PERCOLATION AND MINIMAL SPANNING TREES

CAROL BEZUIDENHOUT, GEOFFREY GRIMMETT, ARMIN LOFFLER

ABSTRACT. Consider a random set Vy, of points in the box [n, —n)?, generated either
by a Poisson process with density p or by a site percolation process with parameter
p. We analyse the empirical distribution function F of the lengths of edges in a
minimal (Euclidean) spanning tree T, on V,. We express the limit of Fy,, as n — oo,
in terms of the free energies of a family of percolation processes derived from Vp,
by declaring two points to be adjacent whenever they are closer than a prescribed
distance. By exploring the singularities of such free energies, we show that the large-n
limits of the moments of F}, are infinitely differentiable functions of p except possibly
at values belonging to a certain infinite sequence (pc(k) : k& > 1) of critical percolation
probabilities. It is believed that these limiting moments are twice differentiable at
these singular values, but not thrice differentiable. This analysis provides a rigorous
framework for the numerical experimentation of Dussert, Rasigni, Rasigni, Palmari,
and Llebaria, who have proposed novel Monte Carlo methods for estimating the
numerical values of critical percolation probabilities.

1. Introduction

Let 7 be the minimal (Euclidean) spanning tree on a finite subset S of R?. The
geometry of 7 is a central subject in the theory and applications of combinatorial
optimization. If S is chosen randomly from R?, then the probability distribution of
T contains information about the ‘typical’ structure of minimal spanning trees. In
this paper, we study the geometry of 7 when S is chosen either according to product
measure on the vertices of a lattice £ or according to a Poisson process on R?. The
purpose of our study is to develop the link between minimal spanning trees and
percolation theory. This will be achieved by an analysis of the empirical distribution
function of the edge-lengths of 7, and by relating this function to the ‘number of
clusters per site’ (or ‘free energy’) of an appropriate site percolation model (in the
lattice case, we shall have to consider an infinite family of site percolation models
constructed on the vertex set of £).

As mentioned above, the theory of random minimal spanning trees is quite well
developed already; see [2], [17], [28] for example. A relationship with percolation
theory was proposed recently in [7], [8], [15], and we shall explore this relation-
ship further here. In [7], [15] were reported the results of Monte Carlo experiments
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designed to estimate numerical constants (particularly the critical probabilities) as-
sociated with certain percolation models. It was proposed there that one may learn
the value of a critical point by studying the locations of singularities of functions
obtained as the limits of the sample mean and variance of the edge-lengths of a
certain sequence 7, of minimal spanning trees defined on finite boxes in R?. The
methods used in the current work are analytic and mathematically rigorous, and
our conclusions are partially complementary to the propositions of [7], [8], [15].

We recall the definition of a minimal spanning tree. Let S be a finite subset
of R* where d > 2. A minimal spanning tree (MST) on S is a connected graph
T having vertex set S such that the sum of the (Euclidean) edge-lengths of 7T is
minimal. That is to say, we require that

> llell = min Y ]

ecT e€G

where |le|| = ||z — y|| is the Euclidean distance separating the endvertices = and y
of the edge e, and the minimum is over all connected graphs G on the vertex set S.

Consider a realisation w of a site percolation process, with density p, on a lattice
L embedded in R?%; note that w is a random subset of the vertex set of £. Write 7,
for the MST on the vertex set wNA,,, where A, = [-n,n)¢is a box of side-length 2n.
Whereas [7], [15] are directed largely at the sample mean and standard deviation of
the edge-lengths of 7,,, we consider here the entire empirical distribution function of
the edge-lengths. Writing F), for this function (i.e., F, () is the proportion of edges
in 7, having length not exceeding «), we shall prove the convergence, as n — oo,
of F,, to a certain deterministic limit function H,. Furthermore Hp,(«) may be
expressed in terms of the ‘number of clusters per site’ k,(«) defined as follows. For
a € (0,00) we construct a graph on w by joining two points if and only if they are
separated by a Euclidean distance not exceeding a. For z € w, let C%(w) denote
the connected component (or ‘cluster’) of this (infinite) graph containing the vertex
z. Finally, we define r,(a) = E,(|C¢|™! | 0 € w) where E, denotes expectation.
We shall prove that

lim F,(a) =1—ky(a) as.andin L.
n—0o0

The last fact is actually rather straightforward (see Section 3). By exploring
the weak convergence of the sequence F,(-) of functions, we shall obtain also the
convergence of the moments of F,, () to those of the limit function.

We turn now to the ‘singularities’ proposed in the numerical work of [7], [15].
The existence of such singularities is related to singularities of the family £, () of
functions of p, as « ranges over the set (0, 00). The rigorous theory of such functions
is incomplete (see [10], Chap. 4), but it is believed that, for fixed a, the function
kp() is a real-analytic function of p on [0, 1] except at a certain critical value p.(c).
At the value p. (), the function , () is believed to be twice differentiable but not
thrice differentiable. It is an open problem to prove that r,(c) is not infinitely
differentiable on the entire interval [0,1]. If we accept the physical picture just
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described, then we may deduce the existence of an infinite family of singularities of
the limiting distribution function Hp(-) = 1 — k,(-), i.e., an infinite set of values of
p at which the moments of H), are not infinitely differentiable functions of p. See
Theorem (3.10) and Theorem (3.11).

In the limit as p | 0, the percolation model converges weakly (when correctly
re-scaled) to a Poisson process. Versions of the above statements are valid in the
Poisson setting also, and we include these in the subsequent sections. For the basic
properties of percolation and Poisson processes, we refer the reader to [10] and [5],
[18] respectively.

2. Preliminaries

The meaning of the symbol |A| will vary according to context: if A is a countable set,
|A| will denote the cardinality of A, and otherwise |A| will denote the d-dimensional
Lebesgue measure of A (C R?). Let d > 2. On R?, we denote the Euclidean norm
by ||-]|. If A, B C R¢, we define ||A, B|| = inf{[ja — b|| : a € A,b € B}.

We write By(z,7) = B(x,r) for the closed Euclidean ball in R¢ with radius r
centred at z, and dBy(x,r) = dB(x,r) for its boundary. Let B(r) = B(r,0) and
0B(r) = 0B(r,0).

Suppose I' is a finite weighted graph and o € R (see the appendix for graph-
theoretic terminology). We denote by I'* the spanning subgraph of I' obtained by
deleting all edges of I' whose weight strictly exceeds a.. Let E(I") be the number of
edges of I'. We define the ‘edge-weight distribution function’ Fr of I' by, for a € R,

E(I'%)
(2.1) Fr(a) =4q E(I)
0 otherwise.

if E(T') > 0,

Let Q be the collection of locally finite subsets of R*. We shall work on the box
A, = [-n,n)e. For w € Q, we write

Vi(lw)=wnA, and V,(w)=|V,(w)|

Let T',,(w) be the complete graph on the finite set V,(w). For each edge {x,y} of
', (w), we assign to it the weight ||« — y||. Let 7, (w) be any minimal spanning tree
(MST) of the weighted graph I',,(w). We write

(2.2) En(o,w) = E(T (W), Fu(-,w) = Fr, ) ()

By Corollary (A.4) in the appendix, E,, and F,, do not depend on the choice of the
MST 7, but only on the set V,.

Suppose w € . Let I'*(w) be the graph having vertex set w and edge set
consisting of all pairs {z,y} with z,y € w and 0 < ||z —y|| < a. For xz € w, let
C%(w) be the collection of vertices in the connected component of I'*(w) containing
the point . We refer to C%(w) as ‘the cluster at # when the maximal edge-length
is set to a’.
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We interpret the term ‘lattice’ £ to mean a locally finite subset of R? satisfying
the following five conditions:
(i) L is locally finite,
(ii) £ is invariant under translation by a unit vector in any of the co-ordinate

directions,
(iii) £ is invariant under permutations of the coordinates of R?, and also under
the reflection (x1,xo,...,x4) — (—21,2T2,...,Tq).

(iv) for every pair z,y € L, there exists a translation 7 and a rotation p of R?
such that y = 7(z) and £ = 7p(L),
(v) the origin 0 belongs to L.
Note that a lattice is a set of points rather than a graph. The arguments and results
of this paper are valid when applied to sets £ of greater generality than required
by (i)—(v), but we assume these five conditions here for simplicity of presentation.

