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Abstract

The two-point correlation function of a Potts model on a graph
G may be expressed in terms of the flow polynomials of ‘Poissonian’
random graphs derived from G by replacing each edge by a Poisson-
distributed number of copies of itself. This fact extends to Potts
models the so-called random-current expansion of the Ising model.

1 Introduction

The Tutte polynomial and its relatives have rarely been distant from the
work of Dominic Welsh. They play important roles in matroid theory, [20],
computational complexity, [22, 23, 24|, and models of statistical physics,
[21, 24]. They provide the natural way to count and relate a variety of
objects defined on graphs. We show here that they permit a representation
of the two-point correlation function of a ferromagnetic Potts model on a
graph G in terms of the flow polynomials of certain related random graphs.
This representation extends to general Potts models the so-called random-
current expansion for Ising models, wielded with great effect in [1, 2, 3, 16]
and elsewhere, and it amplifies the links between the Potts partition function
and the Tutte polynomial surveyed earlier by Welsh and Merino, [24].

Two key elements of the analysis of the Ising model on a graph G are
the random-cluster representation and the random-current expansion. The
former is valid for all Potts models (and more besides), but the latter has not
previously been extended beyond the Ising model. It hinges on an expansion
of the partition function in terms of 0/1-vectors indexed by edges and such
that, for every vertex v, the sum of the values over edges incident to v is even.



Such a vector may be recognised as a ‘mod-2 flow’. It turns out that the g-
state Potts partition function corresponds similarly to counts of ‘mod-q flows’
on a graph derived from G in the following way. Let A > 0, and replace every
edge e of G by P(e) parallel edges, where the P(e) are independent Poisson-
distributed random variables with parameter A. The quantity of interest is
the mean number of non-zero mod-q flows on the resulting random graph.

There is a powerful method of ‘path-manipulation’ by which many im-
portant results have been proved for the Ising model. This method has a
simple form when set in the context of a Poissonian random graph, and we
illustrate this in Section 5 with a version of the ‘switching lemma’ of [1].

A short tour of graph polynomials appears in Section 2. In Section 3
is introduced the Potts and random-cluster models, and the main result is
proved in Section 4. Applications to the Ising model are summarized in
Section 5. The principal open area is to extend the random-current analysis
to Potts models with general q.

2 Graph polynomials

Let G = (V,E) be a finite graph, possibly containing multiple edges and
loops. The Whitney and Tutte polynomials of G are well known to graph
theorists, and we begin with a reminder of their definitions. The (Whitney)
rank-generating function of G was introduced in [25] and is given by

We(u,v) = Z um (@) u,v € R, (2.1)

E'CE

where 7(G’) = |V| — k(G") is the rank of the subgraph G’ = (V,E’), and
c¢(G") = |E'| = |V| + k(G") is its co-rank. Here, k(G") denotes the number of
components of GG'. Note that

Wea(u,v) = (u/v)V Z ol Bl (v Ju)HE), u,v # 0. (2.2)

E'CE

The rank-generating function has various useful properties, and it occurs
in several contexts in graph theory, see [6, 19]. The Tutte (or dichromatic)
polynomial of G was introduced independently in [18, 19], and may be ex-
pressed as

Te(u,v) = (u— D)V "W ((w—1)"" v —1). (2.3)

This also is a function of two variables. For suitable values of these variables,
it provides counts of colourings, forests, and flows, and of other combinatorial
quantities. The principal purpose of the current paper is to explore the use
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of the Whitney/Tutte polynomial in the study of the correlation functions of
the Potts model, and to this end we define next the flow polynomial of G.

We turn G into a oriented graph by allocating an orientation to each
edge e € E, and we denote the resulting digraph by G = (V, E) If the
edge e = (u,v) € E is oriented from u to v, we say that f leaves u and
arrives at v. It will turn out that the choices of orientations are immaterial
to the principal conclusions that follow. Let ¢ € {2,3,...}. A function
fiE— {0,1,2,...,q — 1} is called a mod-q flow on G if

Z f(e — Z f(e) =0 modulo ¢, forallv eV,

eckE: eckE:

€ leaves v € arrives at v
which is to say that flow is conserved at every vertex. A mod-q flow f is
called non-zero if f(€) # 0 for all € € E. Let Cq(q) be the number of non-
zero mod-q flows on G. It is fundamental that the quantity Cg(q) does not
depend on the orientations of the edges of GG, and the proof may be found
in [19]. The function Cg(q), viewed as a function of ¢, is called the flow
polynomial of G.

