p[1 + p(c/2 — 1)], and p = 1 — O(c) is the extinction
probability of a supercritical PGW (c).

The core of the argument consists in proving that approximating the
number of cycles in o.,/2 by the number of clusters in G(cn/2) is accurate
within o(n'/2). Indeed, if this is true, we can use a result by Pittel (1990)
which proves the central limit theorem with the indicated variance for the
number of clusters in the random graph.

We have already indicated that it is easy to show that the random graph
approximation is accurate within o(n). In fact this simple argument also
yields a result up to O(n'/2a,) for any sequence a, — oo. But proving that
this holds up to o(n'/?) is a much more complex task, and we need to study
the structure of coalescence and fragmentation in much more detail, and
exploit fully the fact that fragments get reabsorbed by larger clusters fast
enough.
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1.4 The (hyperbolic) geometric picture

The phase transition described in the previous section is very surprising if we
think geometrically about it. Indeed, we have a graph G, transitive, (i.e.,
the group of automorphisms of GG, acts transitively on G,,, or, in words, the
graph looks the same from every vertex), with the following property. If we
do simple random walk on this graph, the speed of the random walk (distance
divided by time) is 1 until a certain critical time n/2, at which point, it starts
decelerating in a non-analytic way. Moreover there is only one point at which
we observe non-analyticity. It is the goal of this section to investigate what
are the geometric properties of ,, that may be lying behind such a behavior.

Relating geometric properties of graphs to the speed of random walk
on these graphs is not a new subject. For instance, the celebrated Carne-
Varopoulos bound (Theorem 12.1 in Lyons and Peres (2005)) is often used
to prove subdiffusive behavior of a random walk on a graph:

u,v2
palu,v) < 2, /72| e 5 (1.8)
Ty

where p,, are the n-step transition probabilities, m, denotes a stationary mea-
sure of the walk, and || P||, denotes the norm of the operator P in #*(r). This
works especially well when the growth of the graph is subexponential.

For random walks where we expect the speed to be linear, existing results
in the literature relate the speed of the random walk to the growth of the
graph and its branching number. Briefly, the lower growth rate gr of a graph
T is defined as liminf, . |7},|'/" where T, is the set of vertices at distance
n from a fixed vertex (the "root”), o. (This definition does not depend on
the choice of 0). An infinite graph 7' such that gr > 1 is said to have
exponential growth. The branching number is defined as the supremum of
those A such that there is a positive flow from o to oo when the amount that
can flow through an edge e is at most A~I°/, where |e| denotes the distance
between o and e (see Lyons and Peres (2005) for intuition, background and
much more about these quantities). In general, br < gr. Peres (see Lyons
and Peres (2005), Proposition 12.5) has proved that if 7" is a connected
locally finite graph and liminf, . d(%”) > s with positive probability, then
br > e*/? > 1, which also implies gr > 1. Conversely, if in addition the graph
is nonamenable, then having an exponential growth rate (gr > 1) is sufficient
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to have positive speed (see Proposition 5.6 and Theorem 5.7 in Lyons and
Peres (2005)). See also the work of Virag (2000) for related questions.

Here the geometric phenomenon that seems to be causing the phase tran-
sition of the random walk is quite different and slightly more subtle. It is
linked with the change of a constant related to Gromov hyperbolicity, that
approximately describes how hyperbolic does the space look like from the point
of view of the random walk.

In order to describe our results it is useful to recall some basic definitions
from the theory of Gromov hyperbolic graphs.

1.4.1 Gromov hyperbolicity

The notion of hyperbolicity for a discrete structure such as a group is a notion
that goes back essentially to Gromov (1987). As there is no derivative, and
thus no curvature available to work with in a discrete space, the idea is to
define what hyperbolic means using only elementary properties of the space.

One way to do is as follows. Let (X,]|-|) be a metric space, where |z — y|
denotes the distance between x and y.

Definition 3. A triangle (x,y, z) with geodesic sides s1, S, 3 is said to be
O-thin if any side, say sy, lies entirely within distance at most § of the two
remaining sides (see Figure 1.4.1).

Figure 1.4: In a hyperbolic space, [y, z] is d-close to [z,y] U [y, 2]

Definition 4. The space is called §-hyperbolic if all geodesic triangles are
0-thin, and it is simply called hyperbolic if it is d-hyperbolic for some § > 0.
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When § = 0, it can be seen that the space isometrically embeds into a
tree.

Of course a bounded space (in particular, a finite space such as S,,) is trivially
hyperbolic, but we will be interested in situations where the constant 6 may
or may not stay bounded as the size of the space tends to co.

1.4.2 Results

We need some notations before we state our results. For 0 < a < 1, let
0B(an) be the sphere of radius an, i.e. the set of points at distance |an]
from the origin. We let v be the hitting distribution of dB(an) by oy, i.e. v
is the law on dB(an) of op where T' = inf{t > 0,d(0;) = |an]}. Asking that
0 < a < 1 is of course the natural choice since by (1.2), the points furthest
away from the identity are permutations with only one cycle containing all
n elements, in which case the distance is n — 1.

Theorem 10. Let x,y be sampled from v independently, and set p = I, the
tdentity element.

1. If a < 1/4, then with probability asymptotically 1, there is a geodesic
between x and y that comes within expected distance o of p for some
) < 0.

2. If a > 1/4, then no geodesic between x and y can approach p closer
than on with probability asymptotically 1, for some 0 < § < 0.

To rephrase less rigorously, this result tells us that when a < 1/4, Definition
4 is satisfied ”asymptotically v-almost surely”, but not when a > 1/4.

At this point we should emphasize that the result in Theorem 10 involves
hyperbolic constants that are different from the standard definitions dis-
cussed above in several important ways. The most obvious difference comes
from the randomness of x and y, and from the fact that the role played by
x,y and p are somewhat different. Here p is a fixed reference point, whereas
Gromov’s definition requires that every triangle should be thin. Another
issue is that, corresponding to the second definition of hyperbolicity with
thin triangles, we show that there exists a certain geodesic between x and
y having the desired properties. But in the corresponding paper I have also
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given examples of points connected by a great many geodesics, which, more
importantly, may be far apart.

Despite these differences, this result says something about the geometry
of the graph as perceived by the walk, since the tips of the triangle are chosen
according to the random walk hitting measure v.

It is natural to ask if this choice is representative of the whole space, but
unfortunately the next result tells us that it is not the case.

Theorem 11. Let yu be the uniform measure on OB(an). Then u and v are
asymptotically singular, i.e. dry(u,v) — 0. Moreover there exists a sequence
of sets S = Sqn C OB such that v(S) — 1 (S is almost the support of v) but

|San

W < Cexp(—7n)

for some v > 0.

Similar results exist for random walks on supercritical Galton-Watson
trees, for which it is known (see Lyons and Peres (2005), chapter 15) that
the harmonic measure at infinity is singular with respect to the branching
measure, and they have different Hausdorff dimensions.

An essential part of the above result consists in giving a good asymptotic
description of the uniform measure p on dB(an). One of these results is the
following.

Theorem 12. Let |Cy| be the length of the cycle that contains 1. Under p,
the uniform distribution on 0B (an),

’Cl| = G

where G is a geometric r.v. with P(G > k) = (b/(1 + b))* and b satisfies
log(1+b)/b=1—a.

The proof of this result uses a description of the uniform measure known
as the Feller coupling (a variant of the Pitman-Dubins Chinese restaurant
process, see Pitman (2002)). Conditioning this permutation to have distance
an, i.e. to have (1 — a)n cycles, we get a description of |C;] by a mild
generalization of the Gibbs conditioning principle well-known to statistical
physicists and to probabilists familiar with large deviation theory.
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Since the ”"support” of the random walk is so small compared to the size
of the space, it is natural to ask wether Theorem 10 can be extended to
the case where the tips of the triangle are chosen according to the uniform
distribution p rather than the hitting distribution. Interestingly, the next re-
sult shows that the qualitative behavior remains the same under the uniform
distribution, but with a different critical radius.

Theorem 13. Let x,y be sampled from p independently, and set p = I, the
identity element.

1. Ifa < 1—log 2, then with probability asymptotically 1, there is a geodesic
between x and y that comes within expected distance o of p for some
) < 0.

2. If a > 1—log?2, then no geodesic between x and y can approach p closer
than dn with probability asymptotically 1, where 0 < § < oo

This result is another example of the use of the connection developed
throughout this thesis between phase transition of walks and existence of
giant clusters in related random graphs, although this time the graph process
is more complicated than the simple G(n, p) model of Erdés and Renyi.

1.5 Limiting behavior for the distance of ran-
dom walks

In my third paper (joint with Rick Durrett), we ask about the existence of
phase transitions similar to that of Theorem 1 and 6 for other random walks.
More generally, let G, be a family of graphs whose size tend to infinity, and
consider X" the simple random walk on this graph. What can be said of the
limiting behavior of of the distance from a distinguished point, dist(X}, ),
as a function of ¢, and for various scaling parameters 6,7 As mentioned,
we were particularly interested in the existence of a phase transition for a
suitable scaling.

1.5.1 Random p-cycles

A first walk that we consider is a simple generalization of the result for
random transpositions. Suppose that the step distribution is now uniform

26



on cycles of lengths p, where p > 3 (so p = 2 is exactly the case of random
transpositions). To avoid complications we explain our results for p = 3. As
Theorem 14 shows, this random walk displays a phase transition very similar
to that of random transpositions.

For ¢ > 0, let
o 2 1 s—2
u(c) =1-— E_O —( i o ) (30)56_6C(5+1/2)

For ¢t > 0 denote by D, the distance to the identity of o;, where o, denotes
the random walk which is a product of a Poisson number of 3-cycles.

Theorem 14. Let w(n) be any sequence with w(n) — oo as slowly as we

want. Then
D — u(c)n

w(n)vn

— 0

in probability.

Of course the function has similar characteristics as in the case of random
transpositions for ¢ < 1/6, u(c) = ¢, it has no-second derivative at ¢ = 1/6
and u(c) < ¢ for ¢ > 1/6. The value ¢ = 1/6 for the phase transition is
perhaps surprising. Indeed the naive reasoning that we are about to present
suggests the value ¢ = 1/4 as a first guess. Indeed, any 3-cycle (a b ¢) can
be decomposed as the product of 2 transpositions (a b ¢) = (a b)(b ¢), so
it seems at first that this random walk goes "twice as fast” as the random
transposition, since there are "two steps at once”. Of course, in this decom-
position the two transpositions share a common point (b), but intuitively this
should actually slow down the walk - whereas in fact we observe the phase
transition before ¢ =1/4, at ¢ = 1/6.

Our proof sheds light on this rather surprising fact. We use random hyper-
graphs as a substitute for Erdés-Renyi random graphs. Random hypergraphs
are graphs where edges (”hyperedges”) may connect several vertices at the
same time. The natural thing to do is then to couple the random walk with
a hypergraph process, adding a hyperedge connecting a,b and ¢ whenever
the 3-cycle (a b ¢) is applied. The result of doing this is, morally, adding the
edges (a,b), (b,c) but also the edge (c,a): therefore this walk goes 3 times as
fast as random transpositions, and this is where the value ¢ = 1/6 comes in.
More generally, for a random p-cycle, the phase transition is located at time
cn with ¢ = 1/p(p — 1). Again, loosely speaking, this walk has been sped up
by a factor of (g) compared to random transpositions.
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1.5.2 Random adjacent transpositions

As we will see, the random adjacent transposition provides a first example of
a walk which has a very different behavior, with different formulae describing
the asymptotic behavior of the distance in different regimes, but no sharp
phase transition. The walk (X;,¢ > 0) is once again a S,-valued Markov
process where the step distribution of the discrete-time walk is uniform on
transpositions (7,74 1) for 1 <i < n—1. To evaluate the (adjacent) distance
of a permutation o, i.e., the minimum number of adjacent transpositions
needed to build o, or the graph distance between I and o on the Cayley
graph of §,, generated by the set of adjacent transpositions, there is a very
convenient formula

dagj(0) =Inv(o) =#{1 <i<j<n:0(i) > o(j)} (1.9)

Inv(o) is called the number of inversions of o. It is hard to trace the origins
of this formula. Let us mention Diaconis and Graham (1977), which includes
earlier references to Kendall (1970) and Knuth (1973), section 5.1.1.

Having in mind roughly the same applications to computational biology
as those exposed earlier in the introduction, Erikkson et al. (2000) considered
the problem of evaluating the distance after k£ random adjacent transposi-
tions were applied. Relying heavily on formula (1.9) they were able to carry
some explicit combinatorial analysis, to obtain various exact formulae for
this expected distance, such as this one:

Edag(Xuw)) = Xk: (_T;)T K?‘ _]i 1) 2°C, + 4d, (f)] (1.10)

r—=

where t(k) = inf{s > 0 : N, = k} is the time at which the k™ random
adjacent transposition is applied, C, are the Catalan numbers (i.e., C, =
:11(2:)) and d, is some non-negative integer sequence. An explicit form for
d, is obtained by Eriksen (2005) (who also proves that the formula holds for
a wider range of k). Proofs are based on the observation that the matrix
with entries p; j(t) = P(X;(i) > X;(j)) performs a discrete heat-flow process,

a fact that will become obvious from our approach.

However getting useful asymptotics from exact formulae such as (1.10)
seems an almost untractable task. On the other hand, we give a much more
probabilistic approach, which has the advantage of yielding intuitive results
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about the asymptotic behavior of this walk. Also, in certain regimes our
results go beyond the simple expected value analysis.

Let us explain very briefly the starting point of our analysis. By (1.9),

we get
adJ Xt Z]‘{Xt )>Xe (g
1<J

On the other hand, if 1 <14 < n is fixed, the trajectory (X;(i),t > 0) of the i*®
particle under the action X; is nothing but a continuous time simple random
walk, on {1,...,n} with reflecting boundaries, starting at i, and with rate
2/(n — 1) except at the boundaries where the rate is 1/(n — 1).

Taking two such trajectories, say those of particles ¢ and j with i < j,
they now both perform independent simple random walk, except when they
are adjacent, because it is never the case that X;(i) = X;(j). When they are
adjacent, the only thing that can happen is an exchange of the two particles,
or one of them moves away from the other. In other words, this pair of
particles performs simple exclusion on {1,...,n} (with reflecting boundaries
and modified rates near the boundaries).

Taking expected values for instance, this simply becomes

Edug(Xy) =Y PY(Y, > YY)

1<J

where the law of (Y;,Y}) under P is just simple exclusion of two particles
started at ¢ and j.
From this representation we can deduce the following result.

Theorem 15. Lett > 0. Then
1
—Bdoii(Xor) = (1

as n — oo for an explicit function f(t). f(t) is infinitely differentiable, and
moreover it has the asymptotic behavior

S 1 _
Lim i g Elmax Bas| = V2/2

where By 1s a standard Brownian motion.
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This should be regarded as a "diffusive behavior” type of result. The
next result looks at the distance of the random walk on time-scales of the
order n3t. On this time-scale, any two particles may have had a chance to
be exchanged. Indeed, it takes about n? unit of time for particles n units
of space apart to meet, and recall that a given pair of particles evolves with
rate O(1/n), which accounts for the extra factor n in the scaling.

Theorem 16. Lett > 0.

%dadj(XnBt) —p P[Bi(t) > Ba(t)]

where By and By are two reflecting Brownian motions started uniformly on
0 < By(0) < By(0) <1 evolving independently.

The last two results contrast sharply with the behavior of random trans-
positions. Although there are different regimes, we never observe a non-
analyticity. Moreover the distance is a strictly sublinear function of time in
both regimes. Figures 1.8 and 1.9, at the end of this introduction, represent
the two Cayley graphs (respectively, for all transpositions and for the adja-
cent transpositions)'. Notice how the two graphs are different, and how in
particular the one for the adjacent looks similar to a lattice.

1.5.3 Random walk on a random 3-regular graph

Here is an example of a random walk which has a phase transition in a
context much different from the case considered so far of random walks on

Sy

A 3-regular graph is a graph where all vertices have degree equal to 3. If
n is even, it is always possible to draw such a graph on n vertices, and and
a random 3-reqular graph is a uniform member of such graphs. Bollobas and
de la Vega (1982) have given a representation of a random 3-regular graph in
terms of random matchings, which we explain briefly. Expand each vertex ¢
into 3 vertices 3i, 3i + 1 and 3i + 2. If n is even, we may consider a random
matching of those 3n vertices. A random 3-regular graph G, is then obtained
by collapsing back the groups of 3 vertices together and keeping the edges of
the random matching. (In fact this only holds on the event that there are
no self-loops or multiple edges in G,, but this can be shown to have positive

IThese figures were made by Drew Armstrong (Cornell University).
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probability asymptotically). Alternatively, a random 3-regular graph is also
a special case of the Molloy and Reed (1995) graph model where vertices
have a prescribed degree distribution.

We make use of these two (equivalent) representations of a random 3-
regular graph. The result that we prove for the random walk (X, & > 0) on
this graph is the following, assuming that X, = 1.

Theorem 17. For fized t > 0

d(XLt log, | ) R
log, n

o F(£) = min (%t 1)

An intuitive description of a random 3-regular graph as seen from vertex
1 can be given as follows. We grow the cluster containing 1 by exposing
successive vertices with increasing distance away from 1. As long as we have
not exposed more than o(n) vertices this should look very much like a regular
tree (i.e., each vertex has 2 edges going away from the root and 1 leading
back towards the root). Therefore this phase roughly lasts until distance
log, n. After distance log, n however, this tree approximation is no longer
valid and there are many edges inter connecting the vertices.

Therefore, as long as we are below critical distance log, n, we expect that
d(X}) evolves like a biased random walk on Z ., with transition probabilities
p(z,z+ 1) =2/3 and p(z,z — 1) = 1/3. After k moves we expect this walk
to be at distance k(2/3 —1/3) = k/3.

On the other hand, once the walk reaches a distance corresponding to
the average diameter of the graph (log, n by Bollobas - de la Vega (1982), or
Theorem 2.13 in Wormwald (2005)) it should remain at this level. Indeed it
cannot go any further since this is the diameter, and on the other hand the
tree structure below makes it hard for it to come down back toward the root.

As we already mentioned, this gives a lower bound on the time to reach
equilibrium for a random walk on a random 3-regular graph. Indeed, the
walk cannot have reached equilibrium before it has reached a distance corre-
sponding to the average diameter of the graph. In fact, we conjecture that
this lower bound gives the right answer.

Conjecture 1. This lower bound is sharp: random walk on a random 3-
reqular graph mizes in time 3log,n.
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Right now it is known that O(logn) is the correct order of magnitude
t .
for the mixing time. More precisely, if we let A(t) = max; ; M be the
J
relative pairwise distance between the chain and the invariant (here uniform)

measure 7, then A(blogn) — 0 for b large enough. See Durrett (2005) for a
proof. The conjecture says that we can take b = (3 + ¢) if we want.

1.5.4 Other random walks and some open problems

We hope to initiate a programme of identifying the random walks for which
the distance has a phase transition and those for which it remains smooth.
More generally, we view the analysis carried on the examples above as the
start of a more complete investigation of what are the possible behaviors for
the distance of a random walk.

Some more work is already going in this direction. For instance, Fulman
(2004) studies the evolution of the distance when the random walk is the so-
called Gilbert-Shannon-Reeds riffle shuffle. For this shuffling method (which,
we emphasize, is nonreversible), Bayer and Diaconis (1992) proved an explicit
formula for the distribution of o; after r shuffles. In particular from this
formula it follows that the riffle-shuffle distance of a permutation is given by

d(o) = [logy(Des(o)+1)]| where Des(c0) = #{1 <i<n—1:0() >o(i+1)}

Des(o) is called the number of descents of o. The main result of Fulman
(2004) is

Theorem 18. Fulman (2004). After r = log,(an) shuffles

1 1
—E(Des(o, S
~E(Des(0v)) = a =

at least if a > 1/(27).

This says that for this range of r the walk is already in a sublinear regime.
In particular, as & — oo we get that d(o,) ~ log,n since the expression
o — ﬁ is asymptotic to 1/2. This is not surprising since this is the
diameter of the graph. It is not clear at this point wether this formula also
holds for smaller values of «, although it is tempting to let o — 0 and get
that for small values of « the walk is ”almost” linear (the fraction term with
the exponential is much smaller than the other term).
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Also, the techniques developed for the random walk on a 3-regular graph
should be very useful when dealing with graph which have a strong ”tree”-
like geometry. For instance, the giant cluster of a supercritical Erdos-Renyi
random graph should be another example where the random walk exhibits
a phase transition. Essentially, the arguments will be the same, except that
there is no available good upper bound in the supercritical regime of the
walk, where the random walk should stay at a distance corresponding to the
average distance in the graph (logn/logc). In the case of a random 3-regular
graph this was easy since the average distance is the same as the topological
diameter, which is well-known (this is a 20-year old result of Bollobas and
de la Vega). But in the supercritical random graph, the topological diameter
is larger than the average distance. These questions are rather delicate, see
Chung and Lu (2001) for partial results about the asymptotics about the
topological diameter. Indeed it is not even known if the diameter of the
graph is realized on the giant component or on some ”small” cluster!

1.6 On a result of Oded Schramm

The introduction to this thesis would be incomplete without a discussion of
Oded Schramm’s (2004) result about the Poisson-Dirichlet structure of the
random transposition random walk. To make this discussion accessible to the
reader, we will recall basic definitions of the Poisson-Dirichlet distribution,
and then describe Schramm’s result and its meaning.

1.6.1 The Poisson-Dirichlet distribution

There are many ways to think about this distribution which occurs naturally
in an amazing variety of different contexts. Perhaps the simplest possible
definition is the so-called stick-breaking construction of a PD random vari-
able. Let S' be the space of nonincreasing sequences (z;) with x; > 0 and
S i <1 (i.e., St is the infinite-dimensional simplex). S' can be endowed
with a distance that makes it a complete metric space.

Definition 5. Let (U;,i > 1) be a collection of i.i.d. uniform (0,1) random
variables. Define Wy = Uy and for 1 > 1 Wiy = U U,y ... U; where U; =
1 — U;. The Poisson-Dirichlet distribution p is defined as the probability

distribution on S' given by the law of the decreasing rearrangement of the
variables (W;)i>1
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In other words, we start with a stick of length 1. We break it at a
uniformly chosen point. One of those pieces is then chosen and broken again
uniformly. At each stage, we keep repeating this procedure by selecting one
of the two pieces resulting from the breaking of the last stage, and break it
again uniformly. The Poisson-Dirichlet distribution is the distribution of the
masses of the pieces of the initial stick, after decreasing rearrangement.

It is also possible to define it as the rescaled points of a Poisson point
process. For this, let X; be the points (in decreasing order) of a Poisson point
process on (0,00) with intensity 2 te *dz. Let S = Y .., X;, then S < o
a.s., and the points Y; = (X;/S) have the Poisson-Dirichlet distribution.
(Moreover, S has the standard exponential distribution, and is independent
of (Yi)iz1.)

For us, it will be important to see its connection with random uniform
permutations. If ¢ is uniformly distributed, then it can be seen that the
ranked lengths of the cycles of o, normalized by n, converge weakly (for
the topology induced by the metric on S') to p, the Poisson-Dirichlet dis-
tribution. This is easily seen because the cycles of ¢ possess the uniform
stick-breaking property even at the discrete level (a fact which is obvious
with the Pitman-Dubins Chinese Restaurant process).

Other natural occurrences of this distribution (and related distributions)
include for instance the study of the ranked lengths of the excursions of a
one-dimensional Brownian motion, probabilistic number theory (see Don-
nelly and Grimmett (1993)), processes of coalescence and fragmentation (see
below), or, more recently, in the study of global properties of typical compact
Riemann surfaces (Gamburd (2005))2.

1.6.2 A process of coalescence and fragmentation

Consider the following Markov chain X with values in the space St, whose
transition probabilities can be described as follows. If the state of the chain
is s € S, we let I and J be two independent random variables in N obtained
by size-biased picking from s, i.e. P(I =1i) = s;, so I has a natural tendency
to pick large components of s rather than small components. The transfor-
mation we apply to the chain depends on wether I = J or not. If I # J we
merge the components s; and s;: we replace the two entries s; and s; by a

2Thanks to Ofer Zeitouni for bringing this paper to my attention
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single entry of size s; 4+ s, and then rerank. When / = J on the other hand,
we split the component uniformly at random and rerank.

It is not hard to see that this process mimics the dynamics of the cycle
lengths of the random transposition random walk, but in a continuous setting.
In particular, since the random transposition random walk converges to the
uniform distribution on §,,, the cycle distribution after a "long time” should
be that of a uniform permutation. On the other hand we have already argued
that this is asymptotically a Poisson-Dirichlet distribution, after normaliza-
tion by n. Writing carefully this argument, this shows by weak convergence
that

Poisson-Dirichlet is invariant with respect to the split-merge process X

This observation led Vershik to conjecture that Poisson-Dirichlet was the
unique invariant measure for the process X. Around 2000 and 2001, several
approaches were proposed to try to prove this conjecture (see Pitman (2002),
Mayer-Wolf et al. (2002)), including the weak convergence sketched above,
and the conjecture was finally proved in 2002 by Diaconis et al. (2004).

Theorem 19. Diaconis, Mayer-Wolf, Zeitouni, Zerner (2004). The Poisson-
Dirichlet distribution is the unique invariant measure for the process X .

This difficult result was proved using the representation theory of the
symmetric group, by looking at precise estimates for the decoupling time be-
tween the discrete and the continuous process when the starting distribution
puts enough mass on reasonably large clusters, and then proving a prior:
that any invariant measure necessarily satisfies this requirement.

1.6.3 Schramm’s result

Consider the random transposition random walk on the symmetric group and
recall the coupling of Theorem 5 with an Erdds-Renyi random graph.

We have insisted many times during this introduction on the existence of
a giant component in the supercritical regime of the random graph, i.e. at
times cn/2 when ¢ > 1. But what about the cycles of the permutation? Do
there exist cycles of order n at times ¢n/2 in the permutation, when ¢ > 17
Clearly, since the random graph gives an upper-bound on the sizes of the
cycles of the random walk, when ¢ < 1 it is impossible for the random walk
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to cycles larger than O(logn). But when ¢ > 1, it is plausible that such
cycles exist despite fragmentation.

The first evidence in this direction was given by Theorem 5 from Beresty-
cki and Durrett (2004). Indeed it is proved there that the total mass of cycles
which are reasonably large (larger than n?/3=¢ for some ¢ > 0) equals the size
of the giant component of the random graph, up to o(n). Of course this is
not enough to conclude to the existence of cycles of order O(n).

The existence of such cycles, and their precise structure, is the content
of the following striking result of Oded Schramm. Let o; be the random
transposition random walk on S,, and let G(t) be the random graph process
of Theorem 5. For ¢ > 1 we let I'(¢) be the largest component of G(t), which
is the giant component when ¢ = ¢n/2 and ¢ > 1.

Theorem 20. Schramm (2004). Let ¢ > 1. Consider X™ the random vector
of St which consists of the non-increasing rearrangement of the size |C| of
those cycles of 0eyja which belong to I'(cn/2), normalized by |I'(cn/2)| ~
0(c)n, and appended with 0’s to make it an infinite vector:

X" = rank (%, C cycle of 0¢yy2 and C' C F(cn/2)>
Then
X" —, Poisson-Dirichlet

In particular at time cn/2 the largest cycle of 0e,ye is asymptotic to Wn,
where W is the first coordinate of a Poisson-Dirichlet random variable, so
W >0 a.s.

Along the way, another proof of Theorem 19 is given. Remarkably, this
proof uses only probabilistic arguments, and, in particular, does not appeal
to the representation of the symmetric group.

This result was first conjectured by David Aldous, although it first ap-
peared in Berestycki and Durrett (2004). Aldous was indeed motivated by
our coupling result (Theorem 5) as well as his own result (1997) about the
multiplicative coalescent and the critical random graph.