For a given lattice £ in R?, and o > 0, we construct a graph £ by joining any
pair of points in £ which are separated by distance « or less. The ensuing graph
will generally be disconnected, if « is small. There may exist ranges of values of «
for which £¢ contains infinite components with dimensions strictly less than d. We
shall concentrate on the component of £ containing the origin, which we denote
by L£%(0).

We now concentrate on two probability distributions for w. Let £ be a lattice in
R?. The set w will be distributed either as the set of open sites in a site percolation
process with density p on £ (we refer to this as ‘the lattice model’), or as a Poisson
point process in R? with intensity measure given by p| - | (we call this ‘the Poisson
model’). When we refer to ‘both models’ or ‘either model’, then it is these two
models that are meant. In both models we refer to p as the ‘density’. The symbols
P, and E, denote (respectively) probability and expectation with respect to either
of these measures, unless we state explicitly that we are considering only one of the
models. Because the statements of many of our results are identical for the two
models, we usually use the same notation. When necessary, we use the superscripts
L and P for the lattice and Poisson models, respectively. For recent work on minimal
spanning trees for the Poisson model, see [3], [17], [21] and the references therein.

3. Results

There are two (related) functions which are central to the analysis which follows,
namely the quantities given by

(3.1) k() = E, <|03‘1(w)| ‘ 0 Ew), Ho(@) = 1— ry(a).

In the case of the Poisson model, the above conditional expectation is interpreted
in the usual way (see [5]). The quantity k,(a), viewed as a function of p with «
held fixed, is often referred to in the physics literature as a ‘free energy’ function.
However, we shall refer here to k,(a) as the ‘number of clusters per site’; see
Chapter 4 of [10] for the basic properties of k,(c) in the lattice case. It is evident
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from the usual re-scaling argument that
(3.2) rp (@) = &1 (p" )

in the case of the Poisson model; see [14], [20] for more details of this case.

The following theorem contains the basic ingredients of the approach of this
paper. The proof is straightforward, and a sketch thereof is presented at the end
of this section.

(3.3) THEOREM. Let a,p > 0. We have that, as n — oo,

Fo(a,w) = Hy(a) a.s. and in L.

We shall show that H,, is a distribution function, and shall study its properties
in some detail. Also, we shall investigate the convergence, as n — oo, of the sample
moments of the distribution function F;, to those of H,. Prior to doing this, we
define a certain sequence of values of p at which difficulties arise. These are exactly
the critical probabilities of a certain family of percolation models.

Let a > 0, and define the function

0%(p) =B, (|C5| = 00| 0 € w).

Note that, in the lattice case, 6%(p) is essentially the percolation probability of the
component £*(0) of the graph £*. Using standard arguments from percolation
theory (see [10], [20]), we have that there exists p.(«) > 0 such that

N =0 if p<pc(a)
f (p){ >0 ifp>pe(a).

For the Poisson model, the quantities p.(ca) = pL (o) may be expressed in terms
of one another: using the usual re-scaling, we have that pl (o) = a=%pf(1). The
situation is more interesting in the lattice model. Suppose that we are working
on the lattice £, and let D(L) = {[|z —y|| : z,y € L, x # y} be the set of ‘inter-
point’ distances. It is easily seen that the set D(L) is countable, does not contain

0, and has no finite limit points. Consequently we may express D(L) in the form
D(L) ={ay : k> 1} where

(3.4) 0 < ap < agyr for k> 1, and a — 00 as k — oo.
It is clear that, for £ > 1,
pe(a) = pelag) if ap < a < aggr.

Here are some properties of the ay and p.(ax). The proof is presented at the end
of this section.
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(3.5) THEOREM.
(i) The growth function of L satisfies |L N B(m)|/|B(m)| = ¢1 as m — oo, for
some constant ¢1 = c¢1(L) > 0.
(ii) There exists a constant co = ca(L) > 0 such that agy1 < a+1 and cokt/d <
ag <k, fork > 1.
(iii) We have that pc(ay) > pe(ags1) for all k, and p.(ar) — 0 as k — oo.
(iv) Let K = inf{k : pc(a) < 1}. Then (pc(ax) : k > K) is a strictly decreasing
sequence.

In order to study the properties of the empirical edge-length distribution func-
tion Fy,(-,w), we shall need certain information about the smoothness of the limit
function Hy(-). The necessary facts are contained in the next two theorems.

(3.6) THEOREM. Let o € (0,00). Viewed as a function of p, k,(c) is continuously
differentiable on its domain. (This includes the statement that k,(«) has one-sided
derivatives at all finite boundary points.) It is infinitely differentiable (with one-
sided derivatives where appropriate) except possibly at the critical point p = p.(a).

Standard physics dogma asserts that s, () is twice differentiable at p.(c) but
not thrice differentiable, but no proof is known of this statement (see [10], p. 78).

(3.7) THEOREM. If p > 0, then Hy(-) is a distribution function. In the Poisson
case, the measure corresponding to H, = HIF 1s absolutely continuous with respect

to Lebesgue measure on R, and there exist strictly positive constants yg and v, such
that

OH) (c)

(3.8) L

< yoaVexp(—y1pat)  for o> 0.

We turn now to the definition of the moments of the distribution functions H,
and F,,, namely the quantities given when p > 0 by

(3.9) m;(p) = /[0 )aj dH, (), M;j,(w)= /[0 )aj dF, (o, w).

(3.10) THEOREM. Let j > 1.
(i) We have that M, ,(w) — m;(p) a.s. and in L' as n — oo.
(ii) The function m;(p) is differentiable except at the point p = 0. It is infinitely
differentiable in the lattice model except possibly when p € {p.(ag) : k > 1}.

In the Poisson model, it is the case that m?(p) = p_j/dmf(l) forp>0.

(iii) We have that p?/*m;(p) — my (1) as p — 0, where mf (1) is given as in (3.9)
with Hy replaced by HY .
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As remarked above, for a given percolation model, it is believed that the number
of clusters per site (or ‘free energy’) is not infinitely differentiable at the critical
point. Such a singularity would be shared by the moments m;(p) given above. We
state this formally in the following way.

(3.11) THEOREM. Let k,j,r > 1, and consider the lattice model. If m;(p) isr times
differentiable at the point p.(ay) (< 1), then ky(ay) is r times differentiable as a
function of p at this point.

In 7], [15] is proposed the following method for estimating critical probabilities.
Consider a realisation of a site percolation process on a graph (such as the square or
triangular lattice). Construct a MST on the points within the box A,, and consider
the empirical edge-length distribution function F,,. After a sequence of numerical
experiments, one may plot the mean and variance of Fj, against the variable p. The
experiments of [7], [15] suggest that these functions have singularities at the critical
point of the lattice, and it was proposed that the above procedure might be used in
order to estimate the true value of this critical point. We make two remarks about
this procedure. First, the results of the current paper indicate that these functions
have an infinite set of singularities, at which they are believed to be twice but not
thrice differentiable. Secondly, the outcome of the numerical procedure depends on
the actual embedding of the lattice in R?.

In advance of delivering proofs of Theorem (3.3) and Theorem (3.5), we sum-
marise the contents of the remainder of the paper. Throughout, we present proofs
only when novelty is required. Some of the required arguments are fairly standard,
in which cases references are given and the details omitted. Section 4 contains some
technical estimates of use later. Theorem (3.6) is proved in Section 5, and Theo-
rem (3.7) in Section 6. The remaining two sections contain the proofs of Theorem
(3.10) and Theorem (3.11). Graph-theoretic definitions have been relegated to the
appendix.

SKETCH PROOF OF THEOREM (3.3). It follows from elementary graph-theoretic

considerations (see the appendix) that

Vi(w) — Kp(a,w)
Va(w) — 1

(3.12) F,(o,w) = if V,,(w) > 2,

where K, (o, w) is the number of components of the graph I' (w). We summarise
the basic steps of the proof of the theorem in the case of the lattice model; for the
details see page 73 of [10], where they are presented for nearest-neighbour bond
percolation on the cubic lattice. We have that, as n — oo,

Va(w) —1

4, N L] —p as.and in L!,

by the strong law of large numbers. Use of the ergodic theorem yields that

lim Ky(o,w) <1{0 cEw}

— = a.s. and in L',
nooo [Apn L] TG ()] )
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where 1{A} is the indicator function of the event A. The a.s. convergence in the
statement of the theorem follows immediately. Convergence in L' then follows by
use of the bounded convergence theorem.