The flow polynomial may be obtained as an evaluation of the Whit-

ney/Tutte polynomial with two particular parameter values, as follows:

Calq) = (=1)"Wa(-1, —q)
= (—D)FEVIHITL 0,1 - q),  ¢e€{2,3,...}. (2.4)

See [6, 19]. We shall later write C'(G};q) for Cg(q), and similarly for other
polynomials when the notational need arises.

3 Potts and random-cluster models

Amongst models for ferromagnetism, the Potts model is one of the most
studied. It has two principal parameters, the ‘inverse temperature’ § €
(0, 00) and the number ¢ € {2,3,...} of local states. When ¢ = 2, the Potts
model becomes the Ising model. Let G = (V, E) be a finite graph which for
simplicity we assume to have no loops. It is convenient to allow a separate
parameter for each edge of GG, and thus we let J = (J, : e € E) be a vector
of non-negative numbers, and we set

pe=1—eP  ecE. (3.1)



The configuration space of the g-state Potts model on G is the set X =
{1,2,...,q}V. The Potts measure on X is given by

g3 4(0) = %exp{z BJe(qbe(0) — 1)}, o€, (3.2)

ecE

where, for e = (z,y) € E,

1 ifo, =
5@(0) - 50357011 - { ' O-x O-y’

0 otherwise,

and Z¥ = Zf is the partition function

20 =S el Y- pitasio) - 1)} (3.3

oEYN eeE

Since #J. > 0, the Potts measure 7z, allocates greater probability to con-
figurations for which d.(c) = 1 for a larger set of edges e. That is, it prefers
configurations in which many neighbour-pairs have the same state, and in
this regard the model is termed ‘ferromagnetic’.

A central quantity is the ‘two-point correlation function’ given by

1
TBJ,q(xay) = ﬂ-BJ,q(O-x = Uy) - 57 T,y € V. (34)

We shall work here with ¢7s54(%,y) = 7334(¢00,,0, — 1) and, for ease of
notation in the following, we write

0($, y) = ngJ,q<SL’,y), T,y € V7 (35)

thereby suppressing reference to the parameters $J and q.

Two of the most successful ways of studying the Ising/Potts models are
the so-called ‘random-cluster model’” and the ‘random-current expansion’.
We define next the random-cluster model, and we explain its relevance to
the Potts model. The random-current expansion for the Ising model will be
reviewed in Section 5.

In the (bond) percolation model on G, each edge is declared at random
to be either ‘open’ or ‘closed’. An edge is declared ‘open’ with some given
probability p, and closed otherwise, and different edges are allocated inde-
pendent states. The percolation model is basic to the study of disordered
media, particularly when the underlying graph is part of a ‘crystalline’ lattice
such as the d-dimensional cubic lattice L. See [9] for a full account. When G
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is a complete graph, the percolation model is usually called an ‘Erdés-Rényi
random graph’; see [13].
The random-cluster measure on G is obtained through a perturbation
of the percolation measure, as follows. Let p = (p. : e € E) € [0,1]F and
€ (0,00). The configuration space is 2 = {0,1}¥. Forw € Q and e € E, we
say that e is w-open (or, simply, open) if w(e) = 1, and w-closed otherwise.
The random-cluster probability measure on € is defined by

¢pq ZRC {pr(e —w(e )}qk(w)’ w € 97

ecE

where k(w) denotes the number of w-open components on the vertex-set V,
and ZRC = ZBC is the appropriate normalizing factor. We sometimes write
®c.p,g When the role of GG is to be emphasized.