Interpretation. An intuitive interpretation of this result is the following.
Consider the pieces of the giant component in the random walk, i.e. those
cycles which belong to the giant component in the coupling. As time evolves,
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two things happen to those cycles. They first experience coagulation and
fragmentation according to the discrete analogue of the split-merge process
of Theorem 19, and, second, the system receives mass continuously due to
coalescence with small clusters outside of the giant component. Having in
mind the content of Theorem 19 which says that Poisson-Dirichlet is the
equilibrium distribution of the split-merge transformation, Theorem 20 says
that as the mass of the system increases it is instantly in equilibrium with
itself, until eventually the giant component encompasses all vertices, which
has to be when the random walk has reached uniformity. On the other hand,
by the connectivity result for random graphs of Theorem 3, this happens
at time nlogn/2. Although we have not tried to make the above argument
rigorous, we believe that it definitely provides some wonderful probabilistic
insight about Diaconis and Shahshahani’s result (Theorem 2).

1.6.4 More open problems

It is worth noting that Theorem 20 is the mean-field analogue of the following
question. Given some infinite graph G = (V, E), attach to each edge a
Poisson clock. We think of each vertex as the location of some particle.
When an edge e rings, the two particles at both ends are exchanged. This
defines a random permutation o; of the vertices of V for all ¢ > 0. So,
when G is the complete graph K, on n vertices, this is exactly the random
transposition random walk.

It is natural to ask wether there exist some infinite cycle for some ¢ > 0.
(In fact, it has been shown by Siit6 (2002) that the occurrence of this event
with positive probability is equivalent to Bose-Einstein condensation in a
bosonic gas, a fact of significant importance to physicists since Bose-Einstein
condensation is generally believed to be one of the mechanisms leading to
superconductivity and superfluidity).

However on the mathematical level there are very few results available
right now, if we set aside Theorem 20 of Schramm. Angel (2003) considers
the case of a d-regular tree for d > 5. By using a representation of this process
due to Téth (1993) in terms of a certain self-interacting random walk he was
able to prove that for ¢ in a finite interval (a,b) (dimension-dependent) then
a.s. there are some infinite cycles. It is conjectured that for G' = Z? infinite
cycles occur only when d > 3, i.e. those dimensions for which simple random
walk is transient.
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Figure 1.5: Subcritical random graph with ¢ = 0.95 for n = 100 vertices.
On the left, the cluster C; containing 1 has 13 vertices. On the right, the
complement of C; contains many vertices, but all clusters are small.
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Figure 1.6: Critical random graph (¢ = 1) for n = 100 vertices. On the left,
the cluster C; containing 1 has now 19 vertices. On the right, the complement
of C; is made up of comparable clusters.
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Figure 1.7: Supercritical random graph with ¢ = 1.05 for n = 100 vertices.
On the left, the cluster C; containing 1 is the giant component with 44
vertices. On the right, the complement of C; is made up of small clusters.
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Figure 1.8: Cayley graph of S, generated by S = {all transpositions} for
n = 5. At the bottom is the identity element, and permutations with equal
distance from the identity are represented on the same level. The graph has
5! = 120 vertices and n!(})/2 = 600 edges.
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Figure 1.9: Cayley graph of S, generated by S = {adjacent transpositions}
for n = 5. At the bottom is the identity element, and permutations with
equal distance from the identity are represented on the same level. The
graph has 5! = 120 vertices and n!(n — 1)/2 = 240 edges.
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Chapter 2

A phase transition in the
random transposition random
walk

by Nathanaél Berestycki'? and Rick Durrett?

1. Ecole Normale Supérieure, D.M.A.
2. Cornell University, Department of Mathematics.

2.1 General motivation

The relationship between the orders of genes in two species can be described
by a signed permutation. For example the relationship between the hu-
man and mouse X chromosomes may be encoded as (see Pevzner and Tesler
(2003))

1 -7 6 -10 9 -8 2 —-11 -3 5 4

In words the two X chromosomes can be partitioned into 11 segments. The
first segment of the mouse X chromosome is the same as that of humans,
the second segment of mouse is the 7th human segment with its orientation
reversed, etc. The parsimony approach to estimation of evolutionary changes
of the X chromosome between human and mouse is to ask: what is the
minimum number of reversals (i.e., moves that reverse the order of a segment
and therefore change its sign) needed to transform the arrangement above
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back into 1,...,117 In other words, what is the (reversal) distance between
the human and mouse X chromosomes 7

Hannehalli and Pevzner (1995) developed a polynomial algorithm for an-
swering this question. The first step in preparing to use the Hannehalli-
Pevzner algorithm is to double the markers. When segment ¢ is doubled we
replace it by two consecutive numbers 2i — 1 and 27, e.g., 6 becomes 11 and
12. A reversed segment —i is replaced by 2¢ and 2¢ — 1, for example, —7 is
replaced by 14 and 13. The doubled markers use up the integers 1 to 22. To
these numbers we add a 0 at the front and a 23 at the end. Using commas
to separate the ends of the markers we can write the two genomes as follows:

mouse 0,12,1413,1112,2019,1718,1615,34,2221,65,910,78, 23
human 0,12,34,56,78,910,1112,13 14,1516, 17 18, 1920, 21 22, 23

The next step is to construct the breakpoint graph (see Figure 1) that re-
sults when the commas are replaced by edges that connect vertices with the
corresponding numbers. In the picture we have written the vertices in their
order in the mouse genome. Commas in the mouse order become thick lines
(black edges), while those in the human genome are thin lines (gray edges).

Each vertex has one black and one gray edge, so the connected com-
ponents of the graph are easy to find: start with a vertex and follow the
connections in either direction until you come back to where you start. In
this example there are five components:

0-1-0 2-14-15-3-2 4-22-23-8-9-5—-4
19 -17-16-18-19 13-11-10-7-6-21-20—-12—-13

To compute a lower bound for the distance, we take the number of com-
mas seen when we write out one genome. In this example that is 12. In
general, it is 1 plus the number of markers. We then subtract the number of
components in the breakpoint graph. In this example that is 5, so the result
is 7. This is a lower bound on the distance, since any reversal can at most
reduce this quantity by 1, and it is 0 when the two genomes are the same.
We can verify that 7 is the minimum distance by constructing a sequence
of 7 moves that transforms the mouse X chromosome into the human or-
der. There are thousands of solutions, so we leave this as an exercise for the
reader. Here are some hints: (i) To do this it suffices, at each step, to choose
a reversal that increases the number of cycles by 1. (ii) This never occurs if
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the two chosen black edges are in different cycles. (iii) If the two black edges
are in the same cycle and are (a,b) and (c,d) as we read from left to right,
this will occur unless in the cycle minus these two edges a is connected to d
and b to ¢, in which case the number of cycles will not change. For example,
in the graph in Figure 1 a reversal that breaks black edges 19-17 and 18-16
will increase the number of cycles but the one that breaks 2-14 and 15-3 will
not.

In general, the distance between genomes can be larger than the lower
bound from the breakpoint graph. There can be obstructions called hur-
dles that can prevent us from decreasing the distance, and hurdles can be
intertwined in a fortress of hurdles that takes an extra move to break. See
Hannehalli and Pevzner (1995). In symbols, if 7 is the signed permutation
that represents the relative order and orientation of segments in the two
genomes, then

d(m) =n+1—c(r)+ h(r) + f(7)

where d(7) is the distance from the identity, n is the number of markers, ¢(7)
is the number of components in the breakpoint graph, h(m) is the number
of hurdles, and f(m) is the indicator of the event 7 is a fortress of hurdles.
See Section 5.2 of Durrett (2002) or Chapter 10 of Pevzner (2000) for more
details.

Although do(7) = n+ 1 — ¢(m) is only a lower bound on the distance, it
is the right answer in most biological examples. Bafna and Pevzner (1995)
consider 11 comparisons of mitochondrial and chloroplast genomes and found
that this lower bound gave the right answer in all cases. This pattern has
continued in more recent work, see York, Durrett, and Nielsen (2002), and
Durrett, Nielsen, and York (2003). The simulations in Figure 2 will give
more evidence that do(7) and d(7) are close in many cases.

To motivate our main question, we will introduce a second data set. Ranz,
Casals, and Ruiz (2001) located 79 genes on chromosome 2 of D. repleta and
on chromosome arm 3R of D. melanogaster. 1f we number the genes according
to their order in D. repleta then their order in D. melanogaster is given in
Table 1. This time we do not know the orientation of the segments, but
that is not a serious problem. Using simulated annealing, one can easily find
an assignment of signs that minimizes the distance, which in this case is 54.
Given the large number of rearrangements relative to the number of markers,
we should ask: when is the parsimony estimate reliable?

Bourque and Pevzner (2002) approached this question by taking 100
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markers in order, performing k£ randomly chosen reversals to get a permuta-
tion 7, computing the minimum number of reversals needed to return to the
identity, d(m), and then plotting the average value of d(m) — k < 0 for 100
simulations. They concluded, based on their simulations, that the parsimony
distance for n markers was a good estimate as long as the number of rever-
sals performed was at most 0.4n. In Figure 2 we have given —1 times their
data. We have also repeated their experiment for the approximate distance
do(m) = n+ 1 — ¢(m) and plotted the average value of k — dy(m;) > 0 for
10,000 replications. Our curve is less random, but close to data of Bourque
and Pevzner (2002). The smooth curve gives the result of Theorem 3 for the
limiting behavior of (tn — do(m,))/n (as a function of ¢).

The biological question concerns the random reversal walk. However, it is
also interesting to consider the analogous problem for random transpositions.
In that case the distance from the identity can be easily computed: it is the
number of markers n minus the number of cycles in the permutation. For
an example, consider the following permutation of 14 objects written in its
cyclic decomposition:

(174)(2) (312) (5139116) (81014)

which indicates that 1 — 7,7 — 4,4 — 1,2 — 2, 3 — 12, 12 — 3, etc.
There are 5 cycles so the distance from the identity is 9. If we perform a
transposition that includes markers from two different cycles (e.g., 7 and 9)
the two cycles merge into 1, while if we pick two in the same cycle (e.g., 13
and 11) it splits into two.

The situation is similar but slightly more complicated for reversals. There
a reversal that involves edges in two different components merges them into
1, but a reversal that involves two edges of the same cycle may or may not
increase the number of cycles. One can attempt to couple the components of
the breakpoint graph for random reversals on n — 1 markers and the cycles
of random transposition of n markers as follows: number the edges between
markers in the reversal chain (including the ends 0 and n); when markers
1 and j are transposed, do the inversion of edges numbered i and j. The
result of the coupled simulation is given in Figure 2. As expected time minus
distance is smaller for reversals but the qualitative behavior is similar. Thus,
we will begin by considering the biologically less relevant case of random
transpositions, and ask a question that in terms of the rate 1 continuous
time random walk on the symmetric group is: how far from the identity are
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we at time cn/27 We will see later that parts of the answer can be extended
to the reversal random walk.

2.2 The coagulation-fragmentation process and
the random graph process

Let (oy,t > 0) be the continuous-time random walk on the group of per-
mutations, starting at the identity, in which, at times of a rate one Poisson
process, we perform a transposition of two elements chosen uniformly at ran-
dom, with replacement, from {1,...,n}. Choosing with replacement causes
the chain to do nothing with probability 1/n, but makes some of the calcu-
lations a little nicer. If we think of the permutation o as being represented
by numbered balls sitting on numbered locations with ball o (k) sitting at k,
then transposition of ¢ and j, p; ;, can be implemented in two ways. We can
exchange the balls at ¢ and j or the balls numbered ¢ and j. Algebraically
these correspond to p; jo and op; ;. Since (op;;)~' = p;;0~! and the par-
tition of {1,...,n} induced by the cycle decompositions of o and o~! are
equal, the results are the same for either random walk.

Define the distance to the identity D; to be the minimum number of
transpositions one needs to perform on g; to go back to the identity element.
A different way of looking at D, is the following. (o;,t > 0) can be viewed as
a random walk on a graph GG, where G is the Cayley graph of the symmetric
group for the set of generators given by the set of all transpositions. Using
this language, we see that D; is nothing but the graph distance from o; to
the origin, the identity element.

It is clear that if NV; is the number of transpositions distinct from the
identity performed up to time ¢ (a Poisson random variable with mean ¢(1 —
1/n)), then D; < N;. As mentioned earlier D; is given by D; = n — |oy|,
where |oy| is the number of cycles in the cycle decomposition of o;. This
formula allows us to turn any question about D, into a question about |oy|.
The key to studying |oy| is that the cycles evolve according to the dynamics
of a coagulation-fragmentation process. When a transposition p; ; occurs, if ¢
and j belong to two different cycles then the cycles merge. On the contrary,
if they belong to the same cycle, this cycle is split into two cycles. From the
definition it can be seen that the ranked sizes of the cycles form a coagulation-
fragmentation process (see Aldous (1999) and Pitman (2002),(2003)) in which
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components of size r and y merge at rate K, (x,y) = 2xy/n? and components
of size x split at rate Fj,(z) = xz(z — 1)/n* and are broken at a uniformly
chosen random point. Diaconis, Mayer-Wolf, Zeitouni, and Zerner (2003)
have recently considered the corresponding Markov chain on partitions of
the unit interval and shown that the Poisson-Dirichlet distribution is the
unique invariant measure.

To study the evolution of the cycles in the random permutation, we con-
struct a random graph process G;. Start with the initial graph on vertices
{1,...,n} with no edge between the vertices. When a transposition of ¢ and
J occurs in the random walk, we draw an edge between the vertices ¢ and 7,
even if one is already present. Elementary properties of the Poisson process
imply that is we collapse multiple edges in G} into one, then the resulting
graph Gy is a realization of the Erdés-Renyi random graph G(n,p), in which
edges are independently present with probability p = 1 — exp(—2t/n?). The
probability of picking an edge twice is < (2t/n?)? = O(1/n?) when t = cn/2,
so the expected number of multiple edges is O(1). Multiple edges are a nui-
sance but not a real problem. We have to be careful in Theorem 1 where the
random variable of interest is also O(1), but in the other cases the quantities
of interest — oo, so multiple edges can be ignored.

It is easy to see that in order for two integers to be in the same cycle in
the permutation it is necessary that they are in the same component of the
random graph. To estimate the difference between cycles and components,
let F; denote the event that a fragmentation occurs at time ¢. It is clear that

Dy=N,—2) 1, (2.1)

s<t

A fragmentation occurs in the random permutation when a transposition
occurs between two integers in the same cycle, so tree components in the
random graph G; correspond to unfragmented cycles in the random walk.
(To be precise, a tree is a connected component with no closed circuits and
hence no multiple edges.) Unicyclic components in G (connected compo-
nents with an equal number of vertices and edges) correspond to cycles in the
permutation that have experienced exactly one fragmentation, but we need
to know the order in which the edges were added to determine the resulting
cycles. For more complex components, the relationship between the random
graph and the permutation is less clear. Fortunately, these can be ignored in
the proofs of our results. Coming back to the problem of multiple edges, the
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reader should check that in the proof of Theorem 1, in particular in Lemma
4, it is indeed the number of fragmentations that is being counted, and not
just the number of cycles in G;.

2.3 Limit Theorems

We will now describe our results and sketch their proofs. Rigorous proofs of
the results stated in this section can be found in sections 4, 5 and 6.

2.3.1 The subcritical regime

Theorem 21. Let 0 < ¢ < 1. The number of fragmentations

Ze = Z 1¢p,; = Poisson(x(c)) (2.2)

s<en/2

where k(c) = (—log(1—c)—c¢)/2. In fact, the convergence holds for the pro-
cess {Z. 1 0 < ¢ < 1} with the limit being a Poisson process with compensator

k(c).

Remark. This result should be regarded as a fluctuation result for D, /s
about its mean cn/2 (a corollary of the Theorem). However we have chosen
to formulate it in terms of fragmentations rather than the distance, since by
(1) Denjo — cn/2 & Nepjo — cn/2 = O(n'/?). That is, in continuous time
and in the subcritical regime the fluctuations are due to those of the Poisson
process. However for the embedded discrete time chain, if kK = [en/2], then

(k — Dy)/2 = Poisson(k(c)) as n — oo (2.3)

(We divide by 2 since a fragmentation reduces the distance by 1 instead of
increasing it by 1). To deduce (2.3) from (2.2) we note that time % in the
discrete walk corresponds to time N~!'(k) = cn/2 in the continuous time
walk.

Sketch of the proof. The process {Z.,0 < ¢ < 1} is a cadlag counting pro-
cess. Therefore by arguments from Jacod and Shiryaev (1987), it is enough
to show that its compensator k™ converges to the deterministic limit x(c).
If fp(t) is the fraction of vertices that belong to cycles of size k, the rate at
which fragmentations occur is just >, fi(¢)(k — 1)/n. Hence k™ is just the
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integral with respect to time of this rate. We first show that the variance
converges to 0 and then, by Chebycheff’s inequality, it only remains to show
Erk™(c) — k(c). But by exchangeability E[fy(t)] = P[|C1| = k] where |C] is
the size of the component that contains 1 at time ¢. It is not hard to see that
this quantity at time bn/2 converges in distribution to the total progeny 7
of a Galton-Watson branching process with offspring distribution Poisson(b),
or PGW(b). Summing the geometric series, we see that BT = 1/(1 — b).
Integrating with respect to b we get the desired expected value, k(c). O

To prepare for later developments, it is useful to take a second combina-
torial approach to this result. We begin with Cayley’s result that there are
k*=2 trees with k labeled vertices. At time cn/2 each edge is present with
probability 1 — exp(—c/n) ~ ¢/n so the expected number of trees of size k

present is
n ekl e\ kn—k)+(5)—k+1
- (k) e () (-5) 2 24

since each of the k — 1 edges needs to be present and there can be no edges
connecting the k point set to its complement or any other edges connecting
the k points. (To justify replacing exp(—c/n) by 1 — ¢/n note that the
difference is O(1/n?).) For fixed k (2.4) is asymptotic to

kk_Q b1 C kn
LT <1_ﬁ>

The quantity in parentheses at the end converges to e so we have an
asymptotic formula for the number of tree components at time cn/2. As a
side result we get the following known result:

—ck

Corollary 1. The probability distribution of the total progeny T of a Poisson(c)

branching process with ¢ < 1 is given by P(T = k) = %kzl (ce=©)k

See section 4.1 of Pitman (1999) for another proof of this result. It was
first discovered by Borel (1942) and the distribution of T is called the Borel
distribution. It is a particular case of the so-called Borel-Tanner distribution,
see Devroye (1992) and Pitman (1998) for further references. In this context
it appeared in the problem of the total number of units served in the first
busy period of a queue with Poisson arrivals and constant service times. See
also Tanner (1961). Of course, this becomes a branching process if we think
of the customers that arrive during a person’s service time as their children.
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2.3.2 The critical regime

It is well known in the theory of random graphs that the correct time-scale
to describe the critical regime is (n/2)(1 + An~/3), A € (—o0,00). See
Aldous (1997) for an interesting account that relates the growth of large
clusters in the critical random graph to the multiplicative coalescent. At
times (n/2)(1 —n~") with r < 1/3, we are still in the subcritical regime, so
the arguments in the proof of Theorem 21, when done more carefully, are still
valid. More precisely, we can show that if ¢,(r) =1 —n""/3 for 0 <r <1,
then the expected number of fragmentations up to time ¢, (r)n/2 is again
given by k(cy(r)) ~ (r/6)logn. Hence define:

W) = (o )1/2 > ey - Llogn 25)

1
og s<en(r)n/2

Theorem 22. As n — oo, W,(-) converge weakly, with respect to the Sko-
rokhod topology on the space of cadlag functions on [0,1], to {W(r),0 <r <
1}, a standard Brownian Motion on [0,1]. Furthermore,

6\ 1
( > > lmy - glogn | = W(Q), (2.6)

logn oy

Sketch of the proof. Intuitively, the first result is an immediate conse-
quence of the Poisson limit in Theorem 21 and the normal approximation to
the Poisson. To prove it, we show that W, (r) is a martingale, whose jumps
are asymptotically zero, and whose quadratic variation process is r thanks
to our time-change c,(r) = 1 — n~"/3. Therefore it converges to Brownian
Motion.

At times (1 —n~Y3)n/2 < t < n/2 we are in the critical range of the
random graph. Results of Luczak, Pittel, and Wierman (1994) and compu-
tations with (2.4) imply that the number of fragmentations in this interval
is bounded in expectation and hence can be ignored. O]

Remark. While Theorem 22 is a nice theoretical result, it does not have
much to say about any biological example. If we think of the human genome
and set n = 3 billion nucleotides, Theorem 2 says that after n/2 = 1.5 billion
transpositions there have been an average of (logn)/6 = 3.63 fragmentations,
with a standard deviation of 1.91. These numbers are small so even for n = 3



billion, we can’t expect a very good approximation to the normal distribution.
In the example that we simulated n = 100 and (logn)/6 = 0.767 versus
an observed average number of fragmentations = 0.662 (which translates
into a value of 1.224 in Figure 2). While our estimation of the mean is
not very accurate, Figure 3 shows that the distribution of the number of
fragmentations is almost Poisson.

2.3.3 The supercritical regime

This is the most interesting case, and also the hardest one. We start by
establishing a law of large numbers. For all ¢ > 0 define

1 kkfl

N

so that for ¢ < 1 it coincides with the Borel distribution of Corollary 1. When
c>1,
lim P(|Cy| = k) = Br(c)

n—oo

still holds but the (x(c)’s no longer sum up to 1 because there is a probability
Boo(c) =1 =>4+, Br(c) > 0 that C; is the giant component.

Let us denote by Y(c) a random variable that takes the value 1/k with
probability fi(c) when 1 < k < oo and the value 0 with probability (. (c).
The motivation for this definition is that in the limit as n — oo 1/|C,,| has the
same distribution as Y(c¢) and >_" _, 1/|C,,| gives the number of components
in the random graph.

Theorem 23. Let ¢ > 0 be a fixed positive number. Then the number of

cycles in the random permutation at time cn/2, |0q2| = glc)n + w(y/n),
where
(0= 70 = 30 15 ey 1)
c) = )= - ce :
g Lo cTH

and the error term w(y/n)/an\/n — 0 in probability if a, — oo.

Note that the theorem is valid for all regimes and implies that the distance
is given by D¢, /2 = u(c)n+w(y/n) where u(c) = 1 — g(c). Although it is not
obvious from the formula, u(c) = ¢/2 for ¢ < 1 and u(c) < ¢/2 when ¢ > 1.
Using Stirling’s formula, k! ~ k*e=*\/27k, it is easy to check that ¢’ exists
for all ¢ and is continuous, but ¢”(1) does not exist. In words, there is phase
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transition in the behavior of the distance of the random walk to the identity
at time n/2 from linear to sublinear.

Proof. In the supercritical regime the dynamics of the large components is
quite complicated, but there can never be more than /n components of size
v/n or larger. On the other hand, the expected number of all fragmentations
that produce (regardless of the initial size of the cycle) clusters of size smaller
than /n by time en/2 is at most O(n'/?). This follows from the following
important remark, which will be used on several other occasions implicitly:

suppose C' = (z1,...,z) is a cycle of the permutation o. If we transpose x;
and z; with z; # z; then C breaks into (xy,...,%;—1,%j, 41, ..., Tx) on the
one hand and (z;,...,x;_1) on the other hand. So, to generate a fragment of

size s we must transpose two elements (x, y) in the same cycle and such that x
and y are separated by exactly s—1 other integers in this cycle. In particular,
fragmentations that produce pieces smaller than s occur with a rate smaller
than 2s/n. When s = n'/? this gives a rate smaller than O(n~'/2). Thus
by time cn/2 there have been no more than O(n='/?) - cn/2 = O(n'/?) such
fragmentations. From this and Chebyshev’s inequality we see that up to a
term w(n'/?), |0e/2| is the number of components of the random graph, and
the result follows Theorem 12 in Chapter V of Bollobés (1985). O

Theorem 24. Let ¢ > 1. Asn — oo,

Dcn -
/2n1/2U(C)n = N<0702) (2‘8)

where o = p[l + p(c/2 —1)], and p =1 —6(c) is the extinction probability of
a supercritical PGW (c).

Remark. Note that the constant o is different from the one given in Beresty-
cki and Durrett (2003). We were correct in claiming that the central limit
theorem in Theorem 24 is the same as the one for the number of components
of the random graph, but we naively thought that the terms in > ;_, 1/|Cy|
were sufficiently independent so that 0% = var (T (c)).

Sketch of Proof. By Pittel’s (1990) central limit theorem for the number of
components of a random graph, it suffices to prove that the number of extra
components due to fragmentation at time cn/2 is o(y/n) (see his Corollary
1 and note that 7'/c = p). Our first step is to increase the cutoff for large
cycles to n® where a > 1/2, so that the number of large cycles is at most
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n'~® = o(n'/?). The number of fragmentations that produce “small” cycles
is now n~(17% . cn/2 = O(n?) and cannot be ignored, so we need to use
the fact that fragmented cycles are reabsorbed by the large components.
If the fraction of mass in large cycles (“upstairs”) at time tn is A\; then
new fragments of size k are produced at rate < 2\, and each fragment of
size k is reabsorbed at rate 2k)\;. After time change this is bounded by an
M /M /oo queue in which the expected number of customers in equilibrium
is 1/k. Using this, we can show that with high probability the number of
small fragments at any time is at most (logn)?. Of course, the coagulation
fragmentation process is not exactly the queuing system. Customers can
split into two, coalesce with other customers, gain weight (and increase their
fragmentation rate) by eating small components, etc. However, (logn)? is
much smaller than n'/? so crude but robust estimates and patience eventually
lead to a proof. n

2.3.4 Results for Reversals.

Theorems 3 and 4 extend easily to the approximate distance for reversal
chain. Recall that the main difference lies in the fact that, a reversal involving
edges from different components in the breakpoint graph always yields a
coagulation, but one involving two edges in the same component may or may
not cause a fragmentation. The proofs of Theorems 3 and 4 for transpositions
are based on showing that fragmentations can be ignored, so this difference
is unimportant and these results extend to reversals. As Figure 2 shows,
this is not true for the more precise results in Theorems 21 and 22. For
example, the underlying data shows that up to ¢ = 1, an average of 23% of
the reversals have caused no change in the distance. Since inversions that
affect an edge are much more frequent than those that involve it, it seems
reasonable to guess that in the limit as n — oo the relative orientations of
the black edges in a component of the breakpoint graph are independent.
This would imply that the Poisson process of fragmentations in the reversal
case is a 1/2-thinning of the one for transpositions, and Theorem 22 would
hold with 6 replaced by 12.

2.3.5 Emergence of a giant cycle?

Since cycles in the random permutation are smaller than components of the
random graph, it follows that if ¢ < 1 then the largest cycle at time cn/2 has



fewer than a(c)~'logn vertices, where a(c) = (¢ — 1 —logc). (See Theorem
10 in Chapter V of Bollobas (1985) or Lemma 3 below.)

For ¢ > 1, the largest component of the random graph is, as is well
known, “giant, ” meaning that it is of order n. In fact it is asymptotic to
0(c)n where 6(c) is the survival probability of a supercritical Poisson Galton-
Watson with mean c. It is a natural question to ask whether the largest cycle
of the random permutation is also giant in the supercritical regime.

Conjecture. Let Ly(t) be the size of the largest cycle at time t. If ¢ > 1

then
Li(cn/2)

0(c)n

where V' 1is a random variable with 0 <V <1 a.s.

=V

This problem is quite different from our original one. However our techniques
enable us to prove a partial result in this direction as a corollary of the proof
of Theorem 24.

Theorem 25. For any ¢ > 1, at time cn/2 there are at least 6(c)n — o(n)
vertices located on large cycles (i.e., of size greater than or equal to n*, for
any a < 2/3).