In the Poisson case, the claim of the theorem may be obtained by approximating
to R? with a discrete grid, and by taking the limit as the grid size approaches 0. O

PROOF OF THEOREM (3.5). (i) This follows from the local finiteness and trans-
lation invariance of L.

(ii) Since 0 lies in £, and £ is invariant under unit shifts, we have that Z¢ C £. Tt
follows that D(L£) 2 {1,2,...}, whence a < k and agy1 < ap + 1. There exists a
strictly positive constant b = (L) such that the number of points y of L satisfying
lly|| < r does not exceed bre. Let k > 1. There exist z,y € £ such that ||z| < vd
and ||z — y|| = ag. By the triangle inequality, ||y|| < ax + V/d, and therefore

k< bag + V)" (V)"

since ay is a non-decreasing sequence. The lower bound on «y follows.
(iii) The monotonicity of p.(ay) is trivial since oy < ag41. We use a simple block
argument for the second part. Let p > 0 and choose an integer M such that

(3.13) P, (Aps contains a point of w) > p.(Z?),
where p.(Z?) is the critical probability of site percolation on the square lattice. Now
choose k such that ay > 4M+/d. With this choice of k, we have that ||z — y|| < ag
for all pairs x,y satisfying x € Ay, y € Ay + (2M,0,0,...,0). For z1,29 € Z,
we colour the translate Apyr + 2M(x1,22,0,...,0) of Ay green if it contains some
point of w. The green boxes constitute a site percolation process on a copy of the
square lattice, each site of which represents the corresponding translate of Ap;. By
(3.13), this process is supercritical. It follows that p.(ax) < p.

(iv) A detailed argument would be long and contain no new ideas, and is therefore
omitted. The claim may be shown by following the methods of [1]. O

4. Technicalities

We establish next certain inequalities which will be necessary for the proofs which
follow later.

4.1. Re-scaling

For 7 > 0 and x € Z¢, define the box AT = 2rz + (r,7,...,7) + [-r,7)%. For fixed
r, the AT will serve as sites in a re-scaled process. Suppose r > 0 and w € 2. We
call z (€ Z%) r-occupied if wN A® # @, and we write ©,.w for the set of r-occupied
sites of Z?. If w is a realisation of any of the models considered in this paper, ©,w
is then a realisation of a site percolation process on Z? So long as r is chosen
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suitably, we have that p(z) = B, (x is r-occupied) does not depend on the choice of
x € Z%. Note that

p(z) =

1 — e—p(2)" for the Poisson model, with r > 0,
1—(1—p)@)" for the lattice model on Z4, with r = 1,2, .. ..

(4.1.1) LEMMA. Ifa € R, w € Q, and r > 0, then

—2rvd
l—Fn(OA,UJ) < 1_Fn/(2r) (%791"“})7

for all positive multiples n of 2r.

PrOOF. We use a fairly standard argument in order to build a spanning tree of
w N A, by joining together minimal spanning trees on certain subsets of A,. Let
w € Q, let n,r > 0, and let m = n/(2r), assumed integral. We partition A,, into
boxes, each of which is a translate of A,, in such a way that the centres of these
boxes form a copy of A,, (suitably re-scaled and translated). Let w = ©,w. We
may assume that V,,, (@) > 1 and o > 2rv/d, and we do so for the rest of the proof.
Let T, (@) be a MST of @ N A, and, for each x € A,, which is r-occupied, let
Tr(w,z) be a MST of w N AZ. We construct a spanning tree of w N A,, as follows.
First, take the union of all such 7, (w, x), noting that this union is a spanning forest
of wN A,,. For all pairs z, y € wN A, which are joined by an edge of T, (@), we add
an edge joining some point (chosen according to a predetermined rule) in w N A¥ to
some point in w N AY. The resulting graph is a spanning tree of w N A4,,. We claim
that, by Corollary (A.4) in the Appendix,

(4.1.2)  Fu(o,w) > Vn(wl)l { Z E(Tr(w,2)) + Ep, <a—22rr\/3’w> } .

TEA,,

The following two facts are relevant to this inequality. First, the diameter of A,
is 2rv/d (< @), whence all edges in any given 7, (w,z) have length not exceeding
a. Secondly, if there is an edge {z,y} of T, (@) with length not exceeding (a —
2r\/d)/(2r), then the above construction requires that an edge be added in A,
joining some point in A¥ to some point in AY; no two such points are further than
« apart. Now,

Z E(Tr(w,2)) = Va(w) — Vi (@)

TEA,,
by (A.1). Substituting this into (4.1.2) yields the result. O

4.2. Comparison with geometrically-distributed random variables

It will at times be useful to bound the edge-length distribution function of a random
MST in terms of the empirical distribution function of a sequence of geometrically
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distributed random variables. We shall use such an inequality only for the case of
the lattice model on Z¢, and therefore we consider this case only in this subsection.

We say that a random variable 7 is geometric-p if Z takes the value k& with
probability (1 — p)*~1p, for k =1,2,....

(4.2.1) THEOREM. Let w denote a realisation of a site percolation process on 7.4
with density p, and let V,, and F, be as in Section 2. There exists a sequence
Xo(w), X1(w),... of independent geometric—p random variables, depending on w
alone, such that

1-F(o,w) <1 Fy(a,w) foral aeR,

where ﬁ'n( -,w) denotes the empirical distribution function of the random sequence
Xl(w), e 7XVn(w)—1(w)'

ProorF. We turn Z¢ into a graph by adding edges between any two points z,¥
satisfying ||z — y|| = 1. Let w C Z%. Let 7 be a fixed nearest-neighbour path in
Z% that starts at the origin and visits each site in Z? exactly once; we require that,
for every n > 0, m visits every point in A,, before visiting any point in A, 41\ Ay.
Let w(1),m(2),... be the sites in 7 in the order visited. Let i1 (w), iz(w), ... be the
increasing sequence of indices 4 for which 7 (i) € w. For k > 1, let oy (w) = 7(ix(w))
and let ng(w) be the straight line segment in R? joining o (w) to opy1(w). Let
Y(w) be the path oq(w),m(w),02(w), n2(w),..., and let T, (w) be the sub-path
o1(w),m(w),o2(w), n2(w), ... ,ov, (w) (if V,(w) > 0). Then T, (w) is a spanning
tree of V,(w). Let Xo(w) = i1(w) and, for k > 1, let X (w) = ig41(w) — ix(w) and
Ik (w) = ||ok+1(w) — ok (w)|]. We have that [ (w) < X (w) for k > 1.

Suppose now that w is distributed as the set of open sites of a percolation process
on Z% with density p. Then the Xj; are independent geometric—p random variables.
Assume V,,(w) > 1, and let Fj,(w) be the empirical distribution function of the
sequence Xi(w), Xp(w),..., Xy, 1(w). Let Fp, () be as in (2.1) with I' = T},(w)
and using the weight function ||-||. Then Fr, () is the empirical distribution function
of the sequence [4(w),l2(w),. .. ,ly,—1(w). Using Corollary (A.4), we deduce that

1-F(o,w) <1—Fr ()(a) <1-F(a,w)
for all w with V,,(w) > 1, and for all a. O

4.3. Super-exponential bounds for the number of edges

Our purpose here is to prove a bound on the tail of the number of long edges in a
MST.

(4.3.1) LEMMA. There exist strictly positive constants Ky, o, and 1 such that

Ep (En(00,w) = En(o,w))
|An]

< yopexp (—yipa?) if a > Ko.
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PrOOF. We go into some detail in the Poisson case. The proof in the lattice case is
similar but some additional complications arise because of the lattice spacing; see
the remarks at the end of the proof.