It is common to take p. = p for all e € F, in which case we write ¢, , for
®p,q- The special case ¢ = 1, p = p is evidently the percolation measure with
parameter p, in which case we write ¢, = ¢, 1. It turns out that the random-
cluster model with ¢ € {2,3,...} corresponds in a certain way to the Potts
model on G with ¢ local states and with 3J satisfying (3.1). Specifically, the
two-point correlation function of the latter is (up to a harmless factor) equal
to the connection probability of the former,

TﬁJ,q(xay) = (]' - qil)gbp,q(x — y)v T,y € ‘/a (36)

where © « y means that there exists a path of open edges from x to y.
The random-cluster model was introduced by Fortuin and Kasteleyn around
1970, and has been reviewed recently in [8, 10, 11].

The random-cluster partition function ch is given by

D, q Z pln |E\77(w)|qk(w)
weN
and is easily seen by (2.2) to satisfy
p p
Z b, q q|V| 1_pEWG( ) )7 p%17
9= A=) g(l—=p) 1=p

a relationship which provides a link with other classical graph-theoretic quan-
tities. See [5, 6, 7, 17, 24].

4 Potts correlations and flow counts

It is shown in this section that the Potts correlation functions (3.4) may be
expressed in terms of flow polynomials associated with a certain ‘Poissonian’
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random graph derived from G by replacing each edge by a random number of
copies. This extends to general ¢ the random-current expansion of the Ising
model described in Section 5.

For any vector m = (m(e) : e € E) of non-negative integers, let Gy, =
(V, Em) be the graph with vertex set V' and, for each e € E, with exactly
m(e) edges in parallel joining the endvertices of the edge e; the original edge
e is itself removed. Note that

|Ewm| = mie). (4.1)

ecE

Let A= (A :e € E) € [0,00)F. Let P = (P(e) : e € F) be a family of
independent random variables such that P(e) has the Poisson distribution
with parameter A.. The random graph Gp = (V, Ep) is called a Poisson
graph with intensity X. Let Py and Ey denote the corresponding probability
measure and expectation operator.

For z,y € V, x # y, we denote by Gg” the graph obtained from Gp by
adding an edge with endvertices z, y. If x and y are already adjacent in Gp,
we add exactly one further edge between them. Potts-correlations and flows
are related by the following theorem. The function o(z,y) is given in (3.5).

Theorem 4.2. Let q € {2,3,...} and \. = $J.. Then

Ex(C(Gp";9))
Ex(C(Gp;q))’

This formula is particularly striking when ¢ = 2, since non-zero mod-2
flows necessarily take only the value 1. A finite graph H = (W, F’) is called
even if the degree of every vertex w is even. It is trivial that Cy(2) =1if H
is even, and Cg(2) = 0 otherwise. By (4.3), for any graph G,

o(x,y) = xz,y € V. (4.3)

P (G3” is even)

Px(Gp is even) -

o(x,y) = (4.4)
Such observations are at the heart of the random-current expansion for Ising
models. See Section 5.

Theorem 4.2 may be extended via (3.6) to the random-cluster model.
Assume for simplicity that every edge has the same parameter p. The proof
of the following is easily derived from Theorem 4.2, and may be found in
[11]. Tt is obtained by expressing the flow polynomial in terms of the Tutte
polynomial T, and allowing ¢ to vary continuously.

Theorem 4.5. Let p € [0,1) and q € (0,00). Let A\e = X for all e € F,
where p =1 — e,



(i) Forz,yeV,

Ex((—=1)"HPPIT(GRY;0,1 - q))

(@ = DPcpe(r = y) = Ex(—1)PIT (Gp: 0,1 — ) (4.6)
(ii) Forqe {2,3,...},
op(q") = (1 = p)lFIe=2/agVIE, (C(Gr; q)). (4.7)
When ¢ = 2, (4.7) reduces to the curiosity
¢, (28 = 2VIP, (Gp is even). (4.8)

This may be simplified further. Let ((e) = P(e) modulo 2. It is easily seen
that Gp is an even graph if and only if G¢ is even, and that the ((e), e € E,
are independent Bernoulli variables with

Pi(C(e) =1) = 3(1 — ™) = 3p.
Equation (4.7) may therefore be written as
¢p(28@)) = 2IVI$, o (the open graph on V' is even). (4.9)