David Aldous (private communication) conjectures that the relative sizes of
the pieces of the giant cycle are in equilibrium at all times in the supercritical
regime, i.e., have the Poisson-Dirichlet PD(0,1) distribution, which gives
the limiting behavior of the ordered sizes of cycles in a uniform random
permutation. According to this conjecture, V' would be distributed as the
first coordinate of a PD(0,1) random variable. One way to approach this
conjecture would be to generalize Aldous (1997) to show that the large cycles
in the critical regime converge to a coagulation-fragmentation process and to
study the growth of clusters in that process.

Alternatively, one could look at the size of the cycle containing 1, K (t),
and try to show that
Ki(cn/2)
O(c)n
where U has a point mass of size 1 — 0(c) at 0 and is otherwise uniform
on (0,6(c)). Figure 4 shows the average growth of Kj(en/2)/n in 10,000
simulations of n = 100, n = 1000, and compares the results to EU = 6(c)?/2.

=U
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Although this considers only one aspect of the distribution of large cycles, it
agrees well with Aldous’ conjecture.

Figure 5 shows a histogram of the result of 100,000 simulations of K7(100)
when n = 100. As the graph shows, the spike in the frequency of clusters of
size 4 or smaller is what one would predict from the random graph cluster size
distribution. The remainder of the distribution is roughly uniform except for
rounding at the upper end. The latter is to be expected if Aldous’ conjecture
is correct, since the size of the giant component satisfies the central limit
theorem.

As we were finishing this paper, we learned that Oded Schramm (2004)
has proved David Aldous’ conjecture.

Remark. The problem of the emergence of a giant cycle is closely related to
Angel’s (2003) work on the existence of infinite orbits for the random stirring
process, which is the random transposition random walk on an infinite graph
such as Z? or a tree, rather than the complete graph on {1, ..., n} considered
in this work. To explain the connection, suppose that we construct our
process using a Poisson process with rate 2/n? for each i # j, and at these
times draw an edge between ¢ and j to indicate that ¢ and j are to be
transposed. To compute the cycles in the permutation at time cn/2, we
repeat the first [0, cn/2] units of time periodically and then observe the sites
that a walker starting at ¢ visits at times kcn/2, for k = 1,2,.... Angel
(2003) calls this construction the cyclic time random walk. Its relevance to
his work is that the cyclic time random walk is transient if, and only if, the
cycles are infinite.

2.4 The subcritical regime

Let us introduce some notations for the different probability laws involved.
For each n, we have the coagulation-fragmentation process, and the Erdos-
Renyi random graph model. To emphasize when computations are being done
for the random graph we will use @),, for the random graph with Bernoulli
percolation parameter p, and ) for the law of the evolving random graph
that at time s has p, = 1 — exp(—2s/n?). When s = ¢n/2 this probability
is p(e,n) = 1 — exp(—c/n) < ¢/n. To simplify notation we will use QX to
denote the expected value of X with respect to the probability Q.



2.4.1 Preliminary results : comparison with a branch-
ing process

Our first result provides a useful upper bound.

Lemma 1. The cluster size |C1| in Q. is dominated by Z, the total progeny
of a branching process in which each individual has a Binomial(n — 1,¢/n)
number of children, i.e., we can construct these random variables on the same
probability space so that |C1| < Z a.s. It follows from this that if ¢ < 1 then
QunlCi] < BZ = 1/(1 = o).

Proof. Intuitively, this holds since a vertex in generation k£ may have children
among all of the n vertices of the graph except those of the first & generations.
To begin to prove this formally, let & ;, 1 <4, j < n be independent random
variables, taking values 1 with probability ¢/n and 0 with probability 1—c/n.
To start the random graph let Yy = {1} and let YV} = {j & Y : & ; = 1}.
To start the branching process let Zy = 1, Z; = |Yi|, and let ¢; : V] —
{1,2,...Z;} be 1-1 and onto.

If the first k stages of the construction have been done and we have Y}, # ()
and a ¢y : Yy — {1,... Zx} that is 1-1 (but not onto in general), then let

Yit1 =Uiev, {7 & U?:oye 1y =1}

We let individual ¢y (i) in the kth generation of the branching process have
{j # i : &, = 1}| children. The individuals in the branching process
that are not in ¢(Y;) have a number of children given by independent bi-
nomials. It should be clear from the construction that can again define
Gri1 Y1 — {1,... Zg11} to be 1-1, and the comparison follows by induc-
tion. The inequality follows by computing EZ (for instance by summing a
geometric series). O

The next result shows that the bound in Lemma 1 is exact in the limit.
Let {Z}32, be a Poisson Galton-Watson process with offspring mean ¢ and
let Z =372, Z be its total progeny.

Lemma 2. Let Cy be the cluster that contains vertex 1. If 0 < ¢ < 1 then as
n — oo

Qpen)(|C1] = k) — P(Z = k)



Proof. The number of children of vertex 1, Z! = |Y;| has distribution Binomial(n—
1,p(¢c,n)), which converges to a Poisson(c) limit. Let & > 1 and let (nq,...,ng11) €
NFHLIf we let Z7 = Y]] then

Nk
Qpleny( 20y = M| 27 =1, 0o, 20 =my) = P (Z Bl = nk+1>
=1

where B} are i.i.d. Binomial(n—s, p(c, n)) random variables, and s = Zf:o Nk
with ng = 1. From this it follows easily that the convergence of finite-
dimensional distributions of {Z7};>; to those of PGW/(c). Markov’s in-
equality and the domination result in Lemma 1 imply that

@p(e.n) (Z Zy > 0) < Qp(em) (Z Z,’;) <c*/(1-0)
k=K k=K

and the desired conclusion follows. ]
Our next ingredient is
Lemma 3. Q./,,(|C1] > y) < ¢ lexp(—(c—1—1Inc)y).

Proof. In view of Lemma 1, it suffices to prove the result for Z, rather than
|C1|. To do this, let

o) = S (" ) () e
— et (1 oy 569)"1

be the moment generating function of the distribution of the number offspring
minus 1. Let S,, be a random walk that takes steps with this distribution
and Sy = 1, so that S, explores the Galton-Watson tree. Then 7 = inf{m :
Sm = 0} has the same distribution as Z. Let R, = exp(6S,,)/¢n(0)™. Ry,
is a nonnegative martingale. Stopping at time 7 we have ¢/ > E(¢,(0)77).
If ¢,(0) < 1 it follows that

P(7 > y)¢n(0) ™ < Elpa(0) 7] < ¢’
Using ¢,,(0) < e ?exp(c(e? — 1)) now we have

P(r>y) < e (e’ exp(c(e’ — 1)))”
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To optimize the bound we want to minimize c(e’ —1) — 6. Differentiating this
means that we want ce’ — 1 = 0 or § = —log(c). Plugging this and recalling
that 7 and Z have the same distribution we have

1
P(Z >z y) < —exp(—(c—1—1Inc)y)
c
It follows that

1
Qem(|Ci] > y) < - exp(—(c — 1 —Inc)y)
which completes the proof of Lemma 3. O]

Now recall that for ¢ < 1, Z, = ngm/z 1p,y is the number of frag-
mentations up to time c¢n/2. The rate at which fragmentations occur is
> op Ju(t)(k—1)/n where fi,(¢) is the fraction of vertices that belong to cycles
of size k. Therefore the expected number of fragmentations is

cn/2 M E—1
EZ. = Efi(t)——dt
[ IACE

k=1

Remark. Note that this formula takes into account the case of multiple
edges in the random graph, i.e. the possibility that a given transposition
may be chosen twice as an increment of the random walk before time cn/2.

Lemma 4. Let fi.(s) be the empirical fraction of vertices in cycles of size k
at time s. If 0 < ¢ < 1 then Efi(cn/2) — P(Z = k) and EZ. — k(c), where
k(c) was defined in Theorem 21.

Proof. The cycle sizes at time s in the coagulation-fragmentation process
are dominated by the cluster sizes in the random graph model with ps =
1—exp(—2s/n?) < 2s/n%. Note that by exchangeability the expected fraction
of vertices in clusters of the random graph of size k satisfies E(fy) = P(|C1| =
k). (This also holds under @, and we will use it below). By Lemma 3,

P(|C] fragments before time cn/2) < E(#such fragmentations)
cn/2 |Cl|2
< E( =) dt
0 n

cn/2 2
Qat /2 (’Cl‘ ) dt — 0

n2

IN

0
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Therefore P(|C1| = k) has the same asymptotics as Q(|C1| = k) and we can
conclude for the first convergence by Lemma 2.
For the second convergence, first note that

enj2 n 1 cn/2 -1
EZ. < / Zka(S)k ds < QQs/n2 (lCﬂ ) ds
0 0 n

n
k=1

Using Lemma 1 Q24/n2|C1| < 1/(1 — (2s/n)). Changing variables un/2 = s
we have

EZ, < —%(log(l —¢)+c) = k(c) (2.9)

For the lower bound we use Fatou’s lemma (twice) and the first con-
vergence (recall also that if Z(s) is the total progeny of a PGW(s) then
EZ(s)=1/(1—-29)):

en/2 M E—1
liminf EZ, = liminf Efi(t)——dt
imin imin /0 Z fr () -

n—oo n—oo

k=1
1 [° .
> 5/ limiankE(fk(sn/2))—1ds
> 1/cio:kP(Z(s)—/’f)—lals—l/C ! —1ds
T2y & B 2y 1=
> r(0)

The final preparatory step is:

Lemma 5. If ¢ < 1 the expected number of fragmentations that occur to cy-
cles that have already been fragmented is < K.(logn)?/n, and K, = 9ck(c)a(c)
(Recall a(c) = (¢ — 1 —logc)).

-2

Proof. The expected number of such fragmentations is at most:

dt

< E / en/2 dyertices in fragments Ly (bn/2)
B 0 n n

S/OCEZ,, <M>2db
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where L;(t) is the size of the largest component at time ¢. In the event that
Li(en/2) < 3a(c)~tlogn, the above is at most

(n/2)(3a(c) " log n/n)? /0 (b)db <

On the other hand by Lemma 3 the complement of this event has probability
at most n~2, and there can never be more than cn/2 such fragmentations, so
Lemma 5 is proved. O

2.4.2 Proof of Theorem 1

We are now ready to prove Theorem 21. Let Z7 = ngcnﬁ 147y, 0<ce<1
be the counting process of fragmentations that occur to cycles which (a)
have not been fragmented previously and (b) have size < n%7. The second
condition is irrelevant in this section, but imposing it now will help in the
next one. Unfragmented cycles correspond to trees in the random graph (as
explained in the introduction, by tree we mean a connected components with
no closed circuit, including multiple edges), so the compensator of Z7 is

cn/
R (c) = /O S ds (2.10)

where Y7 = ZZOZZ fe(s)(k — 1)/n and fi(s) is the fraction of vertices that
belong to tree components of size k. As noted in the sketch of the proof, it is
enough to show that for each fixed ¢, k™(c) converges in probability to x(c),
or, by Lemma 5, that &"(c) converges to x(c) in probability. Lemmas 3 and 4

imply that E| Om/ ?4nds] — k(c). Tt remains to show that var fom/ 2ynds —

0. Our first step will be to prove :

— K
var (¢7) < ﬁch,n)HCﬂg] (2.11)

for all time s < en/2, where K is a constant that depends only on c.

To see this, first observe that in terms of cluster sizes

_ 1 <&
b= (cl -1
i=1
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where [; is the indicator of the event that C; is a tree. Let d; = (|C;| — 1)1;.
1 1
var ﬁ(dl +--+dy) = - (nvar (dy) + n(n — 1)cov (dy, d2)) (2.12)
Monotonicity and Lemma 3 imply,
var (di) < Qpenl|Ci]?] < K (2.13)
[t remains to bound cov (dy, dy). If we let
T = 7% (pa) ™ (1 = p,) )=

where here p, = exp(—2s/n?)2s/n? (this is the probability that a given edge
appears exactly once, since we don’t want any multiple edges), then by the
reasoning for (2.4) we have

Qp, [C1NCy = 0,]C1| = j,|Co| = k, Cy and C; are trees]
= (o) ("2 ) i

Qp. [C1 = Ca,|C1| =k, Cy is a tree] = (Z:;)?Tnk

From this it follows that cov (dy, ds)

S (0 e - ()

For the first term in the right-hand side,

G0 e =G G5

(n — 2)le? (n—1)! (n—1)!

Tk —Din—j -k G- (k—Dln—k)

(
0

IN

where we have used for the first inequality that —log(l — z) < 2z if |z| is
small enough, and for the second one, (n — 2)!e?* < (n — 1)! for large n and

(n— ) (n—j— B < (n— 1)/ (n—1— k).
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For the second term,

n— 2 9 1 3 n—1 1 5
— < < _ -
Z(k}—2>(k 1) Wn,k_n_lgk <kj_1>ﬂ-n’k—n_lQP(Can)HCﬂ }

k

Combining this with (2.12) and (2.13) gives (2.11).
Hence by the Cauchy-Schwarz inequality we get:

( / t @:ds) ~Q [( / - Qws1>ds)2] < f var (47)ds

where we have used both (2.11) and Lemma 3. This completes the proof of
Theorem 21.

2.5 The critical regime

The first step in the proof of Theorem 22 is to argue that fragmentations of
previously fragmented cycles can be ignored. The number of such fragmen-
tations is smaller than the total number of cycles in multicyclic components
(i.e., components with at least 2 cycles) in the random graph. Theorem 1
and Corollary 3 in Luczak, Pittel, and Weirman (1994) imply that the total
number of cycles in multicyclic components in the critical regime is bounded
in probability.! In particular, divided by (logn)'/? it converges to 0 in prob-
ability. As a result, by the converging together lemma (see e.g., Durrett
(1996), Chap.2, Ex. 2.10), it suffices to prove the central limit theorem for
the number of fragmentations on tree components.

As in the previous section, we will in addition restrict our attention to
fragmentations of tree components of size at most n%’, and continue to use
the notation introduced there. (Indeed, classical results from the theory of
random graphs, or Aldous (1997), show that asymptotically almost surely all
clusters are smaller than n%7).

IThis result could also be derived from the Folk Theorem 1 in Aldous (1997) which
gives the limit for the joint distribution of the component sizes and the number of cycles
they contain. See the discussion page 850 of his paper.
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Let W, (r) := (6/logn)?(Z"(r) — £"(r)). By standard methodology in the
theory of stochastic processes (see Jacod and Shiryaev (1987) or Revuz and
Yor(1999) for instance), to prove convergence of W,,(+) to Brownian Motion,
the two things we need to check are: (i) E[supge,«<;|Wp(r)—W,(r~)|] — 0 and
(ii) The quadratic variation of W, i.e. the increasing process associated with
W, ()2, must converge to r at time r. (i) is obvious because Z" is a counting
process, and (ii) turns into E(6K™(r)/logn) — r and var (65" (r)/logn) — 0.
These two steps are dealt with respectively in lemmas 7 and 8.

But first, we need a technical lemma that will be useful on several occasions
(e.g., for computing precise asymptotics of the number of trees of a given
size).

Lemma 6. If k — oo and k = o(n**) then

n c\ k-1 e\ kn—k2/2—3k/2+1
e = ()G (3)
Ynk(€) (k> n n
nk75/2 k2 k3
~ exp (—Oz(c)k’ + (c— 1)% - 3?) = \i(c)

where a(c) = ¢ — 1 —log(c). There is a constant K so that if 1 < k < n°7
and ¢ <1 then v, x(c) < KA, x(c).

Proof. Stirling’s formula implies k! ~ k¥e=%1/27k. Using this we have that

nk—5/2 r—l j . o kn—k?/2—3k/2+1
f}/mk(c) ~ H (1 — —) e C (1 - —>
j=1

cV 2T n n
Using the expansion log(l — z) = —x — 2%/2 — 23/3 — ... we see that if
k = o(n) then

- — ~ exp(—ck + k?/2n)

( c\ kn—k?/2—3k/2+1
-3)

n

while if & = o(n%*) we have

k—1 j = = Iz
— — R ) — 72 z
<1 n) exp( an nQZ] +O<n3)>

J=1 J=1 Jj=1

- (_k:(k:—l) - kz(k:—l)(Qk;—l)) e (_k_?_k_s

2n 6n2
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Combining the last three formulas gives the asymptotic formula. To prove
the bound we note that Stirling’s formula implies k! > dkFe~*v/27k for some
§ > 0. Using the bounds log(1 —x) < —z and log(1 — z) < —z — 2?/2 in the
last two calculations gives the upper bound. O]

6 cn(r)n/2 3
E / Yrds| —r
logn J,

Proof. The upper bound follows from (2.9) which holds for all ¢ < 1. In
the other direction, we will use Fatou’s lemma so it is enough to know the
asymptotic behavior of the integrand. Changing variables s = ¢,(v)n/2
where ¢, (v) = 1 —n"*/3 and noting ¢, (v) = (1/3)(logn)n="/° gives

Lemma 7.

6 - o
" = n —v/3
E {lognZ (T)] - n/o Q[wcn(v)nm]n dv (2.14)
0 k 1
where T} is the number of tree components of size k, and p(c,n) = 1 —

exp(—c/n).

We can take the limit of the last expression by using formula (2.4), com-
bined with Lemma 6. Indeed formula (2.4) shows that ETy, = 7,x(c), and
k < n®7 = o(n%*), so that the use of Lemma 6 is justified. Hence

. Log n } /0 %,k(cn(v))n‘”/ S dv

k=1

Setting ¢ = 1 — b with b = n="/* — 0 and using Taylor’s theorem
k? b? k?
—(c—1—1log(c))k — b— = ——k: - b— o(b’k) (2.15)

The first term becomes significantly negative when k ~ 1/b?> = n?"/3, the
second when k ~ \/n/b = n(+9/3 Let 20/3 < w < (14 v)/3. The terms
with k& > n% tend to 0 exponentially fast in n and there are less than n®" of
them so their sum goes to 0. In the range £ < n" the second term can be
ignored, so Lemma 6 implies that if v < 1

Z QMU Tk}w\/—_Zklmexp( n~23k/2) (2.16)
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Here we have used the asymptotic formula of Lemma 6 for all k. However, the
next computation will show that the sum grows like n*/3
from small k£ can be ignored.

To recognize (2.16) as a Riemann sum with spacing n

so the contributions

—20/3 we rewrite it

as
n0-7

nv/3 Z n—2v/3(n—2v/3k)—1/2 exp(_n—2v/3k/2)
k=1

Since #7127 is decreasing it is straightforward to estimate the difference

between the sum and the limiting integral and we conclude that

2—1/2

0.7
oas—=k(k—1) /°° _
v/3 S T, L /2 d
n en(v)in — e x
;;:1: —— @pten o)) [ T] .
Changing variables z = 2, do = 2y dy the integral becomes

(2#)_1/2/ 2e V2 dy = 1
0

Therefore, by Fatou’s lemma:

6
logn

liminf, . FE l Z”(T)} > / n~ 3 du =r
0

We turn now to the analysis of the variance.

Lemma 8. var (%RMT)) -0
ogn

Proof. Changing variables as in (2.14) and using Cauchy-Schwarz inequality
as in the proof of the subcritical regime,

6 en(r)n/2 o
var / Yo ds| = var (n/ Ve (wyn/2 n~ /3 dv)
logn Jo o

n2/ n~2Bvar (&Zn(v)nﬂ) dv
0

2 r
—/ 02 BQp(en ) [[C112 1] dv

n Jo

IN

IN
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Reasoning as in (2.16) but using the bound in Lemma 6

> EQue,wym [KTk] < K k2 exp(—n~>k/2)
k=1

k=1

To check the right-hand side note that the power of k has increased by 2,
from the previous calculation. If we view the last sum as a Riemann sum
with spacing n=2"/3, we can rewrite it as

n5v/3 Z n720/3<n72v/3k)3/2 exp(—n*2v/3k/2)
k=1

Now %/2e~%/2 has derivative ((3/2)z/? — (1/2)x%?)e~%/2 so it is increasing
on [0, 3] and then decreasing on [3,00). Thus if we discard the term with the
largest k so that n=2*/3k < 3 we have a lower bound on the integral.

" 1 00
—2v/3 ]{SQ LT < v_/ 3/2 f:z:/Zd v/333/2 —3/2
Y K Quem Wi <0 —= [ 2¥e P dr 4 e
k=1 27T 0

Using this it follows that

6 K ["
var < /{”(r)) < —/ n" du
logn n Jo

Writing n* = exp(—ulogn)) and integrating we have that the right-hand side
is < K/(logn) — 0. This concludes the proof of the first result in Theorem
22. [

The final step is to estimate the number of fragmentations that occur to
tree components of size < n®7 at times between (1 —n~'/%)n/2 and n/2:

n/2 B
/ Qut ds
(1-n=1/3)n/2

For each s in the interval the integrand is smaller than ZZOZZ %QQI /m1y. Using
Lemma 6, the last quantity is smaller than

K o0
— Z k=12 exp(—k®/3n?)
n

k=1
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which we can rewrite as

Enl/?) Z n72/3<kn72/3)71/2 eXp(_(kn72/3)3/2)

n
k=1

The above sum is a Riemann sum so it converges to fooo 212722z There-
fore, QY < Kn~2/3. Since the duration of the critical regime is n*3/2, the
expected number of fragmentations is bounded and the proof of Theorem 22
is complete.

2.6 The supercritical regime

By Pittel’s (1990) central limit theorem for the number of components of a
supercritical random graph, it is enough to show that, with probability going
to 1 as n — oo, at time cn/2 there are fewer than o(n'/?) extra components
due to fragmentation. (This was already indicated in the sketch of the proof
of Theorem 24).

Let a = 0.55. (In fact the results stated in this section would also be valid
for any 1/2 < a < 2/3 but making this choice makes some proofs slightly
easier). We call cycles of size k > n® large. These can be ignored since there
cannot be more than n'~% = o(n'/?) such components. We define the amount
of mass “upstairs” by

N/ = EXi(t)
k>n®

where X () is the number of cycles of size k at time n/2+¢. (It is convenient
in this section to shift the time so that ¢t = 0 corresponds to critical time
n/2.) If all of the mass was upstairs, then the expected number of cycles of
size less than n® produced by fragmentation would be 2n®!(cn/2) = O(n®).
It is overly pessimistic to think that all of the mass will be upstairs, but
by analogy with the random graph, we expect (and will eventually prove in
Theorem 25) that at times ¢ > 1 a positive fraction of the total mass n will
be there, so this estimate of the number of fragmentations is too large to
ignore.

To improve this crude estimate, we take advantage of the fact that frag-
mented pieces are reabsorbed upstairs. Let X ,i (t) be the number of cycles of

size k produced by fragmentation of cycles upstairs. X ,i (t) can only increase
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when a transposition is performed, and only if it is made of one of the NtT
vertices upstairs and of one of the 2 points located £ steps away when writing
the corresponding cycle of the current permutation. This gives a rate at most
2]\715T /n?. As for the death rate, one way to get rid of a component of size k
is by picking one of the k vertices of one of the X ,i (t) components and one
of the N/ vertices upstairs. This happens with rate 2k X} (t)N/ /n?. For the
moment we are ignoring the fact that cycles may experience coalescence or
fragmentation while downstairs. We will deal with these complexities once
we have an understanding of the basic birth and death process of fragments
of large clusters.

2.6.1 The cluster queuing system

It is fortunate that the unknown quantity NJ < n appears in both rates, so
that as along as NJ > (0 we can remove it by time change. Once this is done,
we have a system of stochastic processes &F, for 1 < k < n® that we call a
cluster quewing system: let £F be independent birth-and-death chains with
birth rate 1 and death rate k£F, that begin with &8 = 0.

Lemma 9. With probability — 1 as n — oo we have

th < (logn)* and Y k& <n"(logn)’

forallt <c (¢>0).

Remark. Although this system of stochastic processes can be defined with-
out any reference to our random walk problem, it is useful to bear in mind
that the state of this cluster queuing system at time t describes the number
of fragments of large cycles at time

t,n2

n
— + —ds> 1+1¢
2 o 2N 2( )

since NN, ST < n. Thus the control obtained in the above lemma for all ¢ < ¢,
will provide useful information for the random walk between times n/2 and
(14¢)n/2 for any ¢ > 0. On our original time-scale, this corresponds exactly
to the supercritical regime, i.e. up to time cn/2 for any ¢ > 1.
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Proof. The second result is a trivial consequence of the first. The key idea to
handle the processes £F is to consider strips 2/ < k < 2/*1. Because there are
no simultaneous jumps, we can prove that the queues £F at each level k are
independent processes (see e.g. Revuz-Yor (1999), chap. XII, prop. (1.7),
for a proof of this fact in the case of Poisson processes). Therefore, for each
1 < j < log, n®, the number of cycles with sizes in [27, 2771, ¢/ is dominated
by a birth and death chain with birth and death rates respectively 2/ and
27 Qtj . To analyze these processes, we consider the successive excursions away
from 0. Their embedded discrete time processes Y, jump from m to m — 1
with probability m/(m+1) and from m to m+ 1 with probability 1/(m+1).
Let us try to find a function ¢ such that ¢(0) =0, ¢(1) = 1 and ¢(Y5) is a
martingale. The latter implies

m

1
S 1) — = — — —1
——o(m+ 1) — o(m)] = ——o(m) — o(m — 1)
so ¢(z) = p_,(k— 1) Since ¢(1) =1 and ¢(0) = 0, it follows by optional
sampling that the maximum level reached during an excursion of (/, M,
satisfies

PM>zx)=1/p(x+1) < 1/x! (2.17)

To bound the number of excursions for the process in the ;™ strip before
time ¢, N;(c), we note that jumps from 0 to 1 occur at rate 2/ so ignoring
the amount of time it takes to return to 0 from 1, the number of excursions
by time ¢ is bounded by a Poisson random variable with mean 2/¢ < cn?.
Markov’s inequality implies that P(N;(c) > n?) < cn® 2 so

P ( max  N;(c) > n2> — 0 (2.18)

1<j<alogyn

To estimate the probability that the maximum of n? excursions is > log n we
recall (2.17) and that Stirling’s formula implies k! > §ok*e* /v/27k for some
do > 0, so

(logn)! > 6, (logn)°e"n "t (logn) ™2 = §n'°ee" L (logn) /2

The right-hand size goes to oo faster than n?log, n so using (2.18) we have

P ( max  max ¢/ > logn> — 0

1<j<alogy, n 0<t<c
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When the last event does not occur we have

na

Y&k < alogyn)logn = —— (log n)®
log 2
k=1
Since a < 2/3 < log2 & 0.69, this gives the desired result. O

2.6.2 Completion of the proof of Theorem 24

The cluster queuing system is the first approximation to the analysis of the
dynamics of the supercritical regime. However, it ignores customer fragmen-
tation and a number of “bad events” that we need to consider in order to
give a rigorous proof of Theorem 24. Though a priori one might expect it
to be difficult to take account of corrections of second order, third order, ...,
and have nightmares about adding up infinitely many terms, we were pleas-
antly surprised to see that the proof could be completed with a few simple
estimates.

The first technical problem to confront is to show that the total amount
of mass upstairs stays positive at any given time so we can apply our time
change. This is done in section 2.6.3.