Let 0 < a < B. If there is an edge in 7,(w) whose length lies in the interval
(c, B], then it must join two points z and y such that a < ||z —y|| < £, and in
addition (by examining Kruskal’s greedy algorithm) there can exist no point of
w N A, belonging to B(z, ) N B(y, ). Therefore, for large n,

(4.3.2)
E,(B) — En(a) < > > HB(z,0) N B(y,a) NwN A, = 2}

rEWNA, ycwnA,NA(z,a,B)

where E,,(y) = E,(y,w), A(x, «, §) is the annulus enclosed by the spheres centred
at z and having radii « and 3 respectively, and 1{-} denotes the indicator function.
An estimate of the expected value of (4.3.2) yields
(4.3.3)
Ep (En(ﬁ) — En(a))
[An|(B — )

< 7B%  pPexp (*%p (20 — B)d) fo<zf<a<p

where ¢ and y; depend only on the dimension d. We have used the fact that, if
3B <a < |z -yl <A, then B(z,a)NB(y, @) contains a Euclidean ball of diameter
no smaller than a — (|| — y|| — @) > 2a — 3, and at least half of this ball lies in A,,.
To derive the bound in the statement of the lemma, take « =k — 1 and g =k in
(4.3.3), and then sum over k > K + 1 where K is an integer. This gives that, for
sufficiently large K,

Ep (En(0) — En(K))
|An|

<yop® Y k4 Tlexp (—pya(k —2)%)
k=K +1

o0
< v3p® / % texp (—pyax®)da
K

= yspexp (—praK?),

where the 7; are positive and depend only on d. This, taken together with the fact
that E, (o, w) is increasing in «, gives the result, for newly defined o, y;1.
Here are some further notes for the lattice case. Suppose that

(4.3.4) o Ka<agyr Ko < ﬂ < 041,

where 0 < k <[ (and a9 = 0). If z,y € £ and o < ||z — y|| < B, then ||z —y|| €
{ak+1,...,0q}, and any point in B(z,a) N B(y,a) N L actually lies in B(z, ax) N
B(y, ay). This intersection contains a ball of diameter at least 2ay — ||z — y|| >
2a — ay. By Theorem (3.5)(ii) and (4.3.4), this diameter is at least 2 —2 — 3. We
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argue now as in the Poisson case. Note that there exist constants ¢; = ¢;(£) such
that, for z € L,

Az, 0, f) N L] < ‘A(O,a —Vd,B+Vd)n ,c‘
< cl‘A(O,a— Vd, g +Vd) ﬂZd‘
<o(B+ V)T B+ V) - (a—Vd)].
We have therefore that there exist positive constants c4, ng such that

Ep(E%(ﬁ)_'E%(a»
|An|(/(3 —a+ 2\/?2)

< 3% pPexp (64 (2a — 2 — )" log(1 — p))-

if 5> a > agand 2(a — ap) > 2+ . We note that log(l — p) < —p and proceed
as before. ]

4.4. Tail estimates for finite percolation clusters

Let us consider site percolation on the graph £%*, where a > 0. We prove next
two lemmas concerning the tail of the radius of the open cluster C§ at the origin.
The first deals with the subcritical case (p < pc(c)), and the second with the

supercritical case. We define the radius rad(S) of a subset S of R? containing the
origin by rad(S) = inf{r e R: S C A, }.

(4.4.1) LEMMA. Assume d > 2 and o« > 0. There exists a function v = v(p,a),
strictly positive and continuous in p when p < p¢(«), such that

B, (rad(C§) > n) <e ™  forn > 1.

(4.4.2) LEMMA. Assume d > 2, a > 0, and p.(a) < 1.
(a) There exists a function & = £(p, o), strictly positive and continuous in p when
p > pe(a), such that

B, (n < rad(C§) < o0o) <e ™™ forn > 1.

(b) Let 0 < pg < 1. There exist positive constants ag, 7, o, such that, if py < p <
1 and o > aq, then

1V (d—2)

B,(n <rad(Cf§) < o0) <v(1—p)"7® forn > 1,

where a V b = max{a,b}.



PERCOLATION AND MINIMAL SPANNING TREES 13

There exists a positive constant ¢ = ¢(£) such that
(4.4.3) if |C&>n then rad(Cg)> ent/?.

Using this fact, one may obtain an estimate for the tail of the volume of an open
cluster from an estimate for its radius. Estimates obtained from the above lemmas
in this way are not the best possible, but will suffice for the purposes of this paper.
They may be strengthened by utilising further methods of [10].

PROOF OF LEMMA (4.4.1). We do not present this, since it follows the proof of
Theorem (3.4) of [10]. O

PROOF OF LEMMA (4.4.2). Suppose that d > 3 (we shall return later to the case
d = 2). First we prove part (b), and then we indicate the necessary steps in order
to obtain part (a). We begin with two sub-lemmas.

(4.4.4) LEMMA. Ford > 2, there exist p; € (0,1) and constants~y, M > 0, depending
on d and py, such that

P2 (|CE <o) <v(1-p)™ ifp<p<,

where the superscript indicates that the lattice in question is Z.2.

PROOF. By an argument presented in [10] (remarks on Thm (6.95), pp. 138-140),
there exist positive constants 7y, i, and v, depending only on d, such that

unld=1)/d

P/ (|Co] < 00) < 1—p+op Y n?[(1—p)ul if (1-pp<l.

n=1

Therefore, with p; chosen to satisfy (1 — p;)u < 1, there exists a constant y; =
’71(707 W, v, pl) such that

P2 (|CY < o0) < (1=p) +m(1—p)” ifpr<p<l. 0

(4.4.5) LEMMA. Let d > 2 and py € (0,1). There exist constants ag,y, N > 0,
depending on d and L, such that

Nad

B, (|Cq| < o0) <v(1—p) if po <p <1 anda > ao.

PROOF. In the notation of Section 4.1,

B, (0§ (w)] < 00) < B, (|C3(Orw)| < 00) = PZ" (|G| < o0) ,
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where 7(a) = |a/V4d+12| and # = 7(p,a) = 1 — (l—p)f(a) with f(a) =
‘Ar(a) N E‘. Let p1, 7, M be given as in Lemma (4.4.4), and choose ag such that
f(ap) > log(1 — p1)/log(1 — po). Assume p > pg, so that 7(p,a) > p1, whence

d

B, (IC5| < 00) <y (1-m™M =7 (1 -p)" @ < 51 -p™,
where N depends only on M and L. O

We turn now to the proof of Lemma (4.4.2)(b) proper, when d > 3 and 0 <
po < 1. We adapt an argument of [4] (see [10], pp. 127-129). For r € R, let
P,={reR:z;=r}and Q, = {x € R : x; > r}. For integral 4, the set £ N P
constitutes a (d — 1)-dimensional lattice, and we pick constants ag, v, N according
to Lemma (4.4.5) with d replaced by d — 1. We now follow [10] but working with
(d — 1)-dimensional hyperplanes rather than with slabs. Instead of reproducing the
argument in full detail, we summarise the necessary changes. Let o > ag V V/d V %,
let v = sup{z1 : z € L, ||z|| < a}, and B8 = [v]; note that o] < v < a and
B < 2v. Let x € L be such that 1y = . As in [10], we build the cluster C
according to a recursive construction, and we write v; = (a1, a2, as, ..., aq) for the
earliest open vertex encountered which lies in the half-space Q;3. There are two
cases to be considered.

(i) If a1 +v < (i + 1)B, we define w; = v; + =, and we choose w;' € P(i;1)g such

that ||w] — w!|| < o (Such a point w! must exist since a > v/d.)
(ii) If a1 + v > (i + 1)8, we define w; = v; and w} as in case (i).

Let F; be the event that w] and w] are open (noting that w} is always open under

case (ii) above), and that ‘Cgi' (wn P(i+1)g)‘ < 00, so that, by Lemma (4.4.5),

ad—l

B, (F;) < pP,(|C§(wn Py)| < 00) < (1 —p)¥

If C§ NQni1 # @ and |C§| < oo, then none of the events Fy, Fy,. .., F,._1 have
occurred, for r satisfying r3 < n. It follows as in [10] that

417 Ln/6)
B, (C N Quir # 2, |C5] < 00) < |y(1-p)™* .

This implies the claim, since A,, has 2d bounding hyperplanes.

Next we indicate how to obtain part (a) of Lemma (4.4.2) when d > 3. Let
L, ={x e L:0<xz <r},aslab of thickness r. We join any two points of £, which
are separated by distance « or less, and we define the corresponding percolation
probability 0% (p) =P, (JC§ N Ly| = 00). There is a ‘slab’ critical probability given
by pe(e,r) = sup{p : 2(p) = 0}. The argument of [11], [12] is easily adapted to
obtain that p.(a,r) | pc(a) as r — oo.

Suppose that p > p.(«), and find r such that p > p.(a, r). We now reproduce the
essence of the argument in [10], pp. 127-129, adapted as above, obtaining thereby
that

B, (C& N Qi # 2, |C8] < 00) < (1 —02(p)) "+,
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This implies that
(4.4.6) B, (n < rad(C§) < oo) < 2dexp(—02(p)[n/(r +a))).