Proof of Theorem 4.2. Since the parameter 3 appears together with the mul-
tiplicative factor J., we may without loss of generality take 3 = 1. We begin
with a calculation involving the Potts partition function Z¥ of (3.3). Let
Z, =140,1,2,...} and let m = (m, : e € E) € Z%. By a Taylor expansion
in the variables J,,

exp{—ZJe}ZP = Z (H ;g: eJe)ﬁmZP‘JZO

_E, <3PzP‘J: ) (4.10)

where




By (3.3) with g =1,

amzP’J:O =5 [ (@) — 1)

o€Y eel

— 3" ] @.le) - 1)

o€y e€Fbm

=311 . [=0no+6n.190:(0)]

oc€Y e€Em n.c{0,1}

. Z(_I)He:nw}que:ne1}|(H 5@(0)%)

ne{OJ}Em oex ecE,
_ Z (_1)\{6:ne:O}|q\{e:nezl}\qk(m,n)’ (411>
ne{0,1}Fm

where k(m, n) is the number of connected components of the graph obtained
from Gy, after deletion of all edges e with n, = 0. By (2.2)—(2.4),

amZP) — (—1)/Em| Z (_q)|{e:ne:1}|qk(m,n)
/=0 ne{0,1}Fm
= (—D)!F=lgVIWg,, (-1, —q) (4.12)
= ¢"V1C(Gm; q). (4.13)

Combining (4.10)—(4.13),
exp{— > JQ}ZP = ¢"IEA(C(Grp; q)). (4.14)

Let z,y € V. We define the unordered pair f = (z,y), and write d;(c) =
00,0, for o € ¥. We have that

o(x,y) = mps4(ao(0) = 1)

- o 5o - Dew{ S s - 1) a1

oeEYN ecE

By an analysis parallel to (4.10)—(4.14),

el =3 0.b Slatslo) - Ve patwio) -0} (410

ecE gEY ecF

= " Ex(C(GE";q)),
and (4.3) follows by (4.14) and (4.15). O



5 Random-current expansion of the Ising model

Unlike the situation with the Potts model, there is a fairly complete analysis
of the Ising model. A principal part in this analysis is played by Theorem
4.2 with ¢ = 2, under the heading ‘random-current expansion’. This has per-
mitted proofs amongst other things of the exponential decay of correlations
in the low-3 regime on the cubic lattice IL? with d > 2. See [1, 2, 3]. It has
not so far been possible to extend this work to general Potts models, but
Theorem 4.2 could play a part in such an extension.

Let G = (V, E) be a finite graph without loops as before, and set ¢ = 2.
We restrict ourselves here to the Ising model with J, = J for all e € E, and
we write A = (3.J. By Theorem 4.2,

P\(GpY is even)

P\(Gp is even) ’

o(z,y) =2m2(z,y) = 0 <\ <o (5.1)
The value of such a representation will become clear during the following
discussion, which is based on material in [1, 15, 16]. In advance of this, we
make a remark concerning (5.1). In deciding whether Gp or G3” is an even
graph, we need only know the numbers P(e) when reduced modulo 2. That
is, we can work with ¢ € Q = {0,1}¥ given by ((e) = P(e) mod 2. Since
P(e) has the Poisson distribution with parameter A, ((e) has the Bernoulli
distribution with parameter

P =Py\(P(e) is odd) = L(1 — ™).
We obtain thus from (5.1) that

600 = (o))
oY) == ac=o)

where ¢,y denotes product measure on 2 with density p’, and

8C:{v€V: Z((e)isodd}, ¢ e,

€: e~v

where the sum is over all edges e incident to v. We refer to members of 9¢
as ‘sources’ of the configuration (.