The more difficult problem is to control the difference between the CQS and
the real system of clusters. To do this, we need a notational scheme to verify
that we have indeed taken care of all of the relevant events. We call clusters of
size larger than n® large, those in the CQS (i.e., those that were generated by
a fragmentation of some large cycle), medium, and non-giant clusters in the
random graph small. Writing frag and coag as shorthand for fragmentation
and coagulation, we have three frag and six coag events to handle:

coag(small,small) is a natural part of the random graph so these events are
not errors. The fragmentation of small clusters involves o(n'/?) clusters and

hence does not significantly alter this process (see frag(small) and Lemma
12).

coag(small,large) eliminates a small component, but in the random graph
these correspond to the small cluster being absorbed into the giant compo-
nent, so this is not an error.

frag(small) is easy to take care of due to the duality principle which asserts
that finite clusters in the random graph at time ¢ > 1 have the same distri-
bution as clusters at time c¢p < 1 where p is the probability of no percolation.
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This allows use to use our subcritical estimates for fragmentation of small
supercritical clusters. More details are given in Lemma 12.

coag(large,large) We do not care about these events since we do not need to
keep track of the number of cycles upstairs.

frag(large) These are the arrivals in the cluster queuing system

coag(medium,large) are (almost) the departures in the cluster queuing sys-
tem. The problem is that the next three events can cause clusters to gain
weight or split into two.

coag(medium,medium,) are helpful events since they reduce the number of cus-
tomers in the CQS. This does make the fragmentation rate for the new cluster
larger than the sum of the two previous clusters but Lemma 11 will take care
of this. More importantly, it makes the departure rate of the new clus-
ter larger. This, applied to coag(medium,medium) and coag(medium,small),
shows that the number of medium clusters is stochastically bounded by the
CQS of section 2.6.1, and is the content of Lemma 10.

coag(medium,small) eliminates a small component, but in the random graph
these correspond to the small cluster being absorbed into the giant compo-
nent. Again, this also makes the fragmentation rate larger for the cluster
that gained weight but Lemma 11 will take care of this.

frag(medium) is taken care of by Lemma 11.

To complete the proof it remains to prove the three promised lemmas.

Lemma 10. The number of medium clusters is dominated by that of the
CQS. Therefore there are never more than (logn)? medium clusters, and
never more than n®(logn)? vertices in medium clusters.

Proof. As was just mentioned, the only differences between the CQS and
the medium clusters are generated by events of type coag(medium,medium)
and coag (small, medium). However both those events do not increase the
number of medium clusters, and both those events make the death rate of the
clusters concerned higher. Hence we can construct the CQS and the medium
clusters process on the same probability space, in such a way that the total
number of medium clusters is smaller than that of the CQS. n

Lemma 11. The expected number of fragmentations of medium clusters is
at most O(n**~'(logn)?).
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Proof. There are never more than (logn)? medium clusters. Since there are
at most n* vertices per medium clusters the total number of vertices is at
most n%(logn)?. The rate at which those fragmenatations happen is thus

bounded by
n“(logn)*\ n®
n n

so that the expected number of such fragmentations is indeed O(n**~*(logn)?).
[

Lemma 12. The number of fragmentations of small components is o(n'/?).

Proof. By a now familiar estimate, the expected number of fragmentations
that produce clusters of size smaller than n? at times between n and n +1¢ is
at most 2nP~1t. So we can ignore fragmentations that (a) produce clusters
of size smaller than n%45 before time cn/2 and (b) produce clusters of size
smaller than n®®® at times between n and n + n%°.

If ¢ > 1 the distribution of nongiant components in the random graph is
given by progeny of a Poisson Galton Watson process with mean ¢ on the
event of its extinction. If we let p denote its extinction probability, then the
offspring distribution conditional on extinction is given by
L) ()t

p kKl k!
since p = e~*1=P). In short, PGW (¢) conditioned on extinction is PGW (cp).
The last observation implies that results for finite supercritical clusters can
be derived from those for subcritical clusters. In particular, by Lemma 3,
the largest nongiant components seen after time n + n%?, are smaller than
n%2. Since fragmentations of such clusters necessarily produce pieces smaller
than n%? these fragmentations can be ignored by (a). O

2.6.3 The initial mass upstairs

The last step in the proof of Theorem 24 is to ensure that upstairs never
becomes empty in this process. In other words we must prove that NJ >0
for all ¢ > 0 with high probability, so that we can indeed time-change the
queues by (NJ)_I, and use rigorously all the analysis carried out on (CQS)
in section 2.6.1. This will be done by showing that initially there are already
more vertices upstairs than will ever (with high probability) be taken away
by fragmentation in the cluster queuing system.
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Lemma 13. Initially, upstairs contains at least Ng > Kn'=%? vertices. In

particular NOT > n%(logn)? and it never becomes empty during the supercrit-
ical regime.

Proof. Lemma 6 implies that when ¢ = 1 the expected number of trees of

size k
nk75/2

V21

If we let [Csq| = D e, o T) then it follows that

ET) ~ exp(—k®/3n?)

— 2
ElC ol ~ k75/2 ~ nlfBa/Q
Cocl \/2n-;§;; 3v/2m
Bollobés (1985) has calculated (see page 107) that the expected number of
ordered pairs of trees of sizes j and k,

E(T;, Ty,) < ET;ET,

When j # k this implies cov (7}, T;) < 0 and for j = k that ET,(T), — 1) <
(ETy)? or var (Ty) < ET},. Summing we have

var (|CZa|) < E|C2a|

and it follows from Chebyshev’s inequality that |Cs.|/E|C>.| — 1 in proba-
bility. These trees have not experienced fragmentation so their size is always
at least n® and the total mass in large components is at least Kn'~%2. When
a < 2/3 and n is large, this is much larger than the n®(logn)? upper bound
on the missing mass due to fragmentations.

At this point the proof of Theorem 24 is complete. m

2.6.4 A sharper estimate for the mass upstairs

In section 2.6.3 above, we have just proved that upstairs never becomes empty
in the supercritical regime (Lemma 13). But, as was already mentioned
earlier, we expect by analogy with the random graph that in fact a positive
fraction of all n vertices stay upstairs. This is the content of Theorem 25,
which we restate here for convenience and then prove.

Theorem 25 For any ¢ > 1, at time cn/2 there are at least 6(c)n — o(n)
vertices located on large cycles (i.e., of size greater than or equal to n®, for
any a < 2/3).
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Proof. In fact it is a simple consequence of Lemmas 10 and 11. Indeed, the
mass missing upstairs must be a piece of the random graph’s giant component
fallen downstairs by fragmentation. Therefore either it is a medium cluster
or it has experienced a consecutive fragmentation. But we now know that
there are never more than n®(logn)? vertices in medium clusters by Lemma
10. On the other hand, by Lemma 11, the expected number of vertices in
clusters having experienced multiple fragmentation has to be smaller than

n® - Kn**(logn)? = o(n)

as long as a < 2/3. O
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Figure 2.1: Breakpoint graph for human-mouse X chromosome comparison
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36 37 17 40 16 15 14 63 10 9
55 28 13 51 22 79 39 70 66 5
6 7 35 64 33 32 60 61 18 65
62 12 1 11 23 20 4 52 68 29
48 3 21 53 8 43 T2 58 57 56
19 49 34 59 30 77 31 67 44 2
27 38 50 26 25 76 69 41 24 75
7178 T3 4T 54 45 T4 42 46

Table 2.1: Order of the genes in D. repleta compared to their order in D.
melanogaster
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Figure 2.2: Simulations with n = 100 markers. Average values of k — Dy, for
10, 000 simulations of the random transposition chain, 10, 000 simulations of
k — do(my) and Pevzner’s 100 simulations of k& — d(m) for the reversal chain.
The smooth curve of small triangles gives the limiting behavior as n — oo of
(en/2 — Deyy2) from Theorem 3.

78



0.6

0.5

@ Data

m Poisson

0.4 -

probability
o
w

0.2 |

0.1 1

1 2 3 4 5 6
fragmentations

Figure 2.3: Comparison of the distribution of the number of fragmentations
in 10,000 simulations of the random transposition chain with the Poisson
distribution with the same mean.
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probability of the corresponding random graph with p = ¢/n).
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The open squares give the distribution of the size of finite clusters in the
corresponding random graph.
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Chapter 3

The hyperbolic geometry of
random transpositions

by Nathanaél Berestycki

3.1 Introduction

Let S, be the set of permutations of {1,2,...,n}, and let o, be the continuous
time random walk on §,, that results when randomly chosen transpositions
are performed at rate 1. Let d(o;) be the distance from the identity I at
time ¢, i.e., the minimum number of transpositions needed to return to 1. In
a previous paper, Berestycki and Durrett (2004) showed

Theorem 0. Asn — 00, d(0yc2)/n — u(c) where

— 1 kk2 K

u(c) =1-— Z - (ce™ )

c k!
k=1

(3.1)

Although it is not easy to see from the formula, the function u(c) = ¢/2 for
¢c<1landis <¢/2for c> 1.

We can think of o; as a random walk on the graph G, with vertices S,
and edges connecting two permutations that differ by one transposition, so
that GG, is the Cayley graph of S, associated with the set of generators S =
{all transpositions}. Theorem 0 was proved by establishing a connection with
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Erdés-Renyi random graphs. The phase transition observed for o; is then
related to the well-known double jump of the size of connected components
of G(n,c/n) at ¢ = 1.

In this paper, we try to investigate some of the geometric implications of
Theorem 0. We find a new connection between the speed of a random walk
and the Gromov hyperbolicity of the space in which the random walk is
evolving.

Organization of the paper. In sections 1.1, 1.2, 1.3 we present our re-
sults. The proofs of these results can be found successively in section 2-8.
Each proof is preceded by a restatement of the corresponding theorem for
convenience, and by an informal proof which outlines the main ideas used.

3.1.1 Asymptotic hyperbolicity

The notion of hyperbolicity for a discrete structure such as a group is a
notion that goes back to Gromov (1987). As there is no derivative, and
thus no curvature available in a discrete space, the idea is to define what
hyperbolic means using only elementary properties of the space.

One way to do is as follows. Let (X,]|-|) be a metric space, where |z — y|
denotes the distance between x and y. For points z,y and p in X, define the
Gromov inner product by

2(z|y)p = |z —pl + |y — p| = |z -yl

(x]y), thus measures how well the union of the geodesic segments [p, z]U|p, y]
approximates a geodesic between x and y. Gromov’s original definition of
hyperbolic spaces is as follows. Call X -hyperbolic if

(z[2)p = (2|y)p A (yl2)p — 0 (3.2)

for all z,y, z and p. This definition is not very intuitive at first, but fortu-
nately there is an equivalent definition, which can be formulated using the
notion of J-thin triangle. A triangle (x,y, z) with geodesic sides si, s9, $3 is
said to be d-thin if any side, say sp, lies entirely within distance at most ¢ of
the two remaining sides:

s1 C{r e X, d(x,s9Us3) <0}
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The space is called d-hyperbolic if all geodesic triangles are d-thin, and it is
simply called hyperbolic if it is d-hyperbolic for some § > 0 (when § = 0,
the space isometrically embeds into a tree). It is not immediate, but not
hard to check, that if all triangles (x,y, z) are J-thin, then (3.2) is satisfied
for some number ¢’ that may differ by a constant factor from §. Conversely,
in a space where (3.2) is satisfied for all points (p,z,y, 2z), all triangles are
d’-thin, where ¢’ may differ from ¢ by a constant factor.

Of course a bounded space (in particular, a finite space such as S,,) is trivially
hyperbolic, but we will be interested in situations where the constant ¢ may
or may not stay bounded as the size of the space tends to oo.

Our first result makes the connection between Theorem 0 and Gromov hy-
perbolic spaces, where we look at the two definitions of hyperbolic constants
suitably weakened. For 0 < a < 1, let dB(an) be the sphere of radius an,
i.e. the set of points at distance |an] from the origin. We let v be the hit-
ting distribution of dB(an) by oy, i.e. v is the law on dB(an) of or where
T = inf{t > 0,d(0¢) = |an]}.

Theorem 26. Let x,y be sampled from v independently, and set p = I, the
identity element.

1. If a < 1/4, then there is some § < oo (depending only on a), such that
E(zly), <6

Moreover, with probability asymptotically 1, there is a geodesic between
x and y that comes within expected distance &' < oo of p.

2. If a > 1/4, then
E(z|y), ~ dén

for some 0 < § < oo. Moreover, no geodesic between x and y can
approach p closer than §'n with probability asymptotically 1, where 0 <
§ < oo

In the statement of the theorem and in the rest of the paper, a,, ~ b, means
that a, /b, — 1.

Remark. It follows immediately from Theorem 1 that when a < 1/4, with
probability asymptotically 1

(x]2)p = (zly)p A (yl2)p — 6
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for independent x,y, z sampled from v, hence the idea that definition 1 of
hyperbolicity is satisfied ”asymptotically v-almost surely”. The statement
about the geodesics shows that definition 2 is satisfied ”asymptotically v-
almost surely” when a < 1/4.

At this point we should emphasize that the result in Theorem 26 involves hy-
perbolic constants that are different from the standard definitions discussed
above in several important ways. The most obvious difference comes from
the randomness of x and y, and from the fact that the role played by x,y and
p are somewhat different. Here p is a fixed reference point, whereas Gromov’s
definition requires that every triangle should be thin. Another issue is that,
corresponding to the second definition of hyperbolicity with thin triangles,
we show that there exists a certain geodesic between x and y having the
desired properties. As we will see below in Theorem 31, there may be a great
many geodesics between two given points in §,,. More importantly, these
geodesics can be far apart, as will show the following concrete example:

o 114511)(2)(39)(4136) (7128) (10)

( (3
m (1) (14) (5) (11) (2) (3) (9) (4136) (7128) (10)
( (3

)
1
m (114511)(2) (39) (4) (13) (6) (7) (12) (8) (10)
mmy b (115141)(2)(93) (4136) (7128) (10)

Since for any permutation 7 we have d(w) = n — # cycles of 7, d(o) = 8.
71 and 7y are on two geodesics from I to o, but d(m,m) = d(mm, ') = 8.
In general if d(o) = en/2 with ¢ < 1, and we divide the cycles at random
into two groups, we can define 7 to have cycle structure given by the first
group of o staying as it is and the second completely broken in cycles on
lengths 1. If we define m, by the exchanging the two groups, then we will
have d(o,m;) = en/4 and d(m, o) = cn/2.

3.1.2 The geometry of GG,

How much can we learn from Theorem 26 about the global geometry of G,, 7
To answer this question, we need to see how special a choice it is to sample
the points x and y according to the hitting distribution v. (The fact that
p = I is a fixed reference point is not too important, due to the transitivity
of G,). We begin by an apparently unrelated question, which is to ask how
large is a ball of radius an.
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Theorem 27. If0 < a <1 then as n — oo, we have |B(I,an)| = (n!)* in a
logarithmic sense, 1i.e.,
log |B(I
- dog|B(Lan)
n—oo  nlogn
This result is probably not new, but we have not found it in the literature.

Our original motivation for studying the volume growth in G,, was to try to
understand the phase transition of Theorem 0 in terms of the geometry of
Gp. Our first thought was that since the speed was non-smooth we might
see a change in the volume growth. The above result contradicts this idea.

To put our next two results into perspective it is useful to contrast them
with Brownian motion B; on a d-dimensional manifold of constant negative
curvature —1. In that case as t — oo, if d(B;) is the distance from the origin
then (see Prat (1971) for instance) there is a constant v so that

d(By)/t v ast— o0

In the case of Brownian motion on hyperbolic space, rotational symmetry
implies that the hitting distribution is uniform. In contrast for the random
transposition random walk, we will see in Theorem 28 that the hitting dis-
tribution is asymptotically singular with respect to the uniform distribution
on 0B(I,an).

Theorem 28. Let |Cy| be the length of the cycle that contains 1. Under p,
the uniform distribution on 0B(I,an),

’Cll =G

where G is a geometric r.v. with P(G > k) = (b/(1 + b))* and b satisfies
log(14+0)/b=1—a.

To describe the hitting distribution v, we note that (3.1) suggests that it will
be the same as the distribution of oc,/» where ¢ = u™'(a). When a > 1/2
this is much different from the distribution in Theorem 28 since in this case
¢ > 1 and Schramm (2004) has shown that o.,/» has cycles of lengths of
order n.

Here we will concentrate on what happens when a < 1/2 and ¢ = 2a. In
this case results in Berestycki and Durrett (2004) show that as n — oo,
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the number of fragmentations before time cn/2 is asymptotically a Poisson
random variable with mean k(c) = —(log(1 — ¢) 4 ¢)/2. In particular,

P(d(o-cn/Z) = cn/2) — e_”(c) — 60/2\/1—_0

It will be convenient to approach the hitting distribution v by the distribu-
tion 1y of 0.y, 2 conditioned on no fragmentation. More generally, if v, = v
conditioned on exactly k fragmentations before the hitting time,

0 k
= e—n(c) Z Vkli(c) + 0<1)

k!
k=0

To study vy, we recall the connection with random graphs developed in
Berestycki and Durrett (2004): when we transpose i and j we draw an edge
between ¢ and j. In order for the distance form the identity to increase by
one at each time, each transposition must involve indices from two different
cycles and will merge them into 1. In terms of the random graph, this means
that all components are trees. Using results from Berestycki and Durrett
(2004), it is straightforward to show

Theorem 29. Let C; be the length of the cycle that contains 1. Let ¢ < 1.

Under vy,

1k,k:—1
PG| = k) — -
(Gl = k) — =

(ce™)*  forallk > 1

Theorems 28 and 29 show that the uniform distribution p and the hitting
distribution v concentrate on different permutations. In the first case the
number of fixed points will be close to its expected value nP(|C;| = 1) =
n/(140b). In the second it will be close to ne™¢ by Theorem 29. This is made
precise by the following theorem.

Theorem 30. As n — oo, the hitting distribution v and the uniform distri-
bution v on a sphere of radius an are asymptotically singular:

dTV(/% V) —1

Let t = [en/2] with ¢ < 1. To understand why v is different from pu we
will examine the Radon-Nikodym derivative r(o) = dvy/dp. It is not hard
to show that
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Theorem 31. Suppose d(c) =t and mq,...m; are the cycle lengths of o.
The number of paths of length t from I to o s

m;—2

", 1

i=1
If t = |en/2] with ¢ < 1 then

J m;—2

r(o) = K. ] h

=1

where K, ; is a constant that only depends on n and t.

The last result enables us to prove a stronger version of Theorem 30 : it
tells us that the "support” of v is concentrated on a set that is exponentially
smaller than the size of 0B(an).

Theorem 32. Suppose a < 1/2. There exists a set S, € dB(an) such that
v(S,) — 1 asn — oo and

1 | Sl
lim = log —2" _ —~ <
neon 8 10B(an) !

3.1.3 The hyperbolic constant under the uniform mea-
sure

In Theorem 26, we learn that if x and y are sampled from v, roughly speaking,
the Gromov hyperbolicity of the "support” breaks down at a = 1/4, i.e. the
hyperbolic constant increases suddenly from O(1) to O(n) at this point.

However, the results from the previous section tell us that this ”support”
is (exponentially) small with respect to the ambient space. It is therefore
natural to ask what happens to Theorem 26 when we replace v with the
uniform measure p on 0B(an). Theorem 33 will show that the qualitative
behavior of the hyperbolic constant remains the same. We prove that there
is a threshold where the expected Gromov inner product E(c|m), jumps from
O(1) to O(n), but this time the critical value is @ = 1 —log 2 & 0.31, rather
than a = 1/4.
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When o and 7 are independent uniform permutations on dB(an), by
the transitivity of G,, it is enough to analyze d(o, ) to understand (o|7),,
the inner Gromov product. Since d(o,7) = d(I,0 '), which has the same
law as d(I,om), it will be enough to characterize the values of a for which
d(I,om) = 2an + o(n) and those for which it is < 2an.

Theorem 33. Let 0 < a <1 and let o, 7 be two random independent points
chosen uniformly from 0B(an). Then

1. Ifa<1—log2
E(o|r), < §(logn)?

for some 0 < § = 6(a) < oo Moreover, with probability asymptotically
1, there is a geodesic between o and m that comes within distance at
most 5(logn)? of p.

2. Ifa>1—log2
E(o|m), ~ dn

for some 6 = §(a) > 0. Moreover, no geodesic can approach p closer
than &'n for some 0 < ¢’ < co.

Remark. The O((logn)?) bound in part 1 of the Theorem could probably
be improved into a O(1) bound (just like in Theorem 26) with some more
work, but we have not tried to do so. In part 2, by analogy with Berestycki
and Durrett (2004), we conjecture that the fluctuations are of order exactly
n'/? in the supercritical regime. More precisely it should be true that when
a>1-—log?2

n~Y2(E(o|r), — on) = N(0, x)

where ¢ is the limit in part 2 of the theorem, and « is some parameter.

3.2 Asymptotic hyperbolicity under v

The first result we prove is Theorem 26.

Theorem 26 Let x,y be sampled from v independently, and set p =1, the
tdentity element.
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1. If a < 1/4, then there is some 6 < oo (depending only on a), such that
E(zly)y <0

Moreover, with probability asymptotically 1, there is a geodesic between
x and y that comes within expected distance &' < oo of p.

2. Ifa > 1/4, then
E(z|y)p ~ on

for some 0 < & < oo. Moreover, no geodesic between x and y can
approach p closer than §'n with probability asymptotically 1, where 0 <
§ < o0

Sketch of the proof of Theorem 26. Let X; and Y; be two independent
random walks starting at the origin. Let them run until the times 7" and 7"
where they respectively hit the sphere B(an). Then the transitivity of the
Cayley graph of §,,, and the reversibilty of the increments of the random walk,
imply that (X7, X7 1,...,p,Y1,..., YY) is a random walk path of length
T + T'. Hence the distance between X; = x and Y+ = y is the same as
d(oryr). By Theorem 0, T" and 7" ~ %ufl(a)n, so applying Theorem 0
again, when a < 1/4, | — y| = 2an = |z| + |y| (the random walk runs for a
time 2an < n/2 and there are only O(1) fragmentations). For a > 1/4, the
random walk is run for time u~'(a)n which, in view of Theorem 0, means
that ¢ = 2u~'(a), and |z — y| = nu(2u='(a)) < 2an.

1

I adius=an
s \?’\

TN

/j
RW, / / \ESRWQ

\

£ oy

Figure 3.1: Two independent random walks run until they hit the sphere of radius
an.

The claim about the existence of a geodesic that makes the triangle (z,p, y)
thin involves necessarily another argument, since geodesics may be far apart.
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However, it is not very hard to construct by hand a geodesic between the
identity and = such that each point of the random walk path is within O(1)
of this geodesic. Applying this construction to the two random walk paths
gives the result of Theorem 26. O]

Proof of Theorem 26

Let us first deal with case a < 1/4 and prove that in this case E(z|y), < 6.
Keeping the same notations as above, note that an+ O(1) steps are sufficient
for X to reach distance an. Indeed, after an steps, X, is at distance an — X,
where X is twice a Poisson random variable by Theorem 1 in Berestycki and
Durrett (2004). It is immediate that in X; steps the probability that X has
a fragmentation converges to 0. Therefore T — an = X; (remember that
here time is measured discretely). Similarly 7" — an = X, where X, X, are
iid. Hence (z = Xy, X7r_1,..., X1, [,Yq,..., Y, = y) is a random walk of
2an + X1 + X, steps. In the worst case possible all X; + X5 steps represent
"backward” steps (meaning, toward x rather than y). Hence if X3 = an —
d(1,094), (so that X3 is also twice a Poisson random variable, but with a
different parameter),

2E(xly)y = 2an — |z —y|
S 2(1,77,—Ed([,02an) +E(X1 +X2)

It is slightly simpler to prove that when a > 1/4, E(z|y), ~ én. Indeed,
in this case, by Theorem 0, we have that

1 1
Qufl(a) —e<T/n< §u’1(a) +e

Therefore

inf d(1,04) < |z —y| < sup d(1, o)

[t/n—u—1(a)|<2e [t/n—u—1(a)|<2e

An easy estimate shows that we are never off by more than O(n'/?) if we
evaluate the distance of the random walk by counting the number of clusters
of the random graph rather than the number of cycles of o;. But for the
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random graph, the number of clusters in monotone increasing. Hence, if «
denotes u(2u~1(a)), we have by continuity of u that

Elz -y

— & 1) <
a—¢e +o(1) < "

<a+e+o(1)

and ¢’ can be made as small as desired by continuity of u. Therefore

Elz —y|
n

It suffices now to prove that o < 2a, i.e. u(2u=*(a)) < 2a or, after change of
variable ¢ = u™!(a), it suffices to prove u(2c) < 2u(c) for all ¢ > 1/2. This
fact is a consequence of the sublinearity of u: it will be proved later that u
is strictly concave on [1,00), from which it follows that u(c) > u(2c)/2.

We now turn to the part of the theorem that concerns geodesics, and
prove that for a random walk (Xt < ¢n/2) of time-duration cn/2 with
c < 1, there is a geodesic between o0 = X, /2 and I, that we call -y, such that

E sup d(X,v)=0(1) (3.3)

t<cn/2

This shows that when ¢ < 1 there is a geodesic that stays close to the random
walk path. When a < 1/4, p = I is on the random walk path that leads from
x to y, so this shows that E(d(I,7v)) = O(1), as claimed in the Theorem.
The case a > 1/4 is trivial by the triangle inequality.

Let 71,..., 7y be the sequence of transpositions that are the increments
of the random walk path leading to o, so that ¢ = 7 ...7y. Let v be the
geodesic between ¢ and [ defined by vy = o, v1 = 07N, Y2 = 17N _1,. . ., until
the first time ¢ such that multiplying v; by 7n_; would result in a coagulation
of two cycles of ;. We do not allow this possibility (otherwise v would not be
a geodesic), and simply skip 7y ¢ Yir1 = % Tn—r—1. We will see in a moment
that this path never backtracks and that it ends at a bounded distance from
I, to which it will be necessary to add a (bounded) number of steps so that
it actually ends at I.

Let n(t) be the index of the transposition to be performed at time ¢ on ;.
Note that we can always write

Yt = T1T2 - . - Tp(t) H Ti

€K
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where K, is a set whose size we will show is bounded. Indeed, even when we
skip 7,4 in 74, (so that n(t) € K1), the following transpositions 7)1, . ..
commute with the members of K; with high probability and they can ”jump
above” the terms in K; and cancel the rest of the transpositions (71 ... Tp)-1).

Lemma 14. Forallt, E(|K|) < O(1), where O(1) is a constant that depends
only on ¢ < 1. As a consequence, the path ends at bounded distance from the
identity and the distance Esup,<.,» d(X:,v) = O(1).

Proof. There are two ways to add a member to K;_; at time ¢t. The first one
is that performing performing 7, will result in a coagulation, so that it is
skipped by . The other way is if 7,4 does not commute with one of the
members of K, 1, it stays stuck somewhere in K;.

If 7,4 = (4, ), we claim that in order for i and j to be in the same cycle of
v, ¢ and j must belong to a component of the Erdds-Renyi graph associated
with the random walk that contains a cycle at time cn/2. We will prove
this in a moment, but if we admit this, then it follows that all transpositions
in K; act on vertices that belong to U(cn/2), the unicyclic components of
the random graph at time cn/2: if i € Ky, then either 7, = (4,7) yields
a coagulation in ;, or it doesn’t commute with some member of (k,[) of
K, 1, in which case (i, j) overlaps with (k,[). By induction, k,l € U(cn/2),
therefore so are ¢ and j.

Let us prove our claim that if (¢,5) would yield a coagulation in ~;, then
i,j € U(cn/2). Let us observe first that ¢ and j must already be in the same
component of the random graph: because 7,,;) was performed on the random
walk, ¢ and j were connected at that point in the random graph and they
remain so. If ¢ and j are in different cycles of o, then there must have been
some ulterior fragmentation in their cycles, so the claim holds. When they
are in the same cycle of o, then there must be some transposition 7; with
1 € K; such that ¢ and j are in different cycles of v after 7;. Call those cycles
C: and (5. 7; involves two members k and [ of C; U Cy. Moreover the cycle
structure of v before (k, () is performed must be of the form:

Ky ooy doesdy )

otherwise (k, ) cannot separate ¢ and j at the next step. Unless i and j belong
to a complex component, this implies that the cycle structure of ¢ has the
same form. However this can only happen if & and [ were connected to the
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component of ¢ and j at different times: otherwise the cycle structure would
be of the form (¢,...7,...,k,...,0) or (4,...k,...,l,...,7). This implies in
turn the existence of a cycle in the random graph component of 7 and j at
time cn /2.