It may be shown in the usual way (see [10], p. 117) that 6%(p) is a continuous,
monotone, and strictly positive function of p on the interval (p¢(a,r),1]. The
required conclusion follows easily from the fact that p.(c,r) | pe(a) as r — oc.
For the remainder of this proof we suppose that d = 2. We utilise the block
construction of [12] in order to prove Lemma (4.4.2)(a). Suppose a > 0 and
p > pe(a), and define the rectangle Thyny = [0, M] x [0, N] of R?. A left-right

crossing of Ty n is a sequence xg,T1, T2, ..., 2, of points in £ such that
(i) x; is open and ||z;y1 — z;|| < « for all 4,
(i) w1, 22,...,2r—1 € Ty N,

(iii) zg € [~,0] x [0, N] and z,, € [M, M + «] x [0, N].
A top-bottom crossing of Ty n is a sequence satisfying (iii’) in place of (iii), where:
(iii’') zg € [0, M] x [N, N + o] and z,, € [0, M] X [—«,0].

Before proceeding, we note a geometrical fact. If a rectangle has both a top-
bottom and left-right crossing, then the vertices therein belong to the same open
cluster of L. This follows by use of the triangle inequality.

Let LRy, N (resp. TBas,n) be the event that Ths n has a left-right (resp. top-
bottom) crossing. We claim that, if ¢ > 0, there exists a positive integer N =
N(p, a,e) such that

(4.4.7) ]P’p (LR4N7N) = ]P’p (TBNAN) >1—e¢.

Rather than prove this in detail, we sketch the required argument. The first step
is to note that the ‘block construction’ of [12] is valid mutatis mutandis for site
percolation on L£,. As in [12], one may construct a certain process defined on
blocks of £ in such a way that the ‘block variables’ dominate (stochastically) a
site percolation process having large density. Since supercritical site percolation
(with large density) possesses left-right crossings of tubes with aspect ratio 4, with
probability approaching 1 as the size of the tube increases, one obtains (4.4.7) for
large N. (The choice of the quantity 4NV in (4.4.7) is somewhat arbitrary, and may
be weakened.)
With IV chosen according to (4.4.7), let R = 2N, and call the box Bg = [—R, R]?
blue if
e the two rectangles [-R, R] x [-R,—R+ N| and [—-R, R| x [R — N, R] contain
left-right crossings, and
e the two rectangles [-R,—R+ N| x [-R, R] and [R — N, R| x [—R, R] contain
top-bottom crossings.
We extend this definition to all translates of Bg, using the ‘translated’ notions of
left-right and top-bottom crossings.
We now renormalise. For z = (z1,22) € Z?, we colour z blue if the box B% =
Bgr + (3Nz1,3Nz3) is blue. We have by (4.4.7) that

(4.4.8) P, (z is blue) > 1 — 4e,
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and furthermore that the random variables F = (1{z is blue} : = € Z?) are k-
dependent for some value of k which is constant for all a, p,e, N. Let p.(I?, site) <
7 < 1, where p.(IL?, site) is the critical probability of site percolation on the square
lattice L?. Using the results of [19], we may choose ¢, sufficiently small and positive,
such that the family F' stochastically dominates a site percolation process on L?
with density 7; we choose € accordingly.

Next we observe a certain property of site percolation at density m, and then
we interpret this property in the context of the original process. Consider site
percolation on .2 at density 7. Let C, be the event that the annulus Bs,\B,
contains an open circuit D having the origin in its interior, and such that D lies in an
infinite open cluster. Using standard arguments (see [10], [16]), we have that there
exists a function p = p(7), strictly positive and continuous when 7 > p.(IL?, site),
such that

(4.4.9) P, (Cp) >1—e?" for all large n.

[Here, P, denotes the appropriate probability measure. Equation (4.4.9) is proved
using duality arguments, as follows. If C;, does not occur then either (a) there is a
closed matching crossing of the annulus, or (b) there is an open circuit of the annulus
which is not connected to infinity. Each eventuality has an exponentially small
probability, obtained by applying [10], Theorem (3.4), to the subcritical process on
the matching lattice.]

It follows by (4.4.9), and the above remarks concerning stochastic domination,
that there exists (with probability at least 1 —e~*™) a blue circuit of By, \B,, which
surrounds the origin and is joined to infinity.

We note next that, if ||z — y|| = 1, then B} N BY, is a rectangle of dimensions
4N by N. Furthermore, if x and y are blue, then the set of eight (left-right or
top-bottom) crossings involved in this assumption belong to the same connected
open cluster of £L*. Therefore, if the blue circuit exists as in the above paragraph,
then either |C§| = oo or rad(C§) < 6Nn. We deduce that

B, (6Nn < rad(C§) < o0) < e "

as required in part (a). That { may be assumed continuous in p follows from the
fact that N may be assumed bounded away from oo when p is bounded away from
Pe.
For part (b) of Lemma (4.4.2) when d = 2, let 0 < po < 1, @ > v/20, and let
r = |a/v/20], as in the proof of Lemma (4.4.5). With this choice of r, let B
be the set of all r-occupied points x of Z? such that C§ N A # @. The set B
forms a collection By, Bs, ... of connected subsets of vertices of the square lattice,
and we write A, B; for the external boundary of B; (i.e., A¢B; contains all points
y € Z2 such that (i) y is adjacent in L? to some x € B;, and (ii) y lies in an
infinite path of L? with points in Z2\ B;). We make two claims for the union
AeB = A¢By UABs U. .., namely:
(A) AcB is a connected set of points in the matching lattice L
L? by adding the two diagonals to every unit face, and

2
%9

obtained from
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(B) for all y € A.B, the point y is not r-occupied.

Claim (A) follows from consideration of the set of points = for which there exist
u € A% v € AZ satisfying ||u — v|| < a. Claim (B) follows from the fact that, if
|l —y|| =1and u € A¥, v € AY, then ||u —v|| < a.

Suppose now that n < rad(C§) < oo, so that 0 lies in some finite cluster which
intersects the complement of A,,. If C§ intersects @, = {z € RY : gz > n}, then
A¢B contains a path, having an endpoint of the form (—u,0) with v € {1,2,...},
and with at least uw+n/(2r) points in all, none of which is r-occupied. By counting

self-avoiding paths on L2, we obtain that

B, (n < rad(C{) < oo) < 2d§: Z {8(1 _p)4,ﬂ2}k:‘

u=1 k>u+n/(2r)

[We have used the fact that [£N A,| > |A,| = 472.] We pick ag (> v/20) such that
81/(2r0) (1 — pg)?70 < 1 where r¢g = |ag/Vv/20], and the claim follows. O

5. Proof of Theorem (3.6), Differentiability of »

In this section we present a summary of the proof that, for given a > 0, the function
kp(a) is continuously differentiable in p on the interior of its domain. This will be
proved by the method laid out in [10], pp. 78-80, where bond percolation on the
cubic lattice was studied.

A separate argument is required in order to show that one-sided derivatives exist
at the endpoints of the domain. We omit this, which follows roughly the method
used in [10], p. 140-142.

5.1. Proof of Theorem (3.6) in the lattice case

Let £% denote the graph with vertex set £ and with edges joining every pair of
vertices which are separated by distance « or less. We define a distance-a lattice
animal A to be the vertex set of a finite subgraph of £* containing the origin. If
A is such an animal, we define its boundary AA to be the set of sites x in £ for
which 0 < ||z, A|| < a. Let A%, be the collection of distance-a lattice animals A
for which |[A| = n and |AA| = b, and write a% = | A%,

There exists a constant J(L£) such that |£N B(x,a)| < §(£)a? for all z € R?
and o > «q. Therefore

(5.1.1) 1<b<6(L)atn  ifaly £0.

This estimate replaces (4.14) (4.15) of [10], p. 75.
In order to prove continuous differentiability, it suffices to prove the same prop-
erty of the quantity

[e.e]
1
(5.1.2) prp(a) = Z . Z a%yp"q®  where ¢ =1 — p.
n=1 b
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The idea is to show that the sum of the term-wise derivatives in (5.1.2) is uniformly
absolutely convergent for p € [po,p1], whenever 0 < py < p;1 < 1. The absolute
value of the nth term of the sum of derivatives is bounded above by

1 § : a
E Anp
b

g’

n b
p q

By means of a large-deviations estimate obtained as in [10], Thm (4.20), one finds
that, for any choice of £ > 0, this quantity is no greater than

dy2
Gy a(osl =+ TR 2 e (g,
where u V v = max{u,v}. The proof is completed as in [10], p. 79, by a suitable
choice of &.