Let M = (M, : e € FE) be a sequence of disjoint finite sets (possibly
empty) indexed by E, and let m, = |M,|. As noted in the last section, the
vector M may be used to construct a multigraph Gy, = (V, Ey,) in which
each e € F is replaced by m,. edges in parallel; we may take M, to be the set



of such edges. For z,y € V', we write ‘z <> y in m’ if x and y lie in the same
component of Gy,. We define the set OM of sources of M by

OM = {v eV meis odd}. (5.2)

e:e~v

Thus, for example, Gy, is even if and only if OM is empty. From the vector
M we construct a vector N = (N, : e € E) by deleting each member of each
M, with probability %, independently of all other elements. That is, we let
B;, i € |J, M., be independent Bernoulli random variables with parameter
%, and we set

N.={ie M, : B; =1}, ee .

We write PM for the appropriate probability measure. The following lemma
is pivotal for the computations which follow.

Lemma 5.3. Let M and m be as above. If x,y € V are such that x # y and
x <>y in m then, for ACV,

PM(ON = {z,y}, IM\N) = A) = PM(ON = @, d(M\N) = A A {z,y}).

Proof. Take M, to be the set of edges of Gy, parallel to e, and assume that
r < yinm. Fix A C V. Let M be the set of all vectors n = (n. : e € E)
with n. C M, for all e. Let p be a fixed path of G, with endpoints z, y,
and consider the map p: M — M given by

p(n) =n A p, nc M.

The map p is one—one, and maps {n € M : on = {z,y}, I(M \ n) = A}
to{n" e M:0n' =@, OM\n')=A A {z,y}}. Each member of M is

equiprobable under PM, and the claim follows. O

Let A € [0,00), and recall from the last section the definition of a Poisson
graph with parameter A. The following is a fairly immediate corollary of the
last theorem. Let M = (M, : e € E) and M’ = (M : e € E) be vectors
of disjoint finite sets satisfying M, N MJQ = g for all e, f € F, and suppose
that the random variables m, = |M,|, m., = |M!|, e € E are independent
and such that, for each e € E, m, and m, have the Poisson distribution
with parameter \. We write MUM' = (M, UM/ : e € E), and PP for the
appropriate probability measure. The following lemma is a simplification of
the so-called switching lemma of [1].
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Lemma 5.4. If x,y € V are such that x # y and x < y in m +m’ then,
for ACV,

P(OM = {z,y}, OM' = A | MUM’)
=P(OM =02, 0M =A A {z,y} | MUM')  P-as. (5.5)

Proof. Conditional on the sets M, U M! for e € E, the sets M, are selected
by the independent removal of each element with probability % The claim
now follows from Lemma 5.3. O

We present two applications of Lemma 5.4 to the Ising model, as in [1].
Form = (m.:e € E) € Z%, let

Oom = {v ev: Z me is odd}, (5.6)

e:e~v

as in (5.2). We write as before
J(:L’,y) = 27—)\,2<.T, y) = 7T>\72<250'170'y - 1)7 x7y E ‘/7
thereby suppressing reference to A. By (5.1),

_ Py(OP = {z,y})
o(z,y) = AI%(@P — o)

Let Q4 denote the law of P conditional on the event {OP = A},
Qu(E)=P\(P € E|0P = A).

We have need of two independent copies Py, Py of P with potentially different
conditionings, and thus we write Q4.5 = Q4 X Q3.

Lemma 5.8. Let x,y,z € V be distinct vertices. Then:
(i) o(z,9)? = Qoo(z < y in Py +Py),
(i) o(2,1)(y. 2) = o(2, 2)Qespa e < y in Py + Pa).
Proof. (i) By (5.7) and Theorem 5.4,

oo, y)t = 2 PA(OPy = {2y}, 0Py = {z,y})

P\(0P = @)
Py x P\(0P = {z,y}, OPy = {2,y}, v < y in P, + Py)
B P, (0P = )2
Py xPy(0P, =0P; = @, v < y in P; + Py)
B P, (0P = @)2

=Qo.z(r — yin P, + Py).
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(i) Similarly,

o(z,y)o(y,2)
_ P, x ]P’A(8P1 =A{z,y}, 0Py = {y,z})

P\ (0P = @)
Py xPy(0Py = @, 0Py = {1, 2}, x = y in Py + Py)
B P, (0P = )2

_ ]P))\(8P2 = {.’L‘, Z})
= O'(SL’, Z)Q{ZB,Z}UZ’ (LU =Y in Py + P2>7

Py XIP’,\(:E<—>yin P,+Py | 0P, =92, 8P2:{x,z})

and the proof is complete. O

Theorem (5.8)(ii) leads to an important correlation inequality known as
the ‘Simon inequality’, [16]. Let z,z € V be distinct vertices. A subset
W C V is said to separate z and z if x,z ¢ W and every path from z to z
contains some vertex of W.