From there it follows in a straightforward way that |K;| < |U(cn/2)| (in a
unicyclic component there are as many edges as vertices). It is now standard
in the theory of random graphs to show that |U(cn/2)| is bounded:

wena ~ (3)" 3 (1) () (-

N\ 1/2 o kk+1/2
- <§) k!

(ce™ ) < o0

which completes the proof of the lemma.

Now let X; be a point on the random walk path. Since ~ tries to per-
form all 7; (at reverse), there is a time s such that n(s) = ¢, i.e. the next
transposition to be examined by ~, is 7;. At this time,

Ys = T1---T¢ HTi
€K,
so that | K| steps is enough to reach 74 from X;. Since E(|K|) < O(1) by

the lemma, we have proved that

E sup d(Xb’)/) S O(l)

t<cn/2

and Theorem 26 is proved. O]

3.3 Large deviations and volume growth

The goal of this section is to prove Theorem 2, which we restate here for
convenience.

Theorem 2. [f0<a <1 then as n — oo, we have |B(I,an)| ~ (n!)* in a

logarithmic sense, 1i.e.,

log | B(1
lim —og] (£, an)] =a

n—00 n log n
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Sketch of the proof. The proof of the result is more interesting than the
limit. We begin by recalling the dynamics of the Chinese restaurant process
(see e.g., Pitman (2002b)). Customer 1 enters and sits at table 1. At step 4,
customer ¢ enters and starts a new table with probability 1/i or sits to the
left of customer k where k is chosen uniformly at random in {1,...,7}. From
the tables we define a permutation o by o(i) = 7 if customer i is sitting by
himself on his table and o (i) = k if k is sits to the right of i. It is easy to see
that this defines a uniform random permutation on §,, and that the cycle
structure is given by listing the individuals at the tables in clockwise order.

It is well-known that if o € S,,, then d(o) = n— the number of cycles of 0. In
the Chinese restaurant process construction, let (; be the random variables
taking the value 1 if customer i sits at an existing table (and 0 otherwise).
The (;’s are independent Bernoulli (1 — 1/7) random variables. Recall that
if o is a permutation, then d(o,1) = d(o) is n — #cycles of 0. Hence, if
o is uniformly distributed over S,,, then d(o) has the same distribution as
Sn = Z?:l G-

The i’s where a new cycle starts (i.e. ¢; = 0) are distributed with the same
law as that of the occurences of records for i.i.d variables with continuous dis-
tribution function (cf. Durrett, example 6.2 of chapter 1). From calculations
in that example it follows that (n — S,)/logn — 1 in probability.

Returning to our calculation of the volume of the ball,
|B(I,an)| =n! P (S, < an)

for all 0 < a < 1. It is straightforward to generalize large deviations results
for i.i.d. random variables (see e.g., Durrett (2004), Section 2.9) to prove
Theorem 1. One begins with the observation that for A > 0

P (S, < an) < *Ee (3.4)

optimizes the upper bound over A and uses a change of measure argument
to prove a corresponding lower bound.

Proof of Theorem 2

Let {¢;, 7 > 1} be independent with P(¢; = 1) = 1—-1/i,and let S,, = >, (;.
Since (logn!)/(nlogn) — 1 it suffices to show:
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Lemma 15. Let 0 <a < 1. Asn — oo,

log P[S,, <
lim —2 [Sn < an) =a—1
n—o0 nlogn

Proof. Let ¢, (\) = E[e=**"]. Using the definition we have

e =] [0 =D +3] = qu

=1

where = indicates that the last equation is the definition of ¢;. By Markov’s
inequality we have

1
log P[S,, < an] < n(Aa+ — log ©n(A)), for all A (3.5)

If we define ) .

Fy(z) = / e MdF"(y

)\( ) @n(A) - ( )

Then F) is a distribution function such that
Pn(A) d ¢, ()
) =--= d Fy)=—" >0
mean(F)) on V) and var(F)) Do) =
To optimize (3.5), we want to choose A so that
Lo, (V)
at+——"-=5=0

n@n(A)

This says that the mean of the transformed distributions is na, so

Il (1—-1/i)er I (i—1)e?
T TRl Gomerad

i=

We guess that the optimal A must be given by (asymptotically) by e Aort =
b/n. Plugging this in the above gives,

n—1 1
1 _gb/n / bx 1
— dr=1——log(b+1
njl (jb/n) + 1 o br+1 v bOg( +1)
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From this we see that we should choose b so that log(b+ 1)/b =1 — a.
Upper bound: Let us calculate what (3.5) gives with this choice of A.

1 1. T 1., n
- log,(A) = —logn+ - logil_[1 <(1 - 2>b + ;) (3.6)
1
— —logn+ / log(b+ 1/z)dx (3.7)
0

Since the last integral is finite it follows from (3.5) and \,,: = —logb+logn
that

P(S, <na)<a-—1

lim sup
n—oo nlogn

proving the upper bound half of Lemma 15.

Lower bound. The argument is similar to Durrett (2004, p.73). Fix any v < a
and v < V' < a. Define a real number o’ by

1 /
Og(1+b) :1_]//
b/
For any A,
P[S, <an] > / dF"(z) > / Mo (N)dFy ()

n vn

> (NN [Fa(na) — Fx(nv)]

First, we prove that we can choose A such that [F)(na)— F\(nv)] — 1. Recall
that the mean of F) is — figii’ and that the latter function starts at n —logn
for A = 0, is strictly decreasing and equals na when A = A\,,x = —logb+logn
i.e. e7rort = b/n. Thus if we pick A\ = ) such that e = V//n, the mean
of Fy is by the lower bound calculation exactly nv’, and we have chosen
v < v < a. To conclude that Fy(na) — Fy(nv) — 1, instead of using a
law of large number arguments such as in the i.i.d. case, we simply compute
the variance of F) directly. Anticipating on the calculations of the next
section, breaking the factor e=** in the Radon-Nikodyn derivative of F) into
e~ X% means that we can see Fy as a sum of independent Bernoulli random
variables with parameter (; so that the variance is

var Fyy = Zn:@(l — ;) < Zn:ﬁi = mean(F)) = nv' = O(n)
i=1 i=1
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Another way to obtain this inequality is to do more direct computations:

A RNTANS

=) (mm)
e =1/4) e M1 —1/i)e (1 —1/j)
a i1 4 +; 49

B "L eM1 —1/4) ’
i qi

=1
L e 11/ e - 1/i)?
i=1 4 i=1 g
~eM1-1/i) ¢, (N
< =0 = meanl’
Z 4 ©n(A g

ﬁ
Il
—

Since the variance is O(n), by Chebychev’s inequality we have that F\(na)—
F\(nv) — 1. Therefore,

log P|S,, <
lim inf 0g P[5y < an] >p—1
n—oo nlogn
But v is arbitrarily close to a, so the result is proved. Il

3.4 The uniform measure on JB(an)

Let {¢/,1 < i < n} have the distribution of {¢;,1 < ¢ < n} conditional on
Sor G =lan]. Let {CZ»(A), 1 < i < n} be independent with distribution

dF)\’Z'<l’>

1 -z (1
= o @)

where F;, ¢; are respectively the distribution function and the Laplace trans-
form of (;, and X is the optimal parameter of the previous section, e = b/n.

It is easy to see that Ci(’\) is another Bernoulli random variable with




We are now ready to prove

Theorem 28 Let |Cy| be the length of the cycle that contains 1. Under p,
the uniform distribution on OB(I,an),

|Cl| =G

where G is a geometric r.v. with P(G > k) = (b/(1 + b))* and b satisfies
log(1+b)/b=1—a.

Sketch of the proof The first part of demonstrating this is to recall what
Arratia, Barbour, and Tavaré (2004) call the Feller coupling. Start with
vertex 1 and choose (1) uniformly from the n possible choices. If this is
1, then take vertex 2 and choose ¢(2) uniformly from the n — 1 remaining
possible choices. If (1) # 1 then choose o(c(1)) uniformly from the n — 1
remaining choices, and so on, until the final vertex where there is only one
possible choice. Although the construction is much different from the Chinese
Restaurant Process, the reader should note that the variables £; = 1 if a cycle
is not completed at the i*" stage then {& : 1 <i <n}and {¢;:1<i<n}
have the same distribution.

From the last observation it follows that N = inf{i : {;, = 1} has the same
distribution as the length of the cycle containing 1. We can now conclude the
proof of the Theorem, using the large deviations calculation of the volume,
and an argument called the Gibbs conditioning principle (see Dembo-Zeitouni
(1996)). This principle asserts that the distribution of the (; conditional on
>r .G = an should be asymptotically independent and their law given
by that which minimizes the entropy, i.e., the random variables Cim with

distribution: )

$i(A)
where Fj}, ¢; are respectively the d.f. and the Laplace transform of (;, and A
is the parameter that optimizes (3.4), i.e., e™* = b/n.

e M dF;(z) (3.8)

Proof of Theorem 3

We will first need a lemma.

Lemma 16. For any n > 1 and for every A > 0, then

(Cloee G 2 (Y, () given S ¢ = |an)

=1
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Proof. Let fi,..., f, be bounded nonnegative Borel functions.

Zg—m)

E(fi(¢) - fulG)) = (f1(€1 fal(Gn)

On the other hand,

E (f1<<9>>. L)Y (Y = LanJ) = [ fi@)- - S (@) Loy [ dFix(2)
i=1 " i=1

n -z
B 6—/\|_anj ) n .
TN Rnfl(xl)'--fn(%) {zixiztanJ}H i(z)
e—/\LanJ

- T, &\ Elfi(G)- fn(Gn); ZQ— lan ]

We can now divide and multiply by the probability of the events in the two
sides of this equation to obtain that for some constant C' > 0

E(1< ) Zcz— Lan)

By taking f; = ... = f, = 1 we see that C' = 1 and the lemma is proved. [

”ﬂM)CEGQ FulGa)

We will need another lemma :

Lemma 17. The Ci(’\) satisfy a local central limit theorem:
P <Z (W = LanJ) ~ O
i=1
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Proof. The proof of this local limit theorem follows very closely that of the
usual i.i.d. case, which can be found in Theorem 5.2 of Durrett (2004).
Let B, = P(¢Y) = 1), (le. B = (1 +n/b(m —1))7Y), and let X,,, =
n~Y Q(C,g,{\ ) — Bm) be the rescaled Bernoulli variable. We start by noticing
that X, , satisfy the hypotheses of the Lindeberg-Feller theorem (Theorem
4.5 in Durrett (2004)). Indeed, they are independent by definition; for all

e >0, P(|Xmn| > ) =0 as soon as n~Y/2 < ¢, since ({2 < 1 and B, < 1 as
well. Moreover,

m=1 m=1

. ' /b o= g2
/o Tt @RE™

Therefore " | X,,,,, = N(0,0). At this point, the proof of the local limit
theorem from Durrett (2004) can be reproduced exactly. Therefore:

n*?p (i Xmn = :13) —n(x)

m=1

sup — 0

zeR

where n(z) = (2r0?)"Y2exp(—22/20?). Since Y. _, Bm — an, and since
n(-) is a continuous function, we can conclude the proof of the lemma by the
above uniform convergence. O

Now, by the Feller coupling, |C| < inf{k > 1: ¢ _, = 0}, i.e. we must

reverse the time of the Chinese restaurant process. Hence by lemma 3 and

4:
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P[C, > K|

PV =1

n P

Zc“

T+ oy

1)
1

(1+ 1/b)F

Hence Theorem 2 is proved.

dTV(/% V) —1

Lemma 18. The random partition of {1, ...
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’Q,L E+1 — 1]
A
n k-‘rl - 1’ ZC( ) =
n—k—1
A A
s 1(1—)k+1:13 Z Cz()
i=1
lan]] = |an| — k]!
n—k—
()
Ve=1P[ Y ¢V
=1
lan]]™
1

= |an]]

3.5 Asymptotic singularity between ;. and v

In this section we give a proof to Theorem 30 that follows in an almost
straightforward way from Theorems 2 and 3: v and p concentrate on permu-
tations that have a different number of fixed points. First recall the statement
of the Theorem:

Theorem 30 Asn — oo, the hitting distribution v and the uniform distri-
bution p on a sphere of radius an are asymptotically singular:

,n} derived from v is exchange-



Proof. The probability to obtain a certain partition of {1, ..., n} under v only
depends on the size of its blocs, which stays the same under the action of a
given permutation. Hence v yields an exchangeable partition of {1,...,n}.

O

An immediate consequence is that the expected number of fixed points is
nv(C; = 1) = n/(1 +b). Next we show that under v the number of fixed
points N is close to its expected value.

Lemma 19.
var N = o(n?)

under v.

Proof. Let z; = Lici=0icr, , =0} be the indicator of the event that in the con-
ditioned Chinese restaurant process, client number ¢ sits by himself. Then
N=>",z; and

o 1
var N = ZvarxmLﬁZCov(:Bi,xj)
i=1

1<J

IA

1
n+ 5 Z cov (x4, x;)

i<j

But when 7 — ¢ > 1, by the Gibbs asymptotic independence proved in
Theorem 28, cov (z;,2;) — 0. Also, there are only O(n) terms such that
j =i+1 and in this case cov (2;,z;4+1) < 1 hence the sum }_, _; cov (z;,7;) =
o(n?). O

To end the proof of Theorem 30 by Chebychev’s inequality there remains
only to notice that:

Lemma 20. For 0 < a <1 and large enough n

v([Ci] = 1) # p(|C| = 1)

Proof Recall that b is defined by log(1 +0b)/b = 1 —a. For z € (0,1), let
f(x) =1—log(l+ z)/x, so that b = f~*(a).
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On the other hand an easy consequence of Berestycki Durrett (2004) or The-
orem 0 is pu(|Cy| = 1) = e7* @, (Indeed, under p, |Cy| is asymptotically the
total progeny of a PGW process with parameter u~!(a)).

Hence the lemma is proved if we show that
1/(1+b)#e* @ oru(x)#£1—1z/(e" —1)
for all z > 0.

We start by noticing that as  — 0, u(x) ~ z but 1 —z/(e* — 1) ~ /2.
Hence u(z) > 1—xz/(e® —1) as « — 0. The same is true as z — oo (an easy
argument shows indeed that u(z) =1 — e * + o(e™*)). Now those functions
are both concave as we will see in a moment, hence this has to stay true on the
whole open half-line z > 0. (Notice that we have thus proved that the hitting
distribution has always less fixed points than the uniform distribution).

Lemma 21. The function u appearing in Theorem 0 is concave.

Proof. For ¢ < 1 this is obvious. When ¢ > 1, rather than carrying explicit
calculations on the second derivative of u, we use a theoretic argument that
exploits the recent result of Schramm (2004), which says that the size of the
pieces of the giant component in the random graph have approximately a
Poisson-Dirichlet distribution. Since each fragmentation decreases the dis-
tance by 1 and each coalescence increases it by 1, it is easy to see that

d
d—cE[d(acn/Q, I)|Fepnjo) = 1 — 2P fragm.|Fep, o]

where F. is the canonical filtration generated by the random walk. So we
need to show that P[fragm.| is an asymptotically increasing function of c.
However the probability of fragmenting a small cycle is asymptotically 0 (by
duality and the the fact that w is linear in the subcritical regime), and the
probability of fragmenting one of the giant cycles can be computed explicitly
using the Poisson-Dirichlet structure:

Plfiagm] — B3 (0(0) X = 0(0°E Y X? = S(0)?

=1

where 6(c) is the survival probability of a PGW (c) branching process and
(X;,i > 1) follows the PD(1) distribution. (E> . X? = 1/2 follows from
Pitman, formula (128)). Since 6(c) is an increasing function of ¢, the lemma
is proved (and thus, so is Theorem 30). O
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Remark. We have thus proved the following formula

c/2
u(c) =c¢/2 — /0 0(u)*du

which is perhaps a little simpler to handle than the expression in Theorem
0.

3.6 Number of geodesics and Radon-Nikodym
derivative

Here we prove the following theorem, which we will then use to prove a
stronger version of the singularity theorem.

Theorem 31 Suppose d(c) =t and my,...m; are the cycle lengths of o.
The number of paths of length t from I to o is

m;—2

J
m
| P S—
=1

From this it follows that if t = [en/2] with ¢ < 1 then

mi72

j
m

r(o) = Kn: H —t

i1 (m, — 1)'

where K,,; is a constant that only depends on n and t.

Sketch of the proof. To see the first result, note that in order to go from
o to I in the shortest number of steps we must increase the number of cycles
by 1 at each step, and to do this we must fragment a cycle at each step by
transposing two of its elements. A cycle of length m; will require m; — 1
fragmentations. The first step in constructing a path is to decide on how
to allocate the ¢t moves between the original cycles which can be done in
t!/ TT_,(m; — 1)! ways. The next step is to count the number of ways that
we can reduce a cycle of length m; in m; — 1 steps, which turns out to be
simple: m]" !
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Proof of Theorem 31

Given a partition of {1,2,...n} into groups Ay, ... A; of sizes m;, 1 <i < j,
the number of forests that consist of trees with vertex sets A;,...A; is by
Cayley’s formula for the number of unrooted trees on m; vertices

J

Let t =) ,(m; —1). A given forest can be built up in ¢! ways so there are

J
t! H my?
i=1

paths for our random graph process that end up producing a given partition.
The number of permutations that correspond to a given partition is

H(mi —1)!

=1

An equal number of paths end at each permutation with cycle sizes m;,
1 <4 < j, so the number of paths to a given permutation is

mi—2

J
m
| v
=1

If t = [en/2] with ¢ < 1 then the number of edge choices that end up
producing no fragmentations is by Theorem 1 in Berestycki and Durrett

(2004) t
()

Taking the ratio of the last two results gives Theorem 31. O]

3.7 The size of the support of the hitting dis-
tribution

In this section we prove Theorem 32, restated below.
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Theorem 32. Suppose a < 1/2. There ezists a set S, € dB(an) such that
v(S,) — 1 asn — oo and

Sh
lim — log [

—onl 5 <0
nooon 0 |0B(an)] |

Sketch of the proof Obtaining a decay at least exponential is not very
hard, even in the case a > 1/2. However it is not easy to prove that this is
the correct rate for the decay of |S|/|0B|, and we restrict ourselves to the
case a < 1/2.

If o € 0B(an), then by Theorem 31 we find that

logvy(0) = —anlogn + an + Z ay log p, + o(n)
k=1

where p;, is the Borel distribution with parameter ¢, and a; is the number of
cycles of o of size k. But by the law of large numbers, vy(ay/n) should have a
limit as n — oo. Hence there is a set S such that (log vo(o) +anlogn)/n has
a limit —c¢; whenever o € S. Because 1(S) ~ 1, |S| = exp(anlogn + c¢in).
Moreover it is also true that v(S) — 1. On the other hand, precise estimates
on the size of dB(an) obtained via Kolchin’s representation theorem tell
us that |0B(an)| = exp(anlogn + can + o(n)). (A statement of Kolchin’s
theorem can be found below.) Thus, the theorem holds with v = ¢; — ¢5. To
prove that v # 0, we argue that the decay has to be at least exponential (a
consequence of Kolchin’s representation theorem). O

Proof of Theorem 32

We will need precise estimates on the size of 0B(an). Because we need
estimates to order higher than just nlogn, sticking to the large deviations
approach is not good enough. Rather, we will use Kolchin’s representation
theorem. We would like to thank Jim Pitman for pointing out this reference
to us.

Suppose we can partition {1,...,n} into a certain number of clusters, which
can all have different internal states. To be more specific, suppose that each
partition of {1,...,n} into k clusters leads to vy possible global states of
the system {1,...,n}, and that we can further assign each cluster of size j
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one of w; possible internal states. We call such a combinatorial structure
a (v, w)-partition (of {1,...,n}). Kolchin’s representation theorem answers
with probabilistic means to the following purely combinatorial question :
how many different (v, w)-partitions are there 7 Also, what does a random,
uniform, (v, w)-partition look like ?

Before going into the details of this theorem, let us see its relevance to our
problem. The number of permutations at distance an from the identity is a
special instance of the above Kolchin problem, where vy = 1{p—(1—q)n} and
w; = (7 —1)!. Indeed a permutation at distance an is exactly a permutation
having (1 — a)n cycles and each cluster of size j can be in one of the (j —1)!
possible orderings of the cycle.

Here is the content of Kolchin’s theorem. (See Pitman (2002a)). Let v(6) =
> ey ve0* /L and let w(§) = 3777, w;€? /! be the so-called exponential gen-
erating function of the sequences v and w. Let K be an integer-valued random
variable with distribution

w(g)"
P(K =k)=v,——
=) = (@)
and let X be random variable distributed according to
w; &
P(X =j)= -2
( ) Jlw(§)
Here ¢ is any parameter. In our setting, K = (1 — a)n,a. s and X has
the so-called logarithmic distribution, P(X = j) = /5 - le)’ for some

parameter b = w(§).

Theorem 34. (Kolchin) The number of (v, w)-partitions is given by

n'v ZX—H

where X; are 1.i.d samples of the variable X. Moreover, the sizes of the
clusters in exchangeable random order have the same law as

(X1,...,Xk) given X1+ ... Xg=n
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For a precise definition of exchangeable random order, and further discus-
sion of this theorem, see Pitman (2002a). It is to be noted that here £ is any
parameter. By playing on this parameter so as to make the event Sx = n
not unlikely (e.g., of probability o n~1/2 rather than exponentially small),
we get that the size of the clusters are approximately drawn from the r.v.
X. Note that as a consequence we get here another proof of Theorem 28.
Indeed, we see that the sizes of the cycles of a uniform permutation on 0B in
exchangeable random order have a logarithmic distribution (asymptotically
when the parameter is chosen suitably). Hence, a size-biased pick |C;| should
have distribution P(X’' = j) = const.j bj—] x b/, a geometric random variable.
The similarity between the large deviations - statistical mechanics approach
and Kolchin’s theorem is striking.

Another straightforward consequence of this Theorem is the precise asymp-
totics for the size of a ball of radius an. Indeed, in our setting, v(6) =
0= /[(1 — a)n]! and w(€) = —log(1 — &) hence:

n!(—log(l — &))t—am
|0B(an)| = !I( gln(g(gl_ (f)il))! P( Zl X; =n)

where ¢ is still any parameter. However, when ¢ is chosen such that (1 —

a)E(X) = 1, the local central limit theorem shows that P(Zglz_la)n X, =
n) ~ Cn~Y2. By Stirling’s formula, it is now straightforward to see that

|0B(an)| = exp(anlogn + can + o(n))

Let us now turn our attention to the hitting distribution. We will get the
corresponding estimate by analyzing the Radon-Nikodym derivative (o) and
the Law of large numbers for v, as mentioned in the sketch of the proof.

More precisely, it follows from the proof of Theorem 31 that if o € dB(an),

with cycle decomposition of size my, ..., m@—_ayn, and t = an then
1 n(l—a) mi—2
v(o) = ———t! —_—
( ) (;)te—“(c) ];11: (mz - 1)'

Let us write aj, for the number of cycles of o of size k, so that Y ,_ ay =
n(l —a) and Zzzl kay = n. We can rewrite the above as

V(o) = 1H<1 Ll e—C)k)akcﬂ—@"ﬁ
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When we take the logarithm, calling g, = 25— (ce )" and p;, = kg,

logv(o) = k(c) —tlog (Z) +log t! —1—2 ailog pr+n(1l—a)logc—nlogc+cn
k=1
Recalling that t = an, ¢ = 2a, and using Stirling’s formula, we find that

logr(o) = —anlogn + an + Z ax log pr + o(n)
k=1

We would now like to use the law of large numbers for v since
v({oedB: % g <e Vi<k<n})—1
n

for given ¢ > 0, and where p; is the Borel distribution, but this is not
possible directly since we would obtain a bound €%, logp, = co So we
need to modify our choice : let

S, ={0c€0B: |%—qk| < (logn)~® V1 < k < (logn)? and a; = 0 otherwise}
n

First note that v4(S,) — 1. Indeed, we know that the order of deviation of
aj, from its mean ng; should be of order n'/?, which is much smaller than
the n(logn)™ in the definition of S,. Furthermore, no cycle can be greater
than Blogn (for some 5 > 0) when a < 1/2, because of the coupling with
the Erdés-Renyi random graph. Thus v(0B — S,,) — 0. On the other hand,
for all o € S,

(logn)?
> a+ Y (q+ (logn)~*)log pi + o(1)
k=1
(logn)?

> a+ Z qi log pr + o(1)
1

logv(o) + anlogn
n

from which we deduce that

1 o0
liminf—(logv (o) + anlogn) = a + Z qrlogpy == —1

nTee k=1
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After similar treatment for the limsup, we get
1
—(logv(o) +anlogn) — —c
n

Since

vo(Sn) = Z (o) — 1

O'ESn

it must be that |S,| = exp(anlogn + ¢; + o(n)). Therefore

. Sl
lim — 1
nirf}on “®19B|

=C —C =7

It now remains to show that v # 0. Observe that by Kolchin’s Theorem,
we could pursue the asymptotic expansion of |0B(an)| and the next term
would be polynomial in n. From the exact formula of v(o), we could also
find the next term for |S| and find that it is polynomial. Hence if v = 0,
then we would |S|/|0B| ~ n~® for some o > 0. But, another consequence
of Kolchin’s Theorem is that the decay has to be at least exponential: for
instance, permutations in S have a number of fixed points characteristic of
v and not of u. As we have seen earlier the number of fixed points under
i, n/(1+b), is smaller than under the hitting distribution. But since the
number of fixed points under p is given by a sum of almost independent
random variables:

n—|an| n—lan]

Z l{Xizl} given Z Xz =N
i=1 i=1

we have that

n—|an| n—|an

1
u(S) < Z L=y < 173 Z:;

< COn'l2em < Ol

]
Xi:n

by standard large deviations (here, simply Markov’s inequality), and because
the event on which we condition is of probability Cn~'/2. Hence the decay
has to be at least exponential and v cannot be 0. [
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Remark. The same argument shows that the hitting distribution of o is
supported on a set at least exponentially small even in the case a > 1/2, but
of course we do not know wether this is a precise asymptotics. If the decay is
still exponential after a = 1/2 it seems likely that the exponential coefficient
will not be smooth at a = 1/2. In figure 3.2 we have plotted the value of this
coefficient against a time-change of a. It would be interesting to compute
exact asymptotics in the case a > 1/2 and make this picture complete.

Remark. Kolchin’s representation theorem could have been used already
earlier for the proofs of Theorems 2 and 3. This would actually simplify
the proof of both results. However, we have chosen to keep the proofs as
they were, because they do not rely on a technical result such as Kolchin’s
theorem, which is not so well-known as standard large deviations theory.

3.8 Asymptotic hyperbolicity under the uni-
form measure

Here we present a proof of Theorem 33. The sketch of the proof below
contains some ideas that will be used and not re-explained in the actual
proof that follows.

Theorem 33 Let 0 < a < 1 and let o, 7 be two random independent points
chosen uniformly from 0B(an). Then

1. Ifa<1—1log2
E(olr), < (logn)?

for some 0 < § = d6(a) < oo Moreover, with probability asymptotically
1, there is a geodesic between o and m that comes within distance at
most §(logn)? of p.

2. Ifa>1—log?2
E(o|r), ~ dn

for some 6 = §(a) > 0. Moreover, no geodesic can approach p closer
than d'n for some 0 < ¢’ < co.

Sketch of the proof. To guess what the answer is, we exploit once again

the connection with the theory of random graphs. The first thing to do is to
realize that because of the symmetries of the Cayley graph G, it is enough
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to look at d(I, o - m) and see wether it is approximately 2an or much smaller
than 2an.