In order to prove the infinite differentiability of x, one follows the arguments of
[10], pp. 140-142, and utilises Lemma (4.4.1), Lemma (4.4.2), and (4.4.3). The
only difference of note lies in the subcritical case p < p.(a), where [10] used an
exponential estimate for the volume of C§. In our case, Lemma (4.4.1) suffices
for the infinite differentiability of x,(«), via (4.4.3), but is not strong enough to
imply real-analyticity. The required arguments are straightforward, and we omit
the details. O

In the forthcoming proof of Theorem (3.10), we shall make use of the following
result, obtained by summing estimate (5.1.3).

(5.1.4) COROLLARY. Let 0 < py < p1 < 1 and ag > 0. Then (0/0p)ky(c) is
uniformly bounded for pg < p < p; and 0 < a < ag.

5.2. Proof of Theorem (3.6) in the Poisson case

We begin with two lemmas.

(5.2.1) LEMMA. For each n > 1, there exists a measure v, = v which is concen-
trated on the interval [0, (n + 1)|B(«)|] and has the property that

]P’p(|08“:n—|-1‘0€w):p"/ e PV dv, (V) forp>0.
(0,00)

PROOF. Fix @ > 0 and n > 1. Let x = {21, 2s,...,2,} C R?. We write U, (x)
for the indicator function that the graph G“(0,x), obtained from the vertex set
{0,21,22,...,2z,} by joining all pairs of points which are separated by a distance
a or less, is connected. We write V' (x) for the volume of the union D(x) = B(«a) U
(Ur _; B(zi,@)) of balls. Now, |C¢| = n + 1 if and only if the following two

m=1
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statements hold: (i) there exists a subset X = {X;, Xs,..., X} of w\ {0} such
that U, (X) = 1, and (ii) the region D(X)\{0, X1, X, ..., X,,} is empty. Therefore,

1
]P’,,(|Cg| =n+1 ‘ 0¢e w) =~ / .- / Upn (x)e PV C)pm dayday . .. day,.
n. Jrd R4
It follows by a change of variables that

Pp(|08‘|:n+1‘0€w):p"/ e PV dv, (V)
(0,00)

for some measure v,,. Since |V (x)| < (n+1)|B(«)|, the measure v, is concentrated
on the required interval. ]

The mean number of points within a region of volume V equals pV'. The following
lemma provides large-deviation bounds for the number of points in a given region.

(5.2.2) LEMMA. Let v, be given as in Lemma (5.2.1). There exists an absolute
constant g such that, for p,& >0 and n > 0,

/ pre ™ dua (V) < yov/m{ (1= p&)] " + [ (1 +p8)] "}
In—pV|>pné
if p€ <1 and n > (p&)~* .

PrOOF. For any p > 0
> [ e an(v) = B( gl < olo€w) < 1
n=0
whence no term in the sum exceeds 1. Therefore, if p > 0 and 0 < v < (n+1)|B(a)|,
p" > /e_pvdun(V) > e Py, (0,0),

where v,,(a, b) is the v,-measure of the interval (a,b). Optimising over p for fixed
v gives

(5.2.3) v (0,0) < (@)n

n

Split the the integral on the left hand side of the inequality in the statement of
Lemma (5.2.2) into two pieces corresponding to V < (n/p)(l1 — p&) and V >
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(n/p)(1 + p§). In the first integral, integrate by parts and use (5.2.3) to obtain
that it equals

p"+1/ e Py, <O,v A [2(1 —pf)]) dv
(0,00) p

n(1—-p€)/p n o0
< / e (L) pav + / e Pple(1 — p)I™ du
0 n

n(1-p&)/p

(1-pf)
= (@/n)"/o ue " du + [epg(l — pf)]n

Similarly, the second term is bounded by (e/n)" f:?l pt

of Stirling’s formula (see [9], p. 54), (e/n)" < ev/2mn/n!, whence the sum of the
two terms is bounded above by

) u"e " *du. By a refinement

[eP6(1 — p€)]" + ev/2mn Prob <S ‘> §>

where S,,+1 is the sum of n 4 1 independent mean-1 exponential random variables.
Using Markov’s inequality in the usual way (see [13], p. 184),

Prob (S, /n > a) < exp{n(l - a+loga)} ifa>1

Prob (S, /n < a) < exp{n(l - a+loga)} if0<a<l.

Substituting a = a,, = (1 £ p&)n/(n + 1), we obtain the claim of the lemma. O

From (3.1) and Lemma (5.2.1), we have that

Zn+1/ _deV" V).

As in the lattice case, it suffices to show that, for 0 < p; < oo, the sum of absolute
values of the term-wise derivatives converges uniformly for p € [py, 00). Let & > 0.
The absolute value of the nth term of this sum satisfies

(5.2.4)

[ ()i
S/Ln

<P (ICH=n+1|0€w)+

p"e PV dy, (V)

1+2|B
w / pne_deVn(V),
p In—pV|>pné
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since v, is supported on [0, (n + 1)|B()|]. Choose £ by p¢ = (4n~tlogn) Y2 5o
that, for large n, [epg(l —pf)}n < n~? and [e‘pg(l +p§)]n < en~2. Substituting
from Lemma (5.2.2), we obtain that there exists a constant -y, depending only on
a, such that the right side of (5.2.4) is bounded above by

1 /4logn o Y1
5,/ " Pp(|00|:n+1\0€w)+pn3/2.

Summing, and using the fact that > > (B, (|C§| =n+1]0€w) < 1 we obtain
that, for N sufficiently large and p > pq,

_ 4log N 71 —= 1
PV dun (V <_ aa —.
E ‘dpn+1 pe Vn( )‘ o N +p1 > —=7

The result follows. O

6. Proof of Theorem (3.7), Further Properties of H,

6.1. Proof of Theorem (3.7)

Suppose that w € Q and 0 € w. The map o — |C’8‘|_1 is readily seen to be
right-continuous, and it follows by the bounded convergence theorem that Hp(-) is
right-continuous also. Obviously H,(0) = 0. Furthermore,

tip(@) < N '+ B, (wnB(a)) < N—1) for N > 2.

It follows that H,(a) — 1 as o — oo, implying that H, is a distribution function.

In the Poisson case, (3.2) and Theorem (3.6) imply that Hp(«) is differen-
tiable in o on (0, 00). Inequality (3.8) then follows from (4.3.3) and the fact that
H{V, —1< (1-¢)p|lAn|} — 0 a.s. as n — oo, for fixed e > 0.

6.2. Further properties of H),

In proving part (iii) of Theorem (3.10) in the lattice case, we shall need to under-
stand the behaviour of the distribution function H,, in the limit as p | 0. We endow
the space of probability measures on RT with the topology of weak convergence. It
is an immediate consequence of Theorem (3.6) and Theorem (3.7) that the mapping
p +— H, is a continuous function from (0,00) to the space of probability measures
on R*. Furthermore, H), converges vaguely to Hy as p — 0; note that Hy is iden-
tically zero, which is not a proper distribution function. In order to control the
escape of mass to infinity, we re-scale H), by defining the function

(6.2.1) H,(a) = Hy(p~ ).

We shall now state and prove the relevant weak convergence theorem.
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(6.2.2) THEOREM. We have that ﬁp converges weakly to HY asp — 0.

ProoOF. This is a trivial consequence of re-scaling in the Poisson case, and there-
fore we consider only the lattice case. We need to show that, for fixed a > 0,
kp(p~1/%) — KT (a) as p — 0. Let ' be the collection of locally finite subsets w
of R% for which 0 € w; for w € ', define fo(w) = |C¥(w)|™'. Then it suffices to
show that

(6.2.3) /fa(w) dvp(w) — /fa(w) dv(w) as p — 0,

where v, and v are, respectively, the measures on Q' corresponding to the set of
open sites of site percolation at density p on p*/¢L, and the Poisson point pro-
cess with intensity measure | - |, both conditioned to include the origin. Since
fa is bounded, (6.2.3) will follow if we can find a topology on €' under which
(a) €' is a complete separable metric space, (b) v, converges weakly to v, and
(c) the set of discontinuities of f, has measure 0 under v. A suitable topol-
ogy is the Skorohod topology. This topology can be specified by requiring that
wn — w if and only if |w, N B| — |wN BJ for every open ball B C R%. Tt is
easy to check that, under the Skorohod topology, f, is continuous off the set
{we ||z —y|| = a for some z,y € w}, and that this set has measure 0 under
V. O

7. Proof of Theorem (3.10)(i), Convergence of Moments

We give the details only for the lattice case with £ = Z<. For the other cases, one
first re-scales as in Section 4.1, and then uses Lemma (4.1.1) before proceeding as
in the case dealt with here.

We begin by stating a lemma which is an easy consequence of standard theorems
(see Thm 7.10.3 of [13]).

(7.1) LEMMA. Suppose p is a positive measure on the measure space (2, F) and
fns [ gn, and g are functions which are non-negative, F-measurable, and inte-
grable with respect to u. Suppose g, — g almost everywhere with respect to i, and
[ gndp— [gdu asn — oo. Then
(i) [ lgn — gldp — 0, and
(ii) if fn < gn and fn, = f p-a.e., then [|fn — fldp — 0.

Since Mj,, > 0, it suffices by Lemma (7.1)(i) to show that M;, — m;(p) a.s.
and that E,, (M;n) — m;(p).

Almost sure convergence. For j > 1, let A\; be the measure on (0,00) defined by
dAj(a) = ja? = da. We must show that, for almost all w,

/(1 — Fr(a,w))dj(a) — /ﬁp(a) d\j(a) asn — oo.
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It follows from Theorem (3.3) that, for almost every w,
for every rational @, 1— Fj(a,w) — kp(c), and 1 — Fp(a,w) — P, (X1 > «),

where F, and X; are given as in Theorem (4.2.1). Using Theorem (4.2.1) and
Lemma (7.1)(ii), it suffices to show that

/ (1= Fy(,w)) drs(a) — / B, (X, > a)dX\(a) as.

Now V,, = o0 a.s., and

‘/n_l

/(1 — Fo(a,w))dXj(a) = T D Xp(w)! forj > 1.

k=1

By the strong law, both sides converge a.s. to the jth moment of the geometric
distribution, as required.

Convergence of expected values. If V,,(w) < 1, then F,(a,w) = 0 for all . Thus we
have (integrating by parts and using Tonelli’s theorem) that

Ep (Mj,n(w))z/jaj 'E ((1— (@) 1{V,, >1}) da,

where we have suppressed reference to w. However, in the notation of Theorem
(4.2.1), we have that E, ((1 — F,(a))1{V, > 1}) is no greater than

(7.2)
E, ((1 - Fu(e)1{V > 1)) =E, (1{“// > 1} 3 Z X > a}>

\%
1 n
k=0
where the X; are defined as in the proof of Theorem (4.2.1). Let M,, = |A,|. Note
that V,, = inf {k : Zf:o X > Mn}, whence V,, is a stopping time with respect to

the natural filtration {Fj : k¥ > 0} generated by the sequence {Xy, X1,...}. Let
Y = 1{X) > a}. We have that

(i Yk>2 = (i(Yk - Eka)>2 + (Vo + 1)°E,, (Yo)?
k=0 k=0
2(Vn i Vi — EpYi),

k=0
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whence, by Wald’s equation ([13], p. 396) and the Cauchy—Schwarz inequality,
Vi 2
5 |(Xn)
k=0

where, by Exercise (10.2.15) of [13],

Sp(n) + Ep (Vo + 1)2)E, (Yo)?

+ 2B, (Vo) {Ep ((V + 1)2)S,(n)}/?

Vo

ZYk—E Y;)

k=

= vary

=E, (V,, + 1)var,(Yp).

Now, E, (Y2) = E, (Yo) = B, (Xo > ) < 90(1 — p)* where g is a constant. Also,
V,, is the sum of M,, independent identically distributed random variables, whence
B,V = Myup, E, V.2 < Myp+ (Myp)?, and E,, (V,, +1)72) < 2(M,,p)~2. By (7.2)
and the Cauchy Schwarz inequality again, we have that

E, (1= Fa(a)1{V > 1}) <31 -p)*/?

where 1 is a constant. Convergence of E, (M, ;) to m;(p) now follows by the

)

dominated convergence theorem and Theorem (3.3).

8. Remaining Proofs, Differentiability of the m;

There remain the proofs of parts (ii)—(iii) of Theorem (3.10), and the proof of
Theorem (3.11).

8.1. The lattice case of Theorem (3.10)(ii)

We begin with the proof of Theorem (3.10)(ii) in the lattice case, beginning with
the statement that m;(p) is once differentiable. Let j > 1. By (3.1) and integration
by parts, we have that

(8.1.1) mj(p) = /000 jad (@) da.

Using the mean value and dominated convergence theorems, it is enough to show
that, for any j > 0 and any pg, p1 with 0 < pg < p1 < 1,

da < oo.

(8.1.2) / ol sup
0

PE[po,p1]

0
a_p’{p(a)

By Corollary (5.1.4), the integrand is uniformly bounded for 0 < a < ag where
ap is as in Lemma (4.4.2)(b). To deal with large «, we utilise as follows the proof
that & is infinitely differentiable for nearest neighbour bond percolation (see [10],
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Thm (6.120), pp. 140-141)). By Lemma (4.4.2)(b) and (4.4.3), there exist positive
constants 2 and A such that, for all n,

Anl/dgtV(d—2)

(8.1.3) P, (|IC] =n) < v2 (1 —p) if @« > ap and p > py.

Therefore, by (5.1.1), if @ > ap and po <p=1—¢q < p1,

1 b/n
q

nqb

P
po(l—p1) =
° 1/d 1v(d—2)
<ysa® Y (1—p)™"
n=1
d AqlV(d—2)

where the ~; depend only on L, ag, po, and p;. Inequality (8.1.2) follows.

Let 7 > 1. In order to prove that m;yi(p) is r times differentiable off the set
{pe(ag) : k > 1}, it suffices to show the following: if K > 0 and p.(axi1) < po <
p1 < pe(ak), then

r

(8.1.4) / o’ sup do < o0.
0 PE

[po,p1]

apr Hp(a)

The derivatives in (8.1.4) exist by Theorem (3.6). Furthermore, by (5.1.1) and
(5.1.2),

<AL+ )™ 0B, (I = n)
n=1

= AL+ )"E, (IG5 18] < )

(8.1.5) ‘ o

8—1)7«’%(04)

for some A = A(po,p1,7, L).
Note for future use that

(8.1.6) ip () = { ! ?f @ o
kp(ag) if ap <a < aggr
where ag = 0, and also that ap — oo as kK — oo.

Let agp (> ak4+1) be as in Lemma (4.4.2)(b), and split the integral in (8.1.4)
into three parts, corresponding to the intervals [0, ax+1), [k +1,a0), and [ag, 00).
By (8.1.3) and (8.1.5), the third of these three integrals is finite. The right side of
(8.1.5) is non-decreasing in p and «, for & < axy; and p < p.(ax), whence the
first integral is no greater than

AL+ ag) TTTE,, (JogE .
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This is finite, by Lemma (4.4.1).
By (8.1.6), there exist constants B, L such that the middle integral is no greater
than

L
B+ar)” Y (odfi—of*!) sw E, (05405 < ),
k=K+1 POSPSIM

which is finite by Lemma (4.4.2)(a) and (4.4.3).

8.2. The Poisson case of Theorem (3.10)(ii)
It follows from (3.2) and (8.1.1) that

(8.2.1) mf(p):/o jaj_lng(a) do
B / jod U (! a) do = p m] (1),

Finally, m?(l) < oo by (3.8).
8.3. Proof of Theorem (3.10)(iii)

This is a trivial consequence of re-scaling for the Poisson model, and so we consider
only the lattice model. Let 5 > 1. We are required to prove that

/ of dflp(a) — o dHT (o) as p — 0.
[0,00) [0,00)

where Eip is given by (6.2.1). Since ﬁp = HY as p — 0 (cf. Theorem (6.2.2)), it
suffices to prove that, for ¢ > 0, there exists M such that

(8.3.1) /M o) dH,(e) < e for all p € (0, 3]

Now, by (6.2.1) and integration by parts,
(8.3.2)

M/M o dH, () S/o o/t dH, ()
_ Ut/ / gt ()
0
= fo i [55,9)] + [ G+ 0B )5}

Let pn, = E,V,,. By Lemma (4.3.1),

< yapexp(—y1pB%)
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for large 0 and some positive constants ;. The required (8.3.1) follows from
(8.3.2). O

8.4. Proof of Theorem (3.11)
Let k,j,7 > 1 and assume that p.(ay) < 1. We have from (8.1.1) and (8.1.6) that

ms(0) = (s = ) o) + [ jei ™y () da
I
where I = [0,00) \ (g, @k+1). By the argument presented in Section 8.1, the inte-
gral is infinitely differentiable at the point p.(ay). The claim of the theorem is an
immediate consequence. O

Appendix. Graph theory

A graph T consists of a set V(I') of points called the vertices of I', and a set £(I") of
(unordered) pairs of distinct points of V(I') called the edges of I'. If e = {v,w} €
EM), v and w are called the endvertices of e. A complete graph is a graph I'
such that £(T') = {{z,y}:z,y € V('), x # y}. The graph T is finite if V(I') is
finite. A subgraph of a graph T' is a graph whose vertex set is a subset of V(I)
and whose edge set is a subset of £(I'). A spanning subgraph of a graph I' is a
subgraph of T' whose vertex set coincides with that of I'. A path 7 in a graph I' is
a finite sequence v1,e1,02,...,Up_1,€n—1,V, Where the v; are distinct vertices in
V(T), and e; = {v;,v;41} € E(T). In this case vy is called the initial vertex of
and v, its final vertex. A circuit is a path vy, e1,vs,... ,v, together with the edge
en = {vn,v1}. A graph I' is connected if for every pair v, w of vertices in I there
exists a path with initial vertex v and final vertex w. A component in a graph I’
is a maximal connected subgraph of I'. A tree is a connected graph containing no
circuits. A forest is a graph without circuits. A spanning tree of a connected graph
is a spanning subgraph that is a tree. A weighted graph is a graph I' together with
an assignment e — w(e) of non-negative weights to its edges. A minimal spanning
tree (MST) T of a weighted graph I' is a spanning tree of I' for which }__c ¢ w(e)

is minimal. If w is a locally finite subset of R%, a spanning tree of w is a spanning
tree of the complete graph with vertex set w.

Let ' be a finite weighted graph with n edges. The following routine, called
‘Kruskal’s algorithm’, is a standard greedy method for finding a MST in I' ([6]).
Let eq,...,e, be a fixed ordering of the edges of I' such that w(e;) < w(e;41) for
all 7. At stage 0 we are given the vertex set of I' and no edges. We now examine the
edges in the given order. At each stage, we add the current edge e; to the graph
obtained so far if and only if this does not create a circuit. The graph obtained
thereby, after all edges have been examined, is a MST.

If the w(e;) are not distinct, then there may be more than one MST. For any
given MST T of I', there exists an ordering of the vertices (as above) for which
Kruskal’s algorithm gives rise to 7.
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For any finite graph I', we let V(I"), E(T'), and K(I') respectively denote the
number of vertices, edges, and connected components of I'. It is elementary that,
if F is a finite forest, then

(A1) E(F)=V(F)—- K(F).

For any weighted graph I', we denote by I'* the spanning subgraph of I" obtained
by deleting all edges whose weight strictly exceeds a. We shall make use of the
following inequality.

(A.2) LEMMA. SupposeT is any finite connected weighted graph and T is a spanning
tree of I'. Then

(A.3) E(T)—-E(T*) >K{I*) -1 forall«,

with equality for all a if and only of T s a minimal spanning tree.

PRrROOF. We apply (A.1) to T and to T*. This yields E(T) — E(T*) = K(T*) — 1,
whence (A.3) follows. For the last statement, it suffices to show that any MST
obtained via Kruskal’s greedy algorithm satisfies (A.3) with equality. Fix an ap-
propriate ordering of the edges of I', and construct a MST 7 using Kruskal’s al-
gorithm. After all edges of weight « or less have been added, but before any edge
with weight exceeding o has been considered, the current graph will be 7. No
edge of length « or less will be considered again, and therefore the components of
T are precisely those of I'*. Since 7 is a spanning forest, we have by (A.1) that
E(T*) =V (') — K(I'*). Taken together with the fact that E(7) = V(I') — 1, one
obtains equality in (A.3). Finally, if a spanning tree T satisfies (A.3) with equality
for all «, then E(T) = E(T®) for any MST 7T and all «; it follows that T" is a
MST. O

We define the ‘edge-weight distribution function’ Fr of a weighted graph I' by
(2.1).

(A.4) COROLLARY. Let I" be a finite connected weighted graph.
(a) Any two MSTs in T have the same edge-weight distribution function.
(b) If T is a spanning tree and T is a MST of T, then Fr dominates Fr in the
sense that
1—Fr(a)>1—Fr(a) foralaeR

PRrROOF. Both parts follow from Lemma (A.2) and the fact that E(T) = V(T') — 1
for any spanning tree 7. O



PERCOLATION AND MINIMAL SPANNING TREES 29

Acknowledgements. This work was aided by partial financial support from the
European Union under contracts CHRX-CT93-0411 and FMRX-CT96-0075A,
and from the Engineering and Physical Sciences Research Council under grant
GR/L15426. It was done in Cambridge during a sabbatical visit by C.E.B. from
the University of Rochester, and a visit of A.L. from the Université Aix Marseille
I11.

REFERENCES

1. Aizenman, M. and Grimmett, G. R., Strict monotonicity for critical points in percolation and
ferromagnetic models, Journal of Statistical Physics 63 (1991), 817-835.

2. Aldous, D. and Steele, J. M., Asymptotics for Euclidean minimal spanning trees on random
points, Probability Theory and Related Fields 92 (1992), 247—-258.

3. Alexander, K. S., The RSW theorem for continuum percolation and the CLT for Euclidean
spanning trees, Annals of Applied Probability 6 (1996), 466—494.

4. Chayes, J. T., Chayes, L., and Newman, C. M., Bernoulli percolation above threshold: an
invasion percolation analysis, Annals of Probability 15 (1987), 1272-1287.

5. Daley, D. and Vere-Jones, D., An Introduction to the Theory of Point Processes, Springer,
New York, 1988.

6. Dolan, A. and Aldous, J., Networks and Algorithms, Wiley, Chichester, 1993.

7. Dussert, G., Rasigni, G., and Rasigni, M., Minimal spanning tree approach to percolation and
conductivity threshold, Physics Letters A 139 (1989), 35-38.

8. Dussert, G., Rasigni, G., Rasigni, M., Palmari, J., and Llebaria, A., Minimal spanning tree:
A new approach for studying order and disorder, Physical Review B 34 (1986), 3528-3531.

9. Feller, W., An Introduction to Probability Theory and its Applications, Volume 1, 3rd edn,
Wiley, New York, 1968.

10. Grimmett, G. R., Percolation, Springer-Verlag, Berlin, 1989.

11. Grimmett, G. R., Percolation and disordered systems, Ecole d’Eté de Probabilités de Saint
Flour XXVI-1996 (P. Bernard, ed.), Lecture Notes in Mathematics, Springer, Berlin, 1997,
pp. 153-300 (to appear).

12. Grimmett, G. R. and Marstrand, J. M., The supercritical phase of percolation is well behaved,
Proceedings of the Royal Society (London), Series A 430 (1990), 439-457.

13. Grimmett, G. R. and Stirzaker, D. R., Probability and Random Processes, 2nd edn, Oxford
University Press, Oxford, 1992.

14. Hall, P., Clump counts in a mosaic, Annals of Probability 14 (1986), 424-458.

15. d’Iribarne, C., Rasigni, G., and Rasigni, M., Determination of site percolation transitions
for 2D mosaics by means of minimal spanning tree approach, Physics Letters A 209 (1995),
95-98.

16. Kesten, H., Percolation Theory for Mathematicians, Birkhduser, Boston, 1982.

17. Kesten, H. and Lee, S., The central limit theorem for weighted minimal spanning trees on
random points, Annals of Applied Probability 6 (1996), 495-527.

18. Kingman, J. F. C., Poisson Processes, Oxford University Press, Oxford, 1993.

19. Liggett, T. M., Schonmann, R. H., and Stacey, A., Domination by product measures, Annals
of Probability 25 (1997), 71-95.

20. Meester, R. and Roy, R., Continuum Percolation, Cambridge University Press, Cambridge,
1996.

21. Penrose, M., Continuum percolation and Fuclidean minimal spanning trees in high