Easter 98 (April 16, 1998) Richard Weber

D2: OPTIMIZATION

Contents

Schedules iii

Notation iii

Index iv

1 Preliminaries 1 1.1 Optimization under constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Representation of constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.3 Geometry of linear programming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.4 Extreme points and optimality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.5 *Efficiency of algorithms* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 The Solution of LP Problems 5 2.1 Basic solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Primal-dual relationships . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 The Simplex Method 10 3.1 Preview of the simplex algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 The simplex algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4 The Simplex Tableau 14 4.1 Choice of pivot column . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.2 Initialization: the two-phase method . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 4.3 Sensitivity: shadow prices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

5 Lagrangian Methods 19 5.1 The Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 5.2 The Lagrangian sufficiency theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 5.3 Strategy to solve problems with the Lagrangian sufficiency theorem . . . . . . . . . . 21 5.4 Example: use of the Lagrangian sufficiency theorem . . . . . . . . . . . . . . . . . . . 21

6 The Lagrangian Dual 23 6.1 Example: further use of the Lagrangian sufficiency theorem . . . . . . . . . . . . . . . 23 6.2 The Lagrangian dual problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 6.3 The dual problem for LP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 6.4 The weak duality theorem in the case of LP . . . . . . . . . . . . . . . . . . . . . . . 26

7 Shadow Prices and Lagrangian Necessity 27 7.1 Sufficient conditions for optimality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 7.2 Shadow prices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 7.3 Lagrangian necessity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 7.4 Convexity of the feasible set in the case of LP . . . . . . . . . . . . . . . . . . . . . . 30

8 Algebra of Linear Programming 31 8.1 Basic feasible solutions and extreme points . . . . . . . . . . . . . . . . . . . . . . . . 31 8.2 Algebra of the simplex method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

9 Two Person Zero-Sum Games 36 9.1 Games with a saddle-point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 9.2 Example: Two-finger Morra, a game without a saddle-point . . . . . . . . . . . . . . 37 9.3 Determination of an optimal strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 9.4 Example: Colonel Blotto . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

10 Maximal Flow in a Network 40 10.1 Max-flow/min-cut theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 10.2 Ford-Fulkerson algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 10.3 Minimal cost circulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

11 Minimum Cost Circulation Problems 44 11.1 Sufficient conditions for a minimal cost circulation . . . . . . . . . . . . . . . . . . . . 44 11.2 Max-flow as a minimum cost circulation problem . . . . . . . . . . . . . . . . . . . . 45 11.3 The transportation problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

12 Transportation and Transshipment Problems 48 12.1 The transportation algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 12.2 *Simplex-on-a-graph* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 12.3 Example: optimal power generation and distribution . . . . . . . . . . . . . . . . . . 52

Books

Bazaraa, M., Jarvis, J. and Sherali, H. Linear Programming and Network Flows, second edition, 1990, Wiley.

Luenberger, D. Introduction to Linear and Non-Linear Programming, second edition, 1984, Addison-Wesley.

BJS is a paperback and full of lots of examples and reasonably comprehensive discussions of the history, recent results, etc. It is a little heavy-handed about some of the theory. Luenberger is nicer on the theory, but may be harder going.

Notes, examples sheet and overheads

An up-to-date postscript copy of these notes, the examples sheet and any overhead slides used in lectures can be downloaded from the WWW site:

http://www.statslab.cam.ac.uk/~rrw1/opt/index.html.

Acknowledgement

The original version of these notes were written by Colin Sparrow in 1994.

Schedules

General formulation of constrained problems; the Lagrangian sufficiency theorem. Interpretation of Lagrange multipliers as shadow prices. Examples. Convexity of feasible region; sufficiency of extreme points. Standardization of problems, slack variables, equivalence of extreme points and basic solutions. The primal simplex algorithm, artificial variables, the two phase method. Practical use of the algorithm; the tableau. Examples. The dual linear problem, duality theorem in a standard case, complementary slackness, dual variables and their interpretation as shadow prices. Relationship of the primal simplex algorithm to dual problem. Two person zero-sum games.

The Ford-Fulkerson algorithm and the max-flow min-cut theorems in the rational case. Network flows with costs, the transportation algorithm, relationship of dual variables with nodes. Examples. Conditions for optimality in more general networks; *the simplex-on-a-graph algorithm*.

*Efficiency of algorithms*. The formulation of simple practical and combinatorial problems as linear programming or network problems.

Notation

n, m numbers of decision variables and functional constraints x decision variable in a primal problem, x ∈ R^n λ decision variable in the dual problem, λ ∈ R^m f(x) objective function in a primal problem x ∈ X regional constraints, X ⊆ R^n g(x) ≤ b, g(x) = b functional constraints, g : R^n → R^m z slack variable, z ∈ R^m Ax ≤ b, Ax + z = b linear constraints c^T x linear objective function L(x, λ) Lagrangian, L(x, λ) = f(x) − λ^T (g(x) − b) λ ∈ Y Y = {λ : min_x2_X L(x, λ) > −∞}. B, N sets of indices of basic and non-basic components of x. A, p, q pay-off matrix and decision variables in a matrix game x_{ij} flow on arc (i, j) v, C(S, S̄) value of a flow, value of cut (S, S̄) c�_{ij}, c+_{ij} minimum/maximum allowed flows on arc (i, j) d_{ij} costs per unit flow on arc (i, j) s_i, d_j source and demands amounts in transportation problem λ_i, μ_j node numbers in transportation algorithm

Index

anti-symmetric matrix, 39 artificial variables, 15 basic feasible solution, 6 basic solution, 6 basic, 6 basis, 6 capacity, 40 choice of pivot column, 14 circulation problem, minimal cost, 43 circulation, 43 closed, 43 complementary slackness, 7, 20 computational complexity, 4 convex function, 3 convex set, 2 cut, 40 dual feasibility, 20 dual problem, 25 extreme point, 3 feasible circulation, 43 feasible set, 1 Ford-Fulkerson algorithm, 42 functional constraints, 1 integer linear programming (ILP), 4 Lagrange multipliers, 19 Lagrangian dual problem, 24 Lagrangian sufficiency theorem, 20 Lagrangian, 19 linear programming (LP), 2 max-flow/min-cut, 40 minimal cost circulation, 43 mixed strategy, 37 node numbers, 44 non-basic, 6 non-degeneracy assumptions, 32 non-degenerate, 6 pay-off matrix, 36 pivoting, 13 potentials, 44 primal problem, 25 primal/dual theory, 6 regional constraints, 1 revised simplex algorithm, 35 saddle-point, 36 shadow prices, 18, 27 simplex algorithm, 12 simplex tableau, 12 simplex-on-a-graph algorithm, 51 slack variable, 1 spanning tree, 48 surplus variables, 15 tableau, 12 tension, 44 tight, 7 transportation algorithm, 48 transportation problem, 46 tree, 48 two person zero-sum games, 36 two-phase method, 15 value of the game, 38 value of the flow, 40 weak duality, 26