To construct our graph, we will need some notations. Let
T=Ti1To " Tan (3.9)

be a minimal decomposition of 7 as a product of transpositions, with the
following convention. If we list all cycles of 7 in the order of their lest
element, then the transpositions 7; are those (z,y) such that y comes just
after x in the cyclic decomposition of 7 and x and y are in the same cycle, and
we order the an transpositions according to their position in this canonical
decomposition. To clarify the ideas, suppose

7= (1437)(2)(58)(61009)

then we write

7= (14)(43)(3 7)(5 8)(6 10)(10 9)

We define the graph I' = (V, E) on n(1 — a) vertices as follows. Let V =
{cycles of ¢}, and there is an edge between C and C’ if there is z € C and
y € C' such that (x,y) is one of the an transpositions in the minimal de-
composition described above. Note that this graph could have self-loops and
multi-edges.

A notion that we will use on several occasions is that of being a terminal
point. We say = € {1,...,n} is terminal if x doesn’t appear more than once
in the transpositions of the above minimal decomposition. This means that,
with those conventions, x is situated at the "end” of the cycle of 7 in which
it is contained.

Here is why we are interested in the properties of the graph I'. If we
define 09 = o and, for 1 < r < an, 0, = 0 -7 ---7,, and consider the
process (0,,0 < r < an), this is a walk on G,, starting at ¢ and ending at
o -m. Moreover, since at each step we are multiplying by a transposition, the
cycles of o, evolve according to a discrete coagulation-fragmentation chain,
with cycles merging when the transposition involves elements from different
cycles, and cycles splitting otherwise (as it is the case for simple random walk
on G,). Therefore, I" is the graph that results from drawing an edge between
two cycles of o as we encounter a transposition joining those two cycles.
In particular, the same argument that shows that the Frdés-Renyi random
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graph is an upper-bound for the sizes the cycles of simple random walk on
G, will show that the cycles of o - m are subcomponents of the connected
components of I', with possibility of fragmentation whenever there is a cycle
in ', or a self-loop or a multiple-edge. All other edges represent coalescence
of cycles in the walk (0,,0 < r < an).

In particular, the property of I' that we will be mostly interested in, will be
to decide wether I' has a giant component, meaning a component containing
a positive fraction of all n(1 — a) vertices. Indeed when all cycles of I' are
small, we should expect very few cycles in I and hence little fragmentation.
Hence most steps of the walk o, are coalescence events and the number of
cycles decreases linearly: in other words, in the case that all cycles are small,
d(o,m) ~ 2an. On the other hand, if I" contains a giant cycle, then we can
expect many cycles in the graph and hence many fragmentation events in
the walk (0,,0 < r < an), which means that d(o, 7) < 2an.

Here is our strategy to see wether there is a giant component in I". Rather
than counting the number of cycles of o that a component of I' contains, we
prefer to compute the exact number of integers in {1, ..., n} that it actually
encloses prior to shrinking all cycles of ¢ into points. Formally, this means,
give weight W(C) = |C| to any vertex C of I', and ask what is the total weight
of a connected component of I'. Let C;(I") denote a size-biased pick from the
connected components of I'; i.e. the total weight of the connected component
of I" containing ”1” (or, more precisely, C(0)).

Lemma 22 shows that W(C;(I")) converges in distribution to the total
progeny of a branching process with offspring distribution a shifted geometric
random variable. The idea is that by Theorem 28, the various cycles of o
are asymptotically i.i.d., so that each edge in [ adds to the weight of C;(I")
a contribution which is, by Theorem 28, asymptotically a geometric random
variable G with parameter 1/(1 + b) where b satisfies log(1 +b)/b =1 — a.
This seems to give an infinite progeny almost surely (since G > 1 a.s.).
However, to every point that we examine there is a positive probability that
it is a terminal point. In this case, that integer does not connect to a new
independent cycle of o, and hence its offspring is 0. This kind of modified
branching process is defined more precisely and analyzed in section 3.8.3.
The key fact is that because of the special properties of the asymptotic law
of 7, which involves geometric random variables, this modified branching
process is in fact equal in distribution to another branching process where
the offspring distribution has been shifted from G to G — 1. In all that
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follows, we call X a random variable such that
XLG-1

Hence I" has a giant component if, and only if, F(G) > 2. Since p = 1/(1+0)
and log(1 +b)/b=1—a,

P(T" has a giant component) > 0 <= a > 1 —log2

Proof of Theorem 33
3.8.1 Structure of the proof

As this proof is rather long, we feel that it is appropriate to explain how
the various arguments are used. In section 3.8.2, we prove that W (Cy (")) =
Y 10 Z¢ the total progeny of a branching process with offspring distribution
X. Then in section 3.8.3, we define a modified branching process, and prove
that in the case of geometric random variables this becomes another branch-
ing process with shifted offspring distribution. We then use this to prove by
hand that in the subcritical case, |C;(o - )| is dominated by such a modified
branching process. Since this is a subcritical branching process, we prove
the exponential decay of the tail of |Ci(¢ - )|, uniformly in n. This enables
us to show that as long as a < 1 — log2 there are very few fragmentation
events in the walk (o,,7 = 0,...,an). The supercritical case is treated in
section 3.8.5. Since we have established branching process asymptotics, we
can use the duality principle of a branching process between the subcritical
phase and supercritical phase. This shows that the number of clusters of
[' in the supercritical regime can be computed by looking at the number of
clusters of I' for some specific subcritical time. Since we have proved that the
distance is linear in this regime, we now know how many clusters does I' have
at any subcritical time, and it follows that the number of clusters of I" in the
supercritical regime is strictly less than what it would be if the distance was
still linear. It only remains to prove that at any given time the number of
extra cycles that were generated by some fragmentation (and have not been
reabsorbed by other large cycles) is O(n'/?), which is done in section 3.8.6.

115



3.8.2 Branching process asymptotics

To start proving things, we need some more notations. Let Ay = {1} and
define recursively the A} by:

A= U Gw - U 47

TEAYD 1<j<k

The A} correspond to growing the branching process generation after gen-
eration, rather than cycle after cycle. Let (Z;,t = 0,1...) be a branching
process with offspring distributed as X. Note that by the construction of I,

we also have that .
DAY =W (Ci(T))
k=0

Lemma 22. As n — oo,
(|A8|’ |A7f|7 . ) = (ZO7Z1a .. )

Proof. Let us start by the convergence of (|Ajl,|AT]). If j = 0, P(|Aj| =
LAY =0)=P(r(1)=1) - 1/(1+b):=p=P(X =0). If j > 1, then

P(A5| = LAY =3) = P(1) #1; [Cxy(o)] = J)
= P(@(1) #1) - P(ICry(0)] = jlx(1) # 1))
— (1=p)-A=p/p=PX=))

Indeed, conditionally on {m(1) # 1}, (1) is uniform on {2,...,n}, so that
Cr1y(0) is as good a size-biased pick as Ci(c). Theorem 4 this observation.

Now let us consider the general case of finite-dimensional distributions. Let
ny > 0,ny > 0,...,n, > 0 with ) .n; < n. We are trying to compute the
asymptotics of

P(lAGl = LAY = ny .. [ AR] = )

To do this, we need to evaluate the probability of a collision occurring in the

first k stages, that is,

P (71’(1‘) € U A} — Cy(r) for some z € A} with j < k)
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We will say of an x such as in the event above, that it makes a backward
connection. Hence an z makes a backward connection if 7(z) maps it to
some lower level in the branching process, but z is not a terminal point.
Therefore backward connections (or collisions) are exactly those that may
lead to a fragmentation, as explained in the sketch of the proof.

It is easy to see that P( collision in first k stages) = O(1/n). In fact, it
follows from the uniformity of Lemma 23 that:

k j-1
P(JA§| = no, ..., |AL| = ng; b.w. collisions in k first stages) < ZnM

=1 "
< (Zf:o n;)*
n
(see also Lemma 24 where similar estimates are derived.)
Therefore it is enough to consider
P(|Ag| = 1,]AY| =ny ..., |A}| = ni|given no backw. connection)

Suppose A} ; = {z1,...,2,,_,}. Conditionally on the event that there is
no collision in the k first stages, m(x1),...m(x,,_,) belong to yet unexplored
cycles, (as long as they are not terminal). After decomposition on the number
of such z, the last probability is equal to

n Ng—1—J
= Z P( Z Crzy)(0)| = nk) P(#{x € A}_,,x terminal} = j|no bw conn.)
j=1 i=1
Ng—1—J '
Ly ( Sy ) .
>0 i=1
NE—1
= P (Z X, = nk>
i=1

by the asymptotic independence property of a finite number of size-biased
cycles, and the fact that given there was no backward connection, the x in
level A}, belong to different cycles of m, so that the events that they are
terminal are independent asymptotically.

These are the transition probabilities of a branching process with offspring
distribution X, so the Lemma is proved. O]
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3.8.3 A modified branching process

One way to formalize the idea that a vertex has a geometric number of
children only during finitely many generations, is to use a modified branching
process where each individual z is endowed with a nonnegative, integer-
valued random variable T'(z), that represents the ”life-time” of its family.
As long as T'(x) > 0, z will keep having children according to the original
offspring progeny L. But when T'(x) = 0, the individual will be declared
"terminal” and will not be allowed to have any children.

Here is a rigorous description of this modified branching process. Let X;; be
a collection of i.i.d random variables with distribution L, a fixed distribution
on the nonnegative integers (the original progeny). Let 7;; be i.i.d non-
negative integer-valued random variables, distributed according to another
distribution L', the life-time. Let Z; be the size of the process at time ¢ (with
discrete time). Define Z; = 1, and give the root life-time 7. Then define
recursively Z; by

Zt
Ly = ZXt,il{T(xi)>0} (3.10)
i=0
where x1,...,7z, are the Z; individuals of generation ¢. If y;,...,yz,, are

the Z;4; individuals of generation ¢ 4 1, the rule that we adopt for the
value of T'(y1),...,T(yz,,), is the following. If T'(z;) > 0 give all X;;
children of z; independent life-times from 7;;, except for one of its chil-
dren, say y;, for which T'(y;) := T(z;) — 1. Rigorously, let N, = #{i :
T(x;) > 0}, rewrite the z;’s removing the terminal ones, and call them
vy, 2y, Let T(y) = T(xy) — 1,....,T(yn,) = T(,) — 1, and let
T<yNt+1) = T;H-LNt-‘rl) s 7T(yZz+1> = 7ﬁt-‘rLZtJrl'

Of course we make this definition because asymptotically, W (C;(I")) will be
well-approximated by such a system, where the offspring L is the size of cycle
of o, and where L’ is the size of a cycle of 7. Indeed, suppose we are exploring
the cluster containing 1 in the graph of the superposition of o and 7. T'(1)
is |Cy(m)|, which corresponds to the fact that after that many iterations of
m we are back to where we started and no longer add anything new to the
population of the cluster. However, after one iteration say, all vertices in the
first generation, other than (1) itself, belong to different cycles of = with
high probability. Therefore their lifetime should be an independent random
variable, distributed as L’.
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In general, the ageing branching process (Z;,t = 0,1,...), where each in-
dividual has a ”life-time” that it transmits to one of its children, is not a
Markov process with respect to its own filtration o(Zy, Z,...). Indeed the
size of the generation ¢ + 1 not only depends on the size of generation ¢, but
also on the random variables T, where x is an individual of generation ¢, so
one would need to add in the filtration the values of T'(x) for each generation.

However, a miracle happens due to the fact that the cycles of 7 have (asymp-
totically) a geometric distribution G. Let p’ be the parameter of G : P(G =
j) = (1 —p/)~'p/. Then the distribution L’ of the random variables T} ; is
again G. For & > 1, conditionally on T" > k, T'— k is distributed as G. This
fact, called "lack of memory”, has the following amazing consequence:

Proposition 2. When the lifetime L' is a geometric random variable, (Z;,t =
0,...) is a Markovian branching process with offspring distribution L1{~oy.

When L £ 1/ £ G, this distribution is X 2G-1.

Proof. Let B;; be Bernoulli random variables with success parameter P(By; =
1) = p/. Because G =, inf{t > 0; B;; = 1}, the event {T'(x;) > 0} is the
same as {B;; = 0}, so (3.10) becomes:

Zt
iy = Z Xiil(B, =0} (3.11)
=0

This expresses the fact that for each new vertex visited, we can take the
decision of closing the cycle, independently of the past. When the cycle
still has some length to be explored, then the vertex has X;; children. This
decision affects the law of progeny at a given vertex. The new distribution
of the progeny is now, by (3.11):

| / if =0
PX=7)= { U= p)P(Xe=j) it 21 (312)

Of course, for our problem, o =4 7, so both L and L' are distributed as G.
As can be readily checked from (3.12), the distribution of X is thus a shift
of G:

XLG-1 (3.13)

]
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3.8.4 Fragmentations in the subcritical case

First note that if ¢ is a uniform permutation on 0B(an), if we visit all points
in {1,...,n} according to their order of appearance in the canonical cyclic
decomposition of o, and call this process V;(0 < t < n), then the successive
points are in some sense uniformly chosen from what remains to be found,
at least as long as we don’t have to start a new cycle. More precisely:

Lemma 23. Given (Vy,...,V;) and given that V; is not a terminal point,
o(Vi) is uniform on {1,...,n} —{Vy,..., V;}

The proof of this lemma follows directly from the Feller coupling pre-
sentation of a uniform permutation on G,,, which also has (obviously) this
property. Conditioning on the number of cycles does not change how the
cycles are filled in.

Lemma 24. Suppose the branching process is subcritical, i.e. p > 1/2 or
(equivalently) a < 1 —log2. Then the number of fragmentations in the walk
(0,7 =0...n) is o(n).

Basically, all cycles are fairly small, so by improving our estimates on the
number of collisions, we should get an O(1) bound, just like in the Erdds-
Renyi case. Technicality arises due to the fact that the cycles are conditioned
independent random variables, and not just independent. Here is a rigorous
proof.

Proof. We prove things in two steps.
First, we prove a uniform bound for the size of a cluster: we show that if we
write 7 = [, 7, and denote by 7, :==[[_; =

P(|Ci(0 - )| > u for some r < an) < Cnexp(—au) (3.14)

where C' and « are constants independent of n, and u is any number.

Once this exponential control is proved, we can bound the number of times
that one of the 7,.’s will yield a fragmentation. Indeed, recall that to obtain o-
7w we can perform successively the 7,’s on ¢, and each one yields a coagulation
or a fragmentation. We hence view this a process indexed by 1 < r < an.
In the course of this process, at all times, by (3.14) applied to u = (logn)?,
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no cluster is larger than (logn)? with overwhelming probability, so that by
Lemma 23:

P(7,41 yields a fragmentation) < 2(logn)?/n
There are (exactly) an transpositions to perform, hence:
E(#frag.) < 2a(logn)?

This is already largely enough to prove Lemma 24.

We will now prove that (3.14) holds, since this is the only thing that remains
to be proved. Although we have seen that in the limit each cluster is a
subcritical branching process, (for which such an exponential tail of the total
progeny holds), when n is finite there is no real branching process available
to dominate Ci(o - ), essentially because the size of the cycles are not
ii.d. random variables. However, they are conditionally independent, (cf.
Theorem 34, or Theorem 28), and we will use this fact to construct a real
branching process that dominates C; (o - 7,.), when conditioned on some mild
event. This conditioning accounts for the extra factor n in (3.14).

Here is how we proceed. By Kolchin’s representation theorem (Theorem 34),
there are random variables (Xi,..., X;1—q)) such that the joint law of the
size of the cycles of o is (X1,..., Xy1-a)) given >, X; = n (we will call A4,
the event that ) . X; = n). The X;’s constitute a "pool” of possible cycle
sizes. Similarly, there are random variables (Y1,...,Y,1_4)) such that the
joint law of the sizes of the cycles of 7 is (Y3,...,Y,1_q)) given ) .Y, = n
(let B, be the event that ). Y; =n).

We give an upper bound of C;(o - ) in terms of the modified branching
processes of section 3.8.3, that uses only the X;’s and the Y;’s. Start with
vertex 1 and chose a size-biased pick X| of the X;’s (the cycle containing
1). Put T(1) = Y], a size-biased pick of the Y;’s. Next, given X| = k,
put T'(2) = Yy,...,T(k) = Y/. All vertices with positive lifetime 7" have a
number of children given by a size-biased pick of the remaining X;’s. They
transmit their lifetime -1 to one of their children and the rest have lifetimes
given by size-biased picks from the remaining Y;’s. Then repeat the procedure
until we cannot go any further (i.e., until all vertices at a given generation
have lifetime 7" = 0, or until all X;’s ¥;’s have been picked). Call Z’ the total
population obtained at the end of this construction.
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We claim that Z’' dominates all stages of Ci(o - m,), because Z' gives the
cycles of o coagulated by those of 7, without taking any account of eventual
fragmentations. In particular, in Z’, as long as a vertex x is not terminal
(T'(x) > 0), the children of z will be part of the population of Z’. Of course
in the event of a collision or a backward connection, Z does not contain any
additional children, so that Z < Z’. Therefore

P(Z > u) P(Z' > ulA, and B,)
P(An) " P(By) " P(Z' > u; Ay; By)

CnP(Z' > u)

IA AN IA

Indeed, by the local central limit theorem (see Durrett (2004)),

n(l—a)
P(A)=PB) =P 3 Xi=n| ~ 012

=1

To complete the proof, it remains to notice that size-biasing the logarith-
mic distribution of Kolchin’s Theorem gives a geometric random variable.
Therefore, by arguments already developed in the sketch of the proof, Z’
is the total population of a branching process with offspring distribution X
of (3.13), and starting with a geometric number of individuals G. Because
p > 1/2, this branching process is subcritical. In this case, classical estimates
(Athreya and Ney (1972), Durrett (2004)), show the exponential tail

P(Z" > u) < Cexp(—au)
This concludes the proof of (3.14), and also that of Lemma 24. O

Remark. It is possible to avoid the use of Kolchin’s representation Theorem
in the above proof. Indeed, by Theorem 28, a size-biased pick of the cycles
has, after unconditioning on some event of probability o< n~/2, a distribution
which is given by the lengths of sequences of 1 in the Bernoulli trials CZ-(’\).
However, since (3; = P(Ci(’\) =1) <b/(1+40), it follows that the distribution
of a size-biased cycle is thus (after unconditioning) stochastically dominated
by the geometric random variable G.
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3.8.5 Mean in the supercritical regime and duality

Although this may seem surprising a little surprising at first, we use the
result from the subcritical case to get that for the supercritical case. The
idea is to use the duality of branching processes.

A crucial remark is that the number of cycles of o is given by "', 1/|C,(o-
)|, hence by exchangeability

1

1
|Cl(F)|) — E(=——|T > 1)

T —

1
— F(#clusters of I') = F(
n

where T is the total progeny of a branching process with offspring distributed
as X and started with 1 individual. Indeed, let us not forget that the first
generation Ay of the branching process is itself a geometric random variable,
so we can add an imaginary root and then subtract it (thus 7'—1). Introduc-
ing an extra vertex for the root allows us to make use of the duality principle
of branching processes. (Athreya-Ney (1972), Durrett (2005)).

The duality principle states that a supercritical branching process, condi-
tioned on extinction, is another branching process, subcritical, whose off-
spring distribution is given through its generating function. If ¢(s) = E(s*)
is the generating function of X and « is the extinction probability « = P(T <
o0) then the conditioned process has offspring distribution characterized by

¢'(s) = ¢(sa)/a
Here, P(X = j) = (1 — p)’p, so

¢(s) = ﬁ
Therefore Ja
¢'(s) = #(1_29)
The fixed point equation for « yields that
g +a(l-p) =1 (3.15)

so that ¢’ is the Laplace transform of another shifted geometric random
variable X', with parameter p’ = p/a. Let T” be the total progeny of a
branching process with offspring X’ and started with 1 individual.
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Let us now relate the supercritical and subcritical regimes. By duality,

P(T < o0) 1
P> D71
P(T < o0) 1

BT > 1)

1 T <
T — {T>1}| OO)

~ P(T>1) (F—qte=n)
P(T < o0) , ,
= mP(T > 1)E(T/ — 1|T > 1)

However for the subcritical regime, we know by Lemma 24 that there are
only o(n) fragmentations, so the distance between ¢ and 7 is 2an + o(n) and
the number of clusters is (1 — 2a)n + o(n). Hence E(7=|T" > 1) =1 —2d/,
where a’ is the radius corresponding to the conditioned parameter p’. Since
p=1/(1+b) and log(1+4b)/b =1 — a, we have that

plogp

L=p

On the other hand, due to the fixed point equation (3.15), the constant
P(T'>1)/P(T >1)=(1-7p)/(1 —p) simplifies into .

Therefore, Theorem 33 is proved when we show that

a=1+

a’(1—2d") >1-2a

Using the fixed point equation (3.15), we find that o’ = 1+ plogp'/((a?)(1 —
p)), so that the above reduces to

log p/ 1
L2 _oPlosy - plogp
I—p I—p
or 21
PO S 021
I—p

Using one more time the fixed point equation, one gets
2ploga > a—1
Since log(1l — ) > —u, it is therefore enough to show
—2p(1—a)>a—-1lor2p<l

which is precisely the condition that the branching process is supercritical.
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3.8.6 Fragmentations in the supercritical range

In the previous section we have computed asymptotics for the expected num-
ber of clusters in the graph resulting from the superposition of the cycle
structures of ¢ and w. We now need to show that at the end of the walk
(o,,7 =0,...,an), there are no more than o(n) additional cycles that been
generated by fragmentation, compared to the number of clusters of I'.

To do this, we use once again the dynamic point of view adopted to deal
with the subcritical regime. Let 7,...,7,, be the decomposition of 7 in
product of an transpositions as evoked earlier, and let o, =0 -7 ... 7.

Lemma 25. For each 1 < r < an, the expected number of cycles in o,
generated by fragmentation is O(n'/?).

This is similar to the Erdés-Renyi case of Berestycki and Durrett (2004),
Theorem 3. Lemma 25 does not claim that the number of fragmentations
itself is O(n'/?), but that the number of extra cycles generated by fragmen-
tation is O(n'/?). Just like in the Erd6s-Renyi case, many of the cycles that
are fragmented get reabsorbed by large components fairly quickly.

Proof. There can never be more than n'/? cycles of size larger than n'/2. On
the other hand, by Lemma 23, the probability that 7, will create a fragment

of size smaller than n'/2 is at most n'/2/n = n=1/2. Therefore the expected
number of such fragmentations is at most an - n=Y/2 = O(n'/?). O
At this point, theorem 33 is proved. Il
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Figure 3.2: Numerical evaluation by Maple of the limiting behavior of the
quantity —n~'log ||gg‘|. The result is plotted as a function of £ = f~1(a),
where f(£) = 1+1log(1—¢&)(1—¢)/¢. f~! is an increasing function of a. The

plot is only relevant for a < 1/2 i.e. £ < f71(1/2) ~ 0.715331863....
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Chapter 4

Limiting behavior of the
distance of a random walk

by Nathanaél Berestyckil? and Rick Durrett?

1. Ecole Normale Supérieure, D.M.A.
2. Cornell University, Department of Mathematics.

4.1 Introduction

Consider the symmetric group on n markers, say {1,...,n}, and suppose we
want to study how this initial order is perturbed by randomly shuffling those
elements according to some specific rules. For instance, one can think of
repeatedly choosing two elements at random, and exchanging them (this is
the so-called random transposition random walk). This is of course the model
of card shuffling studied by Diaconis and many others, but we have another
application in mind, namely the rearrangement of genome under the action
of specific large-scale mutations, which involve changes within a chromosome
at the scale of several genes.

When we think of card shuffling it is important to understand how many
moves does it take to bring the deck of card close to random. However in
the context of computational biology, a quantity of interest is the following:
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given the current state of a genome, can we guess how many moves have been
performed that have resulted in this specific configuration?

A first approach to this question consists of using what computer scientists
refer to as a parsimony method, i.e., what is the minimal number of moves
that have necessarily been performed to obtain this specific configuration?
Often (give references), this provides an accurate answer. In some cases, it is
even possible to find a polynomial algorithm which computes this parsimony
distance between two given genome configurations.

However there are some cases where the parsimony approach does not
give the right answer. This was first observed on simulations of Bourque and
Pevzner (2002) and later confirmed theoretically by Berestycki and Durrett
(2004). More precisely, X; be the random transposition random walk on n
markers. This means, in discrete time, X} is the composition of k indepen-
dent uniform transpositions (i, 7), or, in continuous time, that we perform a
random uniform transposition at the jump times of some Poisson clock with
intensity 1, and this model corresponds to exchanging two markers chosen
uniformly at random as a rearrangement rule. Let D, be the distance of X,
from its starting point, i.e. the minimal number of transpositions necessary
to build X; from transpositions (so, D; is the parsimony distance of Xj).
The main result of Berestycki and Durrett (2004) is that D; has a phase
transition at time n/2 as n — oo:

Theorem 0. Lett > 0. Then
n~ Dy, —, f(1)
where f(t) is defined by:

t fort <1/2
f(t) = oo 1 kk—2 —2t\k
].— k:lﬂT(2te ) <t fO’f’t>1/2

In particular, the parsimony method gives an accurate answer if (and only
if) fewer than n/2 transpositions have been performed, or equivalently, the
observed parsimony distance is smaller than one half the number of markers.
The authors then show that this result remains valid for random reversals, a
much more realistic model for the inversions within a chromosome.

However the methods used to prove this result are very specific to this
random walk, and it is an obvious question to ask wether this striking phase
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transition is shared by other random walks. More generally, the purpose of
the present paper is to see through a rather large set of examples what can
be said about the distance Dy, of a random walk to its starting point at
some time t#,, where 6,, is a time-scale that must be chosen appropriately.
We are particularly interested in situations where a phase transition similar
to Theorem (0 may or may not occur.

Organization of the paper. In the next section we present our main
results and try to explain where the results come from. Each of the following
sections is devoted to a particular example (3-cycle random walk, random
adjacent transpositions, random walk on a random 3-regular graph).

4.2 Summary of main results

We start by describing the results that we obtain for the random walks under
consideration.

4.2.1 Random p-cycles

A first walk that we consider is a simple generalization of the result for
random transpositions. Suppose that the step distribution is now uniform
on cycles of lengths p, where p > 3 (so p = 2 is exactly the case of random
transpositions). To avoid useless complications we explain our results for
p = 3. As Theorem 35 shows, this random walk displays a phase transition
very similar to that of random transpositions.

For ¢ > 0, let

(254 1)*72 .
’LL(C) -1 Z ( S _;' ) (SC)se—ﬁc(s-i-l/Q)
s=0 )

For t > 0 denote by D, the distance to the identity of o;, where o, denotes
the random walk which is a product of a Poisson number of 3-cycles.

Theorem 35. Let w(n) be any sequence with w(n) — oo as slowly as we

want. Then
D —u(c)n

w(n)y/n

— 0
wn probability.
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Of course the function has similar characteristics as in the case of random
transpositions for ¢ < 1/6, u(c) = ¢, it has no-second derivative at ¢ = 1/6
and u(c) < ¢ for ¢ > 1/6. The value ¢ = 1/6 for the phase transition is
perhaps surprising. Indeed the naive reasoning that we are about to present
suggests the value ¢ = 1/4 as a first guess. Indeed, any 3-cycle (a b ¢) can
be decomposed as the product of 2 transpositions (a b ¢) = (a b)(b ¢), so
it seems at first that this random walk goes "twice as fast” as the random
transposition, since there are "two steps at once”. Of course, in this decom-
position the two transpositions share a common point (b), but intuitively this
should actually slow down the walk - whereas in fact we observe the phase
transition before ¢ = 1/4, at ¢ = 1/6.

Our proof sheds light on this rather surprising fact. We use random hyper-
graphs as a substitute for Erd6s-Renyi random graphs. Random hypergraphs
are graphs where edges (”hyperedges”) may connect several vertices at the
same time. The natural thing to do is then to couple the random walk with
a hypergraph process, adding a hyperedge connecting a,b and ¢ whenever
the 3-cycle (a b ¢) is applied. The result of doing this is, morally, adding the
edges (a,b), (b,c) but also the edge (c,a): therefore this walk goes 3 times as
fast as random transpositions, and this is where the value ¢ = 1/6 comes in.
More generally, for a random p-cycle, the phase transition is located at time
cn with ¢ = 1/p(p — 1). Again, loosely speaking, this walk has been sped up
by a factor of (12’) compared to random transpositions.

4.2.2 Random adjacent transpositions

As we will see, the random adjacent transposition provides a first example of a
walk which has a very different behavior, with different regimes but no sharp
phase transition. The walk (X, ¢t > 0) is once again a S,-valued Markov
process where the step distribution of the discrete-time walk is uniform on
transpositions (i,7+1) for 1 <i < n—1. To evaluate the (adjacent) distance
of a permutation o, i.e., the minimum number of adjacent transpositions
needed to build o, or the graph distance between I and o on the Cayley
graph of §,, generated by the set of adjacent transpositions, there is a very
convenient formula

dagj(0) =Inv(o) :=#{1 <i<j<mn:0(i) >o(j)} (4.1)

Inv(o) is called the number of inversions of o.
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Having in mind roughly the same applications to computational biology
as those exposed earlier in the introduction, Erikkson et al. (2000) considered
the problem of evaluating the distance after &k random adjacent transposi-
tions were applied. Relying heavily on formula (4.1) they were able to carry
some explicit combinatorial analysis, to obtain various exact formulae for
this expected distance, such as this one:

Eduy(Xa) Xk: . ) K g 1)2’“OT+4dT (m (4.2)

r=0

where t(k) = inf{s > 0 : N, = k} is the time at which the ™ random
adjacent transposition is applied, C. are the Catalan numbers and d, is some
non-negative integer sequence. This formula is obtained by Erikkson et al.
(2000), and then improved by Eriksen (2005) (who calculates explicitly the
sequence d, and also proves that the formula holds for a wider range of k),
based on the observation that the matrix with entries p; ;(t) = P(X. (i) >
Xi(7)) performs a discrete heat-flow process, a fact that will become obvious
from our approach.

However getting useful asymptotics from exact formulae such as (4.2)
seems an almost untractable task. On the other hand, we give a much more
probabilistic approach, which has the advantage of yielding intuitive results
about the asymptotic behavior of this walk. Also, in certain regimes our
results go beyond beyond the simple expected value analysis.

Let us explain very briefly the starting point of our analysis. By (4.1),

we get
adJ Xt Zl{Xz )>X4 (5
1<J

On the other hand, if 1 < i < n is fixed, the trajectory (X;(i),t > 0) of the i}
particle under the action X, is nothing but a continuous time simple random
walk, on {1,...,n} with reflecting boundaries, starting at i, and with rate
2/(n — 1) except at the boundaries where the rate is 1/(n — 1).

Taking two such trajectories, say those of particles ¢ and j with i < j,
they now both perform independent simple random walk, except when they
are adjacent, because it is never the case that X;(i) = X;(j). When they are
adjacent, the only thing that can happen is an exchange of the two particles,
or one of them has to leave away from the other. In other words, this couple of
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particles performs simple exclusion on {1,...,n} (with reflecting boundaries
and modified rates near the boundaries).

Taking expected values for instance, this simply becomes

Edyg(X)) =Y PY(Y, >Y])

1<j

where the law of (V;,Y/) under P% is just simple excursion of two particles
started at ¢ and j.

From this representation we can deduce the following result after some
analysis.

Theorem 36. Lett > 0. Then
1
Edu(Xu) — ()

as n — oo for some explicit function f(t). f(t) is infinitely differentiable,
and moreover it has the asymptotic behavior
f) 1

i 7 = 3Pl Bad =22

where By is a standard Brownian motion.

This should be regarded as a ”diffusive behavior” type of result. The
next result looks at the distance of the random walk on time-scales of the
order n3t. On this time-scale, any two particles may have had a chance to
be exchanged. Indeed, it takes about n? unit of time for particles n units
of space apart to meet, and recall that a given pair of particles evolves with
rate O(1/n), which accounts for the extra factor n in the scaling. Let p;(u,v)
denotes the transition function of 1-dimensional Brownian motion reflecting
at 0 and 1.

Theorem 37. Let t > 0.

%@@Wp%[mﬁ@%%@@wlhwww—ﬂ&@>&w

where By and By are two reflecting Brownian motions started uniformly on
0 < By(0) < By(0) <1 evolving independently.
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4.2.3 Random walk on a random 3-regular graph

Here is an example of a random walk which has a phase transition in a
context much different from the case considered so far of random walks on

Sy

A 3-regular graph is a graph where all vertices have degree equal to 3. If
n is even, it is always possible to draw such a graph on n vertices, and and
a random 3-regular graph is a uniform member of such graphs. Bollobas and
de la Vega (1982) have given a representation of a random 3-regular graph
in terms of random matchings. Rapidly, expand each vertex ¢ into 3 vertices
3i, 3t + 1 and 3¢ + 2. If n is even, we may consider a random matching
of those 3n vertices. A random 3-regular graph G, is then obtained by
collapsing back the groups of 3 vertices together and keeping the edges of
the random matching. (In fact this only holds on the event that there are
no self-loops or multiple edges in G,, but this can be shown to have positive
probability asymptotically). Alternatively, a random 3-regular graph is also
a special case of the Molloy and Reed (1995) graph model where vertices
have a prescribed degree distribution.

We make use of these two (equivalent) representations of a random 3-
regular graph. The result that we prove for the random walk (X, k£ > 0) on
this graph is the following, assuming that X, = 1.

Theorem 38. For fizedt > 0

d(XLt logy 1| ) R
log, n

100 =sup (501

An intuitive description of a random 3-regular graph as seen from vertex
1 can be given as follows. Let us grow the cluster containing 1 by exposing
successive vertices with increasing distance away from 1. As long as we have
not exposed more than o(n) vertices this should look very much like a regular
tree (i.e., each vertex has 2 edges going away from the root and 1 leading
back towards the root). Therefore this phase roughly lasts until distance
log, n. After distance log, n however, this tree approximation is no longer
valid and there are many edges inter connecting the vertices.

Therefore, as long as we are below critical distance log, n, we expect that
d(X}) evolves like a biased random walk on Z,, with transition probabilities
p(z,z+1) =2/3 and p(z,z — 1) = 1/3. After k moves we expect this walk
to be at distance k(2/3 —1/3) = k/3.
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On the other hand, once the walk reaches a distance corresponding to
the average diameter of the graph (log, n by Bollobas - de la Vega (1982), or
Theorem 2.13 in Wormwald (2005)) it should remain at this level. Indeed it
cannot go any further since this is the diameter, and on the other hand the
tree structure below makes it hard for it to come down back toward the root.

As we already mentioned, this gives a lower bound on the time to reach
equilibrium for a random walk on a random 3-regular graph. Indeed, the
walk cannot have reached equilibrium before it has reached a distance corre-
sponding to the average diameter of the graph. In fact, we conjecture that
this lower bound gives the right answer.

Conjecture 2. This lower bound is sharp: random walk on a random 3-
reqular graph mizes in time 3logyn.

Right now it is known that O(logn) is the correct order of magnitude
t .
for the mixing time. More precisely, if we let A(t) = max; ; M be the
J
relative pairwise distance between the chain and the invariant (here uniform)

measure 7, then A(blogn) — 0 for b large enough. See Durrett (2005) for a
proof.

4.2.4 Informal speculation

Loosely speaking, the study of different examples coming from different con-
texts suggests that the behavior of the distance of a reversible random walk
on a large but finite graph is characterized by the existence or the absence of
a phase transition for some suitable time-scale. In all the examples that we
study, transition phases for the distance are preceded by a phase where the
distance evolves in a purely linear fashion (random transpositions, random
3-cycles, random 3-regular graph), and then followed by a sublinear phase,
where the distance grows more slowly towards a limit which is the average
distance in the graph.

On the other hand when such a phase transition does not happen the walk
may exhibit several regimes but the behavior of the walk throughout each
phase is then always (in all the examples we study) smooth and sublinear
- actually, close in some sense to the classical diffusive behavior of random
walks on Z?. In this category we find random walk on a large-dimensional
hypercube and the composition of random adjacent transpositions.
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This informal claim should be tempered by the fact that even in the
simplest examples it is always to possible to come up with a time-scale that
is so rough that the distance becomes actually discontinuous. Requiring that
the distance be continuous (for instance) on the time-scale considered allows
one to take care of trivialities like that.

4.2.5 Other random walks and some open problems

We hope to initiate a programme of identifying which random walks have
a phase transition and which remain smooth. More generally, we view the
analysis carried on the examples above as the start of a more complete in-
vestigation of what are the possible behaviors for the distance of a random
walk. In particular, does there exist random walks with different behavior
from one of the examples above, e.g. a walk with a smooth transition from
a linear regime to a sublinear regime, or one with a non-smooth point but
sublinear at all times.

Some more work is already going in this direction. For instance, Fulman
(2004) studies the evolution of the distance when the random walk is the so-
called Gilbert-Shannon-Reeds riffle shuffle. For this shuffling method (which,
we emphasize, is nonreversible), Bayer and Diaconis (1992) proved an explicit
formula for the distribution of o; after r shuffles. In particular from this
formula it follows that the rifle-shuffle distance of a permutation is given by

d(o) = [logy(Des(o)+1)]| where Des(o) = #{1 <i<n—1:0() >o(i+1)}

Des(o) is called the number of descents of o. The main result of Fulman
(2004) is

Theorem 39. Fulman (2004). After r = log,(an) shuffles

1 1
—E(Des(o, S
~E(Des(o;)) = a = 70—

at least if > 1/(27).

This says that for this range of r the walk is already in a sublinear regime.
In particular, as &« — oo we get that d(o,) ~ log,n since the expression
a — ﬁ is asymptotic to 1/2. This is not surprising since this is the
diameter of the graph. It is not clear at this point wether this formula also
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holds for smaller values of «, although it is tempting to let & — 0 and get
that for small values of o the walk is "almost” linear (the fraction term with
the exponential is much smaller than the other term).

Also, the techniques developed for the random walk on a 3-regular graph
should be very useful when dealing with graph which have a strong ”tree”-
like geometry. For instance, the giant cluster of a supercritical Erdos-Renyi
random graph should be another example where the random walk exhibits
a phase transition. Essentially, the arguments will be the same, except that
there is no available good upper bound in the supercritical regime of the walk.
Indeed for this we would need good estimates on the (topological) diameter
of the giant component. This was easy in the random 3-regular graph (it
is a 20-year old result of Bollobas and de la Vega), but in the supercritical
random graph this is an important open problem (see Chung and Lu (2001)
for partial results). Indeed it is not even known if the diameter of the graph
is realized on the giant component or on some ”small” cluster!

4.3 Random p-cycles

4.3.1 Random hypergraphs, definitions and notations

A hypergraph is a graph where edges can connect several vertices at the same
time. Formally:

Definition 6. A hypergraph is given by a set V' of vertices and a subset E
of P(V'), where P(V') denotes the set of all subsets of V. The elements of E
are called hyperedges. A d-regqular hypergraph is a hypergraph where all edges
connect d vertices, i.e. for all e € E, |e| = d.

We call G4(n, M) the probability distribution on d-regular hypergraphs
on V ={1,...,n} which is the uniform distribution over all hypergraphs on
V ={1,...,n} with exactly M hyperedges.

So when d = 2 this is just the usual Erdés-Renyi random graph case,
since a hyperedge connecting two vertices is nothing else than a usual edge.

In the study of Erdés-Renyi random graphs, and in coupling those graphs
with the random transposition random walk, the notion of a complexity of a
component played an important role. In particular, trees were the simplest
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possible connected components and outnumbered all other type of compo-
nents by a large amount, a fact that was crucial for counting the number
of connected components of a random graph. The correct way to bring this
concept in this context is to define the excess of a subgraph H of a hyper-
graph.

Definition 7. The excess ex(H) of a given subgraph H of a d-reqular hyper-
graph G is the quantity

ex(H)=(d—1)s—r
where r = |H| and s is the number of edges in H.

This definition finds its justification in the fact that if H is connected
then ex(H) > —1. Indeed, each hyperedge adds at most (d — 1) points to the
component, except for the first edge considered which brings in d vertices.
Hence if any two hyperedges don’t intersect at more than one vertex at a
time the quantity (d—1)s—r is exactly equal to —1. In this situation we will
say that H is a tree (or a hypertree if we want to emphasize the difference
with usual random graphs). Otherwise, ex(H) > 0. If ex(H) = 0 and H is
connected we will say that H is unicyclic and if the excess is positive we will
say that the component is complez.

Remark. We write this with some care because there is at least one other
natural way to define what a tree is in this context, which is to say that H is
a tree if it is a minimally connected set, i.e. removing any hyperedge would
make H disconnected. As can be easily seen from the discussion above, the
two notions do not coincide when d > 3. Karonski and Luczak in their
paper of (2002) also use Definition 7 for a hypertree, but in their older paper
of (1993) they use the minimal connectedness notion. For the particular
application we have in mind, it is preferable to use Definition 7.

4.3.2 Critical point for random hypergraphs

In classical Erdés-Renyi random graphs, it is well known that for M = cn/2
and ¢ > 0 the behavior is much different according to the position of ¢ with
respect to 1. Namely, when ¢ < 1 the graph consists a.a.s. (i.e., with prob-
ability 1 asymptotically) of trees and unicyclic components, all smaller than
O(logn). When ¢ > 1 there is a single giant component, that is a compo-
nent whose size is approximately #n for some 6§ > 0. The giant component
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has a complexity of order n, while all other components are not larger than
O(logn) and are either trees or unicyclic (all these properties are of course
only valid a.a.s.). Here a similar phenomenon has been proved by Karonski
and Luczak (2002).

Theorem 40. Let M = cn, and consider a realization of Ga(n, M).

- When ¢ < cq =1/(d(d—1) then a.a.s there are only trees and unicyclic
components. The largest component is O(logn).

- When ¢ > ¢4 then there is a.a.s a unique complexr component, of size
04(c)n asymptotically. all other component are not larger than O(logn).

This result contains the Erdés-Renyi theorem as a particular case (d = 2).
We complement this result with a result on the number Njgers 0Of connected
components of G4(n, M) when M = cn. We belileve this result to be new.
To avoid useless complications we specialize from now on to the case d = 3.

Theorem 41. The number of clusters Neusters 1 a random 3-reqular hyper-
graph Gs(n, M = cn) satisfies

1 - (28 + 1>8_2 S _—0c(s
Nelusters —p Z T(Zﬂc) o—0c(s+1/2)

n
s=0

Remark. Differentiating twice and using Stirling’s formula we see that the
s—2

function of the variable ¢, ¢+ 320 = (3¢)5e~0<(+1/2) s differentiable

but has no second derivative at ¢ = 1/6.

Proof. By Theorem 40 it is enough to count the number of trees in Gs(n, M).
We will first compute the expected value and then prove a law of large num-
bers using a second moment method.

Let s > 0, we first compute the number of trees with s hyperedges (s =
0 corresponds to isolated vertices). These have r = 2s 4 1 vertices. By
Karonski-Luczak (1997), there are

(25)!(2s + 1)1
5128

trees on r = 25+ 1 vertices (this is the equivalent of Cayley’s (1889) formula
that there are k*~2 ways to draw a tree on k labelled vertices).
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If T is a given hypertree with s edges, there are a certain number of conditions
that must be fulfilled in order for 7" to be one of the components of G: (i)
s hyperedges must be open, (ii) (2) — s hyperedges must be closed on the
inside of the tree, (iii) 7" must be disconnected from the rest of the graph,
which requires closing T‘(Z:I) hyperedges.

Now, just like in Erdds-Renyi random graphs, we first assume that each
given hyperedge is open independently of the others, and the probability of

its being open is
p=1—exp (—%) ~ 6¢/n?
3

Indeed if show this for the Binomial model (where edges are independent)
the result will follow for the uniform model G4(n, M) by considering that the
edges of Gg4(n,p) arrive according to a Poisson point process. Conditioning
on the time of the M arrival and using the central limit theorem for Poisson
variables will conclude the proof in the case of the uniform model. (This last
complication is useless for the application of the Theorem that we have in
mind since on our case hyperedges do arrive with a Poisson point process).

Therefore the probability that 1" is a component of G is
ps(l — p)(Z)*S”(SiI)
Hence the expected number of trees in G with s edges is

(n) Q)25 + 1" g (@) (i) (4.3)

r 5128

On the other hand

(1—p) (@)= (5D ~ exp (—r (” ) 7“) %) ~ exp(—3re) = exp(—6c(s+1/2))

So, after simplification, summing over all possible values of s gives by Fatou’s
Lemma

: : 1 - (28 + 1)8_2 S _—0cls
lim inf — F'( Neusters) = Z T(Bc) e~ 6cls+1/2)

n—oo M 0
S=
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In the other direction we note that for every ¢ > 0 we can choose sy such
s—2

that the infinite series 320 2" (3¢)%e~6<(+1/2) can be approximated by

the sum of its first sy terms within e. Then by (4.3) it suffices to show that

C'logn

5!2S
s=so+1

can be made arbitrarily small (indeed by Theorem 40 there is at most one
cluster larger than C'logn, namely the giant component). This is done by
using Stirling’s formula and proving an exponential decay for the terms in
the series when ¢ is not at the critical value ¢ = 1/6. When ¢ = 1/6 we note
that the number of clusters is increasing so we easily bound N jugters from
both sides by its subcritical and its supercritical one. Since the function

S 23*; )" (3¢)se=6%s+1/2) is continuous, this proves the asymptotics

1 > 28 —i—
—E us ers 3 s,—6c(s+1/2)
- lusters) — Z (3c)’e

s=0

To get the convergence in probability and not just in expectation, we use a
second moment estimate and remark that

clusters Z ’C |

where C; is the cluster containing 7. In fact it is enough to prove that for

every sy < 0o, var (N32°...) = o(n?) where

N5 = #{clusters with no more than 2s + 1 vertices }

(We adopt this definition since those clusters have usually no more than s,
hyperedges and correspond to the terns with s < sg in the sum).

Indeed, if this we assume var (N3 ) = o(n?), and if we denote by
m=3., (252;,)52(30)3 ~6e(s+1/2) is the mean number of clusters, then we

have by Markov’s inequality for any € > 0

P(Nester > nm(1 4 €)) < P(N>S° @) e (NSSO Snm(1 + §>>

clusters 9 clusters
E (N c>1 Sgte s)
uster; 1
nme /2 +ol)
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. < .
since Najsters has mean smaller than nm and we have assumed a variance

condition which implies by Chebyshev’s inequality that it satisfies a weak
law of large numbers. On the other hand it was proved above that

. 0o (28 + 1)5—2 . els
E(Nju:ters) ~n Z T(?)c) e 6c(s+1/2)
s=so+1

In particular,

! g DT g st
lim sup P(Neuster > nm(1+¢)) < (me/2)7 Y 25— (3¢)%e 50
e S!

s=sp+1

which can be made as small as desired when sy — 0o. With similar methods

one can show that under the assumption that var (N3 ..) = o(n?

lim sup P(Neuster < nm(1l —¢)) =0

n—oo

which proves the convergence of probability of Theorem 41. Hence let us

know prove that for any sy we have var (N3%...) = o(n?).

If we let f; = ﬁ1{|ci‘§250+1} to ease notations

n

var (N5% ) = nvar (f;) + <2

clusters

Joor (1

Hence it suffices to show that cov (fi, fo) — 0. On the other hand, we can
separate the covariance on the events that 1 and 2 are in the same cluster or
not: if m = E(f;)

cov (f17 f2> < var (fl]-{l and 2 are in the same cluster})

+E((f1 - m) (f2 - m)]-{l and 2 are in different clusters})

The first term is easy to deal with since this is smaller than
P(|C] < spand 2 € Cy) < s9/n — 0

The second term is a priori more delicate. To see how we control it we
rewrite it as (with C' = C; and C’ = Cy, and 1 <+» 2 denotes the event that 1
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and 2 are not in the same cluster)

E((fi = m)(fa —m);12) = E(fifo; 152) — 2mE(f1; 142) + m2P(1e52)
1

= Z k—jP(CZk‘;C’:j;l *2)
k,j<2s0+1
1
- Y —P(C = k)P(C' = j)
kj<2so+1

+O(P(1 < 2 and C < s¢))

On the other hand, P(C' = r;C" =1';1 «» 2) is given by a formula similar to
(4.3), which is

( n ) (25>!(25 + 1)8_1ps(1 - p)(ZJ)_S‘H"(Z:D

r—2 5128
n—r—1)(2s)2s + 1)1 "N _ gt (7
("B e )

from which it is obvious that this is asymptotic to P(C' = r)P(C” = r’), since
r and 7 are fixed. Therefore cov (f1, fo) — 0 and var (N5 ) = o(n?). O

clusters

4.3.3 Bounds for the Cayley distance on the symmetric
group

Let (0y,t > 0) be the random 3-cycle walk. This is the walk on §,, whose
discrete-time walk has transition probabilities

B ifrole S
plo,m) =4 ()
0 otherwise

for S = {3—cycles}. In words, at rate 1 we choose a 3-cycle (a b ¢) uniformly
among all possible such 3-cycles, which we apply on the current state of the
permutation (i.e., o, = (a b ¢) - 04-). In order to prove a phase transition
for o, it will be necessary to have a formula to work with for the distance of
a permutation o to the identity element. Recall that the distance ds.cycie(o)
of a permutation o to the identity is the minimal number of 3-cycles needed
to construct o starting at the identity, or, equivalently, the graph distance
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between ¢ and I where there is an edge between ¢ and 7 if and only if
p(o,m) > 0. Notice first that since we are only applying 3-cycles, the permu-
tation stays even forever, so ds.cyee(0) = 00 if 0 ¢ A,,.

In the case of random transpositions we had the convenient formula that
if 0 € S, then drrrw(0) = n — #cycles, a formula originally due to Cayley.
In the case of 3-cycles unfortunately there isn’t such a nice formula to work
with. However we can prove some useful bounds, which also relate ds_cycie(0)
to its number of cycles when o € A,,.

Proposition 3.

1
(n—|o|) + i#cycles of even length

N | —

1
5(” - ’UD S d3-cy01e(a) S

where |o| is the number of cycles of o.

Proof. For each cycle of odd length (i1, ...,42.11) we can write

(ila cee 77;27‘+1) = (7/-17 i27 i3)(i37 7/-47 7/5) <. (2.27'717 i?ra i2r+1)

which has exactly r 3-cycles factors. Now, because o € A,,, the number of
cycles of even length must be even. So let (iy,...,49)(J1,...,j2m) be a pair
of even cycles. Then we start by building

(t1,12) (71, J2) = (i1, %2, j1) (%2, J1, J2)

in two moves and then completing each of the cycle in the same way as above.
The total number of moves to build this pair of cycles is thus 2 + (r — 1) +
(m—1)=r+m

Hence each o can be made up of at most

1 1 1 1
Z §(|c| —1)+ Z §|c\ = 5(71 —lo]) + 5# even cycles

c odd cycle c even cycle

tiplication by a 3-cycle can create at most two new cycles. Hence, after k
multiplications the resulting permutation can’t have more than |o| 4+ 2k cy-
cles. Therefore the distance must be at least that kg for which |o|+ 2kg > n.
Indeed, if

S0 ds.cycle(0) < in—|o]) + %# even cycles. On the other hand, each mul-



then

o= )=y
If 5; is a 3-cycle then so is 7; *. Hence the number of multiplications needed
to turn o into the identity is also the distance ds cycie(o). O

Remark If considering the case of random p-cycles, then the above argument
shows that: dp_cyee(0) > Iﬁ(n— |o|). The reverse inequality is more intricate

but there is a number M (p) > 0 such that

dp —cycle S

1 : [n— |o|] + M(p)#{ cycles of length [ #1 mod (p—1)}

in which case the argument below for the law of large numbers for the distance
still holds.

4.3.4 Phase transition for the 3-cycle random walk

For ¢ > 0, let u(c) =1— > (2s4+1)*72 (3c)se=6cls+1/2),

s=0 s!

Theorem 42. Let w(n) be any sequence with w(n) — oo as slowly as we

want. Then
d3—cycle(0cn) - U(C)TL

w(n)yn

— 0

in probability.

Proof. The proof is adapted from Theorem 4 of Berestycki and Durrett
(2004). We couple the random walk (oy,¢ > 0) with a random hypergraph
process G(t), where we add the hyperedge {a, b, ¢} to G(t~) whenever the
3-cycle (a b ¢) is applied to the random walk. Of course this process has
the properties that the cycles of g, are subsets of the connected components
of G(t). This can be seen by remarking that the cycles of o; perform a co-
agulation and fragmentation process. To see this, write any 3-cycle (a b ¢)
as (a b)(b c). It is known (see Berestycki and Durrett (2004), where this is
extensively discussed) that multiplication by a transposition may result in a
coagulation or a fragmentation of the cycles, depending on wether the two
integers transposed are part of the same cycle or not. Here, we do two such
operations at the same time, so the result of a 3-cycle can be a coagulation
of 3 cycles at the same time, a double-fragmentation, or a coagulation and a
followed by a fragmentation and vice-versa.
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Let us note that cycles of even length in o; can only result from fragments
of clusters in the hypergraph that have nonnegative excess. Indeed, for a
hypertree, there must be an odd number of vertices (by Definition 7) and
there has been no fragmentation on such a component because on a tree
no two hyperedge share more than one vertex. (In the random transposition
random walk we also had to take care of events where the same transposition
is chosen twice, but here this doesn’t happen with high probability since
the probability of choosing a given hyperedge is of order O(1/n?), so the
probability of choosing twice the same hyperedge on a time-span of O(n) is
O(1/n)). We will show that at any time cn with 0 < ¢ < oo there are no
more than O(y/n) extra cycles in the permutations compared to the number
of clusters in G(cn). Hence the result will follow immediately from the analog
result for cluster count in G(cn) (Theorem 41) and from the bounds on the
distance (Proposition 3) since the number of non-tree components is o(n'/?)
in G(cn) by Theorem 40.

Now, there can of course never be more than n'/? cycles larger than n'/2.
Hence we are interested in counting those extra cycles of size < n'/? generated
by fragmentation of a hypergraph cluster. Since a 3-cycle (i, 7, k) is nothing
but the product of two transpositions (i,7)(j, k) we see that to generate a
fragment of size smaller than A, j (resp. k) must be located at most A points
away from i (resp. i or j) in the cycle containing i (resp. i or j). Hence the
rate at which such fragments are created is at most 2A4/n + 4A/n = 6A/n.
When A = n'/? and when we integrate over a time span of order O(n) we
see that the expected numbers of such fragments is O(n'/?). ]

Remark. A similar result holds for general p-cycle random walks,

1
n dp—cycle (Oen) —p u(c)

where u(c) has a phase transition from linear to sublinear at ¢ = 1/(p(p—1)).

4.4 Random adjacent transpositions

Let S be the set of adjacent transpositions, S = {(1,2),(2,3),...,(n—1,n)}.
We consider the random walk (X;,¢ > 0) in continuous time on S,, generated
by S, i.e. the composition of a Poisson number of uniformly chosen adjacent
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transpositions (elements of S). It is well known that for o € S,,, the distance
from o to the identity is

dagi(0) = #{i < j: i) > 0(j)}

the number of inversions of o.

4.4.1 'Trivial scaling

Here we just explain briefly how choosing any time-scale may lead to results
that do not really reflect the real nature of behavior of the random walk. We
look at times n® for 0 < o < 1. This time-scale is chosen so that for o < 1
we are still so close to the identity that nothing has happened, while a =1
presents a discontinuity: the walk is already in a sublinear regime.
We first prove that for a < 1,

1

_aEdadj(Xn"‘) — 1

n
Let N; be the number of transpositions performed by time ¢ and F; be the
number of moves that have decreased the distance, so that

dosj(X:) = Ny — 2F,;

Then F; is a counting process whose underlying point process has intensity
< dagj(X¢)/n. (Indeed to decrease the distance we have to transpose a pair
(4, 7) such that X;(i) = X;(j) + 1 and there are at most daq;(X¢) such pairs.)
Hence

[e3

Edyg;(Xpe) > na—ZE/ daqj(Xs)/nds
0

> n®_ 2n20¢71

Of course it is always true that Ed,q;(X,~) < n® so this part is proved.

Now on the other hand when a = 1 a consequence of Theorem 43 is that

1
—Ed,q;(X,,) — ¢ where ¢ < 1
n
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4.4.2 Random walk scaling

To compute Ed,q;(X,¢) it is enough to compute the contribution of the couple
(4,7) to this sum and then add everything up. Le,

Edaay(Xo) = 3 PXur(i) > Xou(5)

1<J

Then the crucial observation is that {X,;(i),t > 0}, is a rate 1 Simple Ran-

dom Walk in continuous time on {1...n}, starting at ¢, with 1 and n as re-
flecting boundaries. Moreover, the only interaction between {X,.(i),t > 0}
and {X,;(j),t > 0} is that they cannot sit on the same location. In other
words, they perform simple exclusion on {1,...,n} with reflecting bound-
aries.

For an integer x > 0, let T* denote the hitting time of the level by a
rate 2 random walk on Z starting at 0. We will need another definition.
Suppose {Y(t),t > 0} and {Y'(t),t > 0} perform simple exclusion on Z,
with Y'(0) = 0 and Y’(0) = 1. Then we define p(u) to be the probability that
at time u the two particles are exchanged, i.e. p(u) = P[Y (u) > Y'(u)].

Theorem 43. Lett > 0. Then

1
~Edaai(Xu) — f(1) Z/ P[T® € ds|p(t — s)

as n — oQ.

The fact that this series converges is an (easy) part of the result. To see that
f(t) < t note that p(u) < 1 for all u > 0, so f(t) < > >, fot P(T* € ds) =
E(#x discovered by the random walk during (0,¢)) <t

Proof Theorem 4 is easy to understand. Suppose that we neglect boundary
effects in the sum », , P[X;(i) > X;(j)]. Then theorem 4 just expresses the
Markov property at the first time that the two random walks sit next two
each other, after which we are indeed left with processes like {Y (), > 0}
and {Y’(t),t > 0} as long as we ignore any boundary effect.

In all that follows, let H, ;(t) denote the event that the two random walks
starting at ¢+ and j sit next to each other at some time s <t :

Hij(t) == {3s <t: Xu(j) = Xu(d) + 1}

147



Let I, = {i > logn,i+x =7 <n-—logn}. I, is the set of points ¢ such that
for ¢ and 7 = ¢ + z the boundary contributions will be small.

> PX (1) X ZZP wt (0> X (j +ZZP it (1)> Xt ()]

i<j r=1 €1, z=1i¢l,

Lemma 26.

—ZZP (1) > Xoi(4)] — 0

z=1 ¢,

Proof There are first those i, j who are both "outside” (i.e., neither ¢ nor j
are in {logn,...,n—logn}). There cannot be more than O(logn)? of those.
More interesting is the case where ¢ < logn and logn < j <n —logn :

YN PIXuli) > Xu(h)]

z=1i¢I,
< O(logn)? + 22 Z P[X0 (i) > Xoe(5)]
z=1 i<logn,
j=itx>logn

492 Z Z P[X0t(i) > Xt (5)]

r=t+1 i<logn,
j=i+x>logn

O(logn)? + 2t? + 2 g E P[H; ;(nt)]
z=t+1 i<logn,
j=itax>logn

< O(logn)* +2t* +2 Z Z P[Poisson(t) > z]

z=t+1 i<logn,
j=itx>logn

< O(logn)? + 2t*> + 2lognt = o(n)

IN

since for X,;(i) and X,,;(j) to hit there must be at least x moves performed
in duration ¢. ]

We next turn our attention to the main contribution to the double sum,
which is given by ”inside” terms i € [,. For those we need first to show the
boundary reflections can be safely neglected. Let Y; and Y; perform simple
exclusion on Z starting at 7 and j respectively ; let A; ; denote the event that
neither random walk hits one of the boundaries, and let A;; be the event
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that simple exclusion started at ¢ and 7 doesn’t hit one of the boundaries.
For x > 1 and 1 € I,

P[Xnt(z) > Xnt(])] = P[Xnt( ) XTL (])AU] + P[ nt(w Xnt( ) AC ]
= PYi(t) > Yj(0); A3 ;] + P[Xe (i) > X (j); A7 ]
= PIY(1) > Y;(1)] + O(P[Xot(i) > Xu(j): A ])
Lemma 27.
— Z ZP ) or X,.(j) have hit the boundary before time t] — 0

x=1 1€l,
Proof Let P; denote the law of a rate 1 simple random walk starting at .

%ZZP[A?J] = %O(ZZP[Y; hits 1 or n|)

x=1i€l, =1 I,

= O(Z P[Y; hits 1 or n])

= O _PT° <1]) = 0> Po[T" < 1)
= O(AZ Po[M, > i]) = o(1)

where M; := sup Wj is the supremum of a rate 1 random walk on Z, and
s<t

where the last equality follows from the fact that EM; < oco. (To see this,
just note that M, is at most a Poisson random variable with mean ¢ in the
case where the random walk is increasing at each step). O]

Combining lemma 1 and 2 gives the following :

%Edadj(Xnt) = o(l)+ % > D PIi(t) > ()

x=1 1€l,

= ZZ/ P[T*! € ds]p(t — s)
=1 i€l
n—1
_ |
— ; -

.| /0 P[T" € ds]p(t — s) + o(1)
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where we have used the strong Markov property at the first time 7%/ that
Y; and Y; are adjacent and where we have used the fact that T = 721,
Indeed the distance between Y; and Y is a rate 2 random walk on {1,...,}
reflecting at 1.

Now, given that |I,| =n — 2logn — x, it is a simple game to show that the
last Sum converges to the series in the statement of the theorem, f(t) : let

fo [T* € ds]p(t — s). Then > . u.(t) < oo, by the crude bound
p(t — 3) <1 and using the fact already noted that EM,; < cc.

Let € > 0. Let N > 0 be such that > 7 ., u,(t) <e. Then

n—1
|I | n—2logn —
P[T* —
€ dslp(t — s) > . Zux
= 0 =0
Hence
n—1 |] | t N
liminf 3 22 / P17 € dslp(t —5) > 3 ua(t) > (1) —
n-Jo
=0 =0
We can let ¢ — 0. On the other hand, the limsup is dealt with even more
easily by |I,| < n. Hence the theorem. O
Theorem 44.
1
Jim lim By () = JElmox Bud = V22

where B. is a standard Brownian Motion.

We start the proof by a lemma :
Lemma 28. p(t) — 1/2 ast — oo.

Each time particles Y and Y’ are adjacent, they have a probability 1/3 of
being exchanged the next step. So, conditionally on the number of adja-
cencies N, the number of actual swaps between Y and Y’ is Bi(N,1/3).
Now, Y > Y if and only if the number of times they are swapped is odd.
Hence the lemma follows from the two observations : (i) As t — oo, the
number of times they are adjacent to each other — oo, and (ii) As N — oo,
P[Bi(N,p) is odd] — 1/2 for any given 0 < p < 1. For (i), observe that the
discrete-time chain derived from {|Y; — Y/| — 1,¢ > 0} is a reflecting random
walk on {0,1,...}, and therefore visits 0 infinitely many times. (ii) is an easy
fact on Bernoulli random variables. O]
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Lemma 29.

1 o0
—N"P[T* e (t —logt,t)] — 0
ﬂ; [ ( gt,t)] —

Proof. We write this as

tPEQ Lrecptoprey) <tV E(#jumps in (t —logt, t))

r=1

< t7V2%logt — 0

Indeed we can only uncover a site x once at at a time, so the number of sites
x such that T € (u,v) is smaller than the number of jumps of the random
walk in the interval (u,v). On the other hand, this number if a Poisson
random variable with mean (v —w), which is exactly what we apply here. [

Proof of Theorem 5. Let € > 0. Fix T large enough so that |p(t) —1/2| < ¢
as soon as t > T. Then by the above lemma, for t > 7" := el

oo

tV2f() = 72 Z/t_logtP[Tx € dslp(t — s) + o(1)

=0

1 oo
< GG )t~ 23 P[T” < t —logt] + o(1)

=0

1 oo
< (5 +5)t_1/2;P[ max Wy > 17

s<t—logt

1
— (5 +¢)E max By,.

by Donsker’s theorem. On the other hand

1
ninf 12 5
liminf ¢7/2f(t) 2 (5 — €)E max By,

by similar methods, so Theorem 5 is proved. Il

4.4.3 Brownian scaling

Let pi(x, y)dy be the transition kernel of Brownian Motion reflected at 0 and
1. Then the following result holds.



Theorem 45. Let t > 0.

e = [ au [ [ pw)ts [*penas =Pim) > Bt

in probability and where By and By are two reflecting Brownian motions
started uniformly on 0 < B1(0) < By(0) < 1 evolving independently.

Proof We first show that the convergence holds in expectation, i.e.

1
ﬁEdadJ n3t = 2 ZP n3t > Xn3t( )] - P[Bl(t) > B2(t)]

1<J

Of course , with this time-scale, the rescaled random walks {%Xn%(i),t >
0} converge to reflecting Brownian Motion on [0, 1]. In fact, Durrett and
Neuhauser (1994) showed that the following stronger statement holds : for
fixed i < 7, the rescaled couple of random walks converge to two independent
Brownian Motions. In other words, the only interaction, which only comes
from when the two particles are adjacent, can be neglected at this time-scale.
(This is well understood with the fact that Brownian particles will hit many
times and so the actual result of their interaction is ”as random” as if there
was no interaction.) This shows

1
ﬁEdad‘] n3t 2 ZP n3t > XnSt( )] - P[B1<t) > BQ(t)]

1<J

To get the convergence in probability, let us compute second moments esti-
mates :

E (%dadx ) LS S P i) > X () X h) > X))

1<j k<l

We can again apply Durrett and Neuhauser’s (1994) results to the 4-uplet of
random walks (X (¢), X (7), X(k), X (1)), except when ¢ = k or j = [. In this
case the contributions are asymptotically 0. Indeed by the above,

ZP w3e(1) > Xpa(5)] — 0

1<j



and
% DN PIXa(i) > Xoae(); X (i) > Xoe(1)] — 0

i<j 1#j
because the same quantity, when divided by n? instead of n*, converges
to P[Bi(t) > Ba(t); B1(t) > Bs(t)] by the same type of arguments, where
(B1, By, B3) are three independent reflecting Brownian motions.

On the other hand

% Z Z P[Xo51(6) > Xpsi(5)] - P[Xose(8) > X (1))

i< )

< % Z P[X,s:(i) > Xpai(5)] — 0

i<j
and
LS P (i) > X )P €y 30 PXoli) > X)) — 0
i<j i<j
as well.
Hence

E (%dadj(Xn3t)>2 — P[Bi(t) > By(t)]?

In other words, the variance of —5daqj(X,3;) is asymptotically 0 : by applying
Chebyshev’s inequality, we get the convergence in probability. O]

4.5 Random walk on a random 3-regular graph

Let (Xg,k > 0) be a random walk on a random 3-regular graph, G,,. This
is a graph on n vertices such that each vertex has degree 3, and what we
mean here by "random 3-regular graph” is of course a uniform member of
such graphs.

Although it is not obvious how to construct such graphs, Bollobas and de la
Vega (1982) have given the following very useful representation. Consider the
random graph G obtained from a random matching on 3n vertices. Then,
collapse vertices 37, 3i+ 1 and 37+ 2 to form a single vertex. On the event (of



asymptotically positive probability) that the resulting graph has no self-loops
or multi-edges, then this is a realization of a random 3-regular graph.

This representation will be very useful for computing the probability of var-
ious events describing the configuration of the vertex on which the random
walk steps. It was originally designed to compute the isoperimetric constant
of a random regular graph. We can also use it to prove that with high
probability this graph is connected (meaning that there is a single connected
component, as opposed to a giant component and possibly many other small
components).

We will assume that X, starts at a distinguished vertex 1. We will now state
the theorem.

Theorem 46. For fized t > 0

d(A:(LtlogQ nJ) 1
S N O ~t,1
10g2n p f( ) Sup 3 )

An intuitive description of a random 3-regular graph as seen from vertex
1 can be given as follows. Let us grow the cluster containing 1 by exposing
successive vertices with increasing distance away from 1. As long as we have
not exposed more than o(n) vertices this should look very much like a regular
tree (i.e., each vertex has 2 edges going away from the root and 1 leading
back towards the root). Therefore this phase roughly lasts until distance
log, n. After distance log, n however, this tree approximation is no longer
valid and there are many edges inter connecting the vertices.

Therefore we expect that d(X}) evolves like (1/3)k as long as we are below
critical distance log, n. After that time, it should stay at this distance, since
this is the diameter of the graph (by Bollobas and de la Vega (1982)) and
thus cannot go any further, and on the other hand the tree structure makes
it hard for it to come down back to the root.

4.5.1 Proof of subcritical regime

Let v be a vertex at distance [ from the root. We say that v is a "good”
vertex if it has two edges leading away from the root (at distance [ + 1) and
one leading back to distance [ — 1, and if moreover its two children have this
same property (two edges leading out). Otherwise we say that v is a ”bad”
vertex. Let B(l) be the set of all bad vertices at distance .
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Lemma 30. Let 2 < v < n be a vertex distinct from the root. Given that v
1s at distance | from the root,

P(v e B(l)) <2i/n
where i = 2,

Proof. This is a consequence of the Bollobas representation of a random
regular graph. First consider the event that v has an edge leading at some
other vertex at distance [. Since it is at distance [, it must have at least one
edge leading backwards, so there are only two other edges left. (In particular
there are at most 2! = i vertices at distance ). In G¥ those i vertices at
distance [ correspond to 3i vertices, so this probability is smaller than 2i/3n.

When v has two edges leading forward, the probability that one of its children
is connected to another vertex from level [ is also smaller than 2i/3n since
there are at most 2i edges leading to level [ 4+ 1. Since v has at most 2
children, this gives a probability of at most 4i/3n. Combining this with the
estimate above gives 2i/3n + 4i/3n = 2i/n. O

A simple heuristic now allows us to understand that the random walk
will not encounter more than O(1) bad vertices (as long as we are in the
subcritical regime). Because of the push forward we will not spend more
than O(1) time on each level, hence the expected number of bad vertices
encountered until time distance (1 — ¢) log, n is smaller than

More rigorously, let A, denote the event that by time k the random walk
has never stepped on a bad vertex, and let Af, denote its complement.

Lemma 31. Suppose k < 3(1 — ¢€)logy n so that k belongs to the subcritical
regime. For any p > (1/3) there is a C, such that

c 2pk
P( k+1‘Ak) < Cp?

Proof. Let us first remark that for p > 1/3 with overwhelming probability
the distance of the random walk is not more than pk since for each vertex
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there are at most two edges leading out and one leading back. More precisely,
for all £ > 0

P(d(X}) > pk) < Ce ™k (4.4)
by standard large deviations arguments (C' and « depend on p). Remark that
for the same reason the same estimate holds under the conditional probability
given Ay.

Since (4.4) is smaller than C}%, we may assume that d(Xj) < pk. Given
Ag, the only way that we can step on a bad vertex at time k + 1 is if the
random walk is visiting a vertex never visited before which happens to be
bad. Since we can imagine that the environment is generated only as the
random walk steps on a vertex never visited before, this is a situation where
we can apply Lemma 30: this event that we step on a bad vertex never visited
previously has probability smaller than

l
> PU(Xkir) = X € (Ko, Xl A2
1<p(k+1)

which, in turn, is smaller than 237, .} 2'/n = O(1)2°*/n for some uni-
versal constant O(1) (but the constant C, in the statement of Lemma 31 is
not universal because (4.4) depends on p). O

End of proof for the subcritical regime: We apply Lemma 31 recursively. Let
k = |tlogyn| with t = 3(1 — ¢) for some & > 0.

P(Apt1) = P(Ap)P(Apia|Ar)
> P(Ak) (1 B 2k0p>

n
k
(-5)
=1
Taking the logarithm:

j
27
log P(Agy1) Zlog < (& )

k
2
— § P~ _na(ap)cp
n

Jj=1

v
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for a(e,p) = —1 4 3p(1 — €). By choosing p > 1/3 close enough to 1/3 so
that
p(l—¢e)<1/3

we get a negative power a(g, p) < 0 in the above calculation, which proves
that P(Ay) — 1 for k = tlogy,n and ¢ < 3. In other words, with overwhelm-
ing probability (X;;1 < j < tlog,n) never steps on a bad vertex. On this
event, for each 1 < j < tlog,n X; has probability 2/3 to move away from
the root and 1/3 to move back towards the root, which results in a linear
speed of 1/3 for the random walk: we conclude easily to the first part of
Theorem 46.

4.5.2 Proof of the supercritical regime

Here we wish to prove that if k = tlogyn, with ¢ > 3, then d(Xj) ~ log, n.
As already noted, this is the diameter of GG, so all we have to prove is that
once it reaches this distance the random walk cannot go back downstairs - it
is trapped upstairs where there are many interconnections.

It turns out that the estimates proved in the subcritical regime are again
very useful. In particular, Lemma 30 will again play a key role.

Let € > 0. Theorem 46 is proved if we show that P(d(X}) < (1—¢)log,n) —
0.

The idea is the following. Suppose t = 3 first. If d(Xj) < (1 — ¢)log, n we
can find ¢ < 3 such that d(X;10g,n) = (1 — 0)log, n, where § < e (indeed, it
suffices to take ¢’ = 3(1 —9) by the previous section). It suffices to show that
the expected number of bad vertices encountered in the strip L(1 —¢e,1 —0)
where L(a,b) := {2 < v <n:d(v) € [alogyn,blog,n]} is small. When we
do so it becomes almost impossible for the random walk to resist the 1/3
drift forward.

The proof for ¢t > 3 exploits the exact same idea, and that is the case we will
concentrate on so as to avoid repeating the same arguments.

In what follows, € > 0, is a fixed number k = tlog, n and ¢ > 3, § is some
fixed number with 0 < ¢, and we let k' = t'log, n for ' = 3(1 — ¢), so that
d(Xp) = (1 =04 o(1))logy n.

Here we have to be a little careful, there are many bad vertices in the
strip L(1—¢,1—4), (of order n'~%), but in fact we will see that most of them
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cannot affect the behavior of the random walk with high probability on the
environment. To do so, we divide the vertices in the strip L(1 —¢,1 — 0)

into roughly m ~ n!'~¢ categories. Let vy,...,v,, be the m vertices at level
(1—¢)logyn. For j=1,... mifve L(1—¢,1—0), wesay that v € T if
v; is the closest vertex to v among vy,...,v,. (We think of T} as subtrees

below v;, this definition allowing to eliminate any ambiguity from this vague
idea).

The crucial fact we shall prove is that, even though some vertex in 7 might
also connect to T}, the ’subtrees’ T} are very loosely interconnected. More
precisely, Lemma 33 below shows that with high probability no 7} is con-
nected to more than O(1) other subtrees if we only allow to use vertices in
L(1 —&,1—0) for connecting different subtrees.

More precisely, we will prove that the number of bad vertices in trees con-
nected to 7} is dominated by the total progeny of a branching process where
the offspring distribution has mean O(n°~%). Since sideways connections
may only exist on bad vertices, this will prove that 7} is, with high proba-
bility, connected to at most O(1) other trees. We will also be able to deduce
from this that while crossing from (1 — J)log,n down to (1 — ¢)log,n the
random walk may only step on at most o(logn) bad vertices, from which it
is easy to conclude that the probability of reaching level (1 — ) logn is tiny.

To prove the domination by a branching process, we remark that we can con-
struct the regular graph using Bollobas’ representation, so that it is enough
to examine the connections between vertices one level after another. Suppose
that for some level [ we determine the connections of each vertex one after
another. In a random uniform matching, we may also generate the graph
one vertex after another by saying that at a given step, the particular vertex
under examination is linked to a vertex uniformly chosen among those that
have no neighbor yet.

To fix the ideas, suppose we generate the graph in the following order:
inside each level [, we number the vertices according to their ”lexicographical
order”, i.e., all the vertices at distance [ from 1 in T}, then those in 75, ...
and then those in T,.

Lemma 32. The number of subtrees that T} is connected to is dominated by
a branching process with offspring distribution Binomial(n®=°,n=°%).

Proof. Let ny € {1,2...}. We start by remarking that the probability of
each given vertex being bad is O(2!/n) = O(n=?%) when it is at level [, and
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that there are at most n°° vertices in T;. Therefore the expected number
of bad vertices in Tj is O(n®=?%) — 0 if § is chosen > £/2, which we will
assume from now on. In particular, there is a good probability that Tj
is not connected to any other tree at all. But we wish to establish more
precise bounds on the event that it does connect to other trees. Suppose T}
is connected to exactly m; other subtrees (so, we work conditionally given
this event). Let us denote by T'(j1),...,T (jm,) the corresponding indices of
the subtrees, and we think of them as the first generation in the branching
process, i.e. they are the children of Tj. Pick one of these children, say
T(j1). By Bollobas’ random matching construction of 3-regular graphs, we
see that the number of connections that T'(j;) has with trees different from
T; and T'(j2), ..., T (jm,), is dominated by a Binomial random variable with
parameters n°~% and n~°. Indeed if we generate the graph level by level and
we count how many connections does 7'(j;) has with other subtrees, except
T; and T'(j2), ..., T (jm,), we see that the probability for each vertex at level
(1 —¢)logyn + k to connect to one those trees, is smaller than
2k+1 - 2k
(m=m = D g <y

when the vertex has one edge leading backward, and is half as much when it
has two edges leading backward. The justification for this inequality is the
following: there are (m—mj—1) other trees, each has at most 2* individuals at
this level, and 3n'~¢2F is the number of vertices that have been used so far in
the construction of the graph, so 3n—3n'~2* is the total number of available
vertices at this stage (in Bollobas’ construction). Then m —m; — 1 < m <
n'~¢ accounts for the second inequality. Since k < (e—4) log, n it follows that
each vertex has probability less than n ™ of establishing a connection with
one of the remaining m—my —1 subtrees. Moreover, with this construction we
see that it is independent for different vertices and different trees. Therefore
each of those subtreess T'(j1),...,T(jm,) is again connected to at most a
Binomial(n®=%, n %) number of trees. Of course, some of those trees may
be identical, but counting them as different only improves our branching
process bound. Since we have eliminate all dependence in this bound to
the number m; of children of T}, we can uncondition. Proceeding like this
with the children of T'(j1),...,...,T(jm,) vields the desired domination by
a branching process. O]
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Lemma 33. If 6 > ¢/2 then there exists some K = K(e,0) > 0 such that,
P(3j such that T; is connected to more than K subtrees) — 0

Proof. Let
X< Bin(n?, 2n_5/2)

be the offspring distribution of the branching process of the previous Lemma.
In particular

E(X)=0n"%)—0

e—26

Let ¢ = n°2 and let N = n°° be the total number of vertices in Tj, so

x < Binomial(V, ¢/N). Lemma 33 follows from a simple evaluation of the
tail of the total progeny Z of a branching process with offspring distributed
as X. To do this, we let

o = S (N ) () e

be the moment generating function of X — 1. Let Sy be a random walk
that takes steps with this distribution and Sy = 1, so that S; explores the
Galton-Watson tree. Then 7 = inf{k : Sy = 0} has the same distribution as
Z. Let Ry, = exp(0Sy)/on(0). Ry is a nonnegative martingale. Stopping at
time 7 we have e/ > E(¢n(0)77). If ¢ (0) < 1 it follows that

P(r > y)on(0)™ < Elon(0) 7] < ¢
Using ¢y (0) < e ?exp(c(e? — 1)) now we have
P(r>y) < e’ (e’ exp(c(e’ — 1)))y

To optimize the bound we want to minimize c(e’ —1) — 6. Differentiating this

means that we want ce’ — 1 =0 or § = —log(c). Plugging this and recalling
that 7 and Z have the same distribution we have
1

P(Z >y) < - exp(—(c—1—1Inc)y)
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Substituting ¢ = n™* with @ = 2§ — ¢, we find that
P(Z = y) < n®exp(y(1 — alog(n)))

Since there are m < n'~¢ trees to start with, the probability that one of them
has more than y trees in its cluster is smaller than

n' " n®exp(y(1 — alogn))

so if .
S 75

then the probability than one cluster contains more than y trees tends to
0. O

Lemma 34. With probability asymptotically 1, no cluster of trees has more
than loglogn bad vertices.

Proof. We have to take care of the fact that there may be more than one
connection between two trees, so the number we are trying to bound is not
just the sum of the bad vertices in each tree plus the number of trees in each
cluster (each accounting at least for one bad vertex). Instead, we have to
use again arguments coming from the construction of the regular graph. The
probability of each vertex being bad is smaller than n~°, and there are at
most Kn®? vertices in each cluster by Lemma 33, so the total number of bad
vertices in each cluster is smaller than a random variable Y with Binomial
(Knf=%, n=%) distribution. Taking again N = Kn~% and ¢ = Kn®~% so that
Y is a Binomial(N, ¢/N), we have that since ¢ < 1 for n large enough,

Y < Poisson(c)

in the sense of stochastic domination. Hence,

% k
e c
P(Y >loglogn) < e Z I
k=loglogn
Clog logn
(loglogn)!

It is then trivial to see that n'P(Y > loglogn) — 0, which concludes the
proof of this lemma. Il
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End of the proof of the supercritical regime. We denote by A, the
event that there are no more than loglogn bad vertices per cluster of trees,
P(A,) — 1 by the previous Lemma. We see that there is a subcritical
time (t'log, n) at which the random walk is strictly above level (1 — §)log, n
with almost full probability. Hence the event that the random walk is at
distance (1 — ¢)log,n by time tlog,n with ¢t > 3, is a subset of the event
that between times t'logn and tlogn the random walk crosses down from
level (1 —9)logyn to level (1 —€)log, n. But each time it attempts to cross,
it has to stay in a single cluster of trees, otherwise it has to go above the end
of the strip to change cluster. But on the event A, for each given cluster,
only loglogn levels may contain bad vertex, which means that apart from
those rare levels, the distance of X behaves as an asymmetric (2/3,1/3)
random walk on Z. What is the probability of going, in time O(logn),
(e — d)logyn — loglogn far apart in the opposite directions of the drift, for
such a random walk 5,7 Writing S,, = >, X; for i.i.d. random variables
with P(X; = 1) = 2/3 and P(X; = —1) = 1/3, standard large deviations
arguments give P(Sy < —alN) < e~ N where ¢ > 0 is some constant. Since
we are interested in N = O(logn), the probability that we are interested in
is smaller than n~¢ where ¢ is another constant. There are at most O(logn)
attempts to cross the strip L, so the probability to cross it is smaller than
n~¢logn — 0. Thus

! 1
P (]0g2 nd(thngn) S (1 - 5)) S P (@d(thloan) < (1 — 5))

+P(AS) +nlog,n

All those terms converge to 0, so the Theorem is proved. Il
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