Theorem 5.9. Let x,z € V' be distinct vertices, and let W separate x and

z. Then
o(2,2) < 3 o(w,y)o(y, 2).
yeWw

Proof. By Theorem 5.8(ii),

Z 2ep)oly, ) = Z Qtzzy0(7 < y in Py + Py)

yeWw U(:L’,Z) yeW
= Q{x,z};@(‘{y eW:x - Yy in Py +P2}D

Assume that the event OP; = {x, 2z} occurs. On this event, x < z in P;+Ps.
Since W separates = and z, the set {y € W : x < y in P; + Py} is non-empty
on this event. Thus its (conditional) mean size is at least one under Q(; .}.5,
and the claim follows. O

The Ising model on the graph G = (V, E) corresponds as described in
Section 3 to a random-cluster measure ¢, , with ¢ = 2. By (3.6),

O'(SL’, y) = 27‘)\72<I, y) = (bp,Q(x A y>7

where p = 1 — ¢ % and ¢ = 2. The Simon inequality may be written in the
form

Gpq(r  2) < Z Dpa(T < Y)dpg(y < 2)

yew
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whenever W separates x and z. It is a curious fact that this inequality holds
also when ¢ = 1, see [9, 12]. One may conjecture that it holds for any
q€[1,2].

Let d > 2. The random-cluster measure ¢,, on the cubic lattice L%
may be obtained as a weak limit (with so-called free boundary conditions)
of the random-cluster measure on finite boxes A, as A T Z%. The percolation
probability is the function € given by

0(p,q) = gbp,q(o  00),

the probability that the origin is the endpoint of an infinite open path. The
critical point is defined as

pe(q) = sup{p : 8(p, q) = 0}.

Let || - || be a norm on Z?. It has been conjectured that, for p < p.(q),
there exists v = v(p,q) € (0,00) such that ¢,,(0 < z) < e l#l for all
x € Z%. This has been proved when ¢ = 1,2 and ¢ is sufficiently large. The
Simon inequality implies the following necessary and sufficient condition for
exponential decay when g = 2.

Theorem 5.10. Let ¢ = 2 and assume that p is such that
Z Gpq(0 = ) < 0.

x€Zd

There exists v = v(p,q) € (0,00) such that
Gpq(0 > 2) < el 2z € 7%

The proof follows standard lines, and may be found in [11, 16] together
with proofs of the following facts. There is an important extension of the
Simon inequality due to Lieb, [15]. This also may be proved via the flow
representation of Theorem 4.2. The Lieb inequality has an important conse-
quence for the nature of the phase transition of the Ising model, namely the
‘vanishing of the mass gap’.

Let ¢ = 2 and write

Y(p,q) = lim {—%log Ppq(0 < 3An)},

where A, = [-n,n]? and OA,, = A, \A,_;. Note that 1(p, ¢) is non-increasing
in p, and ¥(p,q) = 0 if p > p.(q). One of the characteristics of a first-order
phase transition is the (strict) exponential decay of connectivity probabilities
at the critical point. The quantity ¥ (p.(q), ¢) is sometimes termed the mass

gap.
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Theorem 5.11. Let d >

2 a 2. Then (p,q) decreases to 0 as
p 1 pelq). In particular ¢ (pe(q),

nd q =
q) =0, that is, the mass gap equals 0.

This was proved in [15], see also [11]. The corresponding statement is
known to be false for d > 2 and ¢ > Q(d) for some sufficiently large Q(d).
See [11, 14]. In further use of the random-current expansion (with ¢ = 2), it
has been proved that ¥ (p,q) > 0 whenever p < p.(q). See [2, 3, 4] for more
details of the Ising phase transition.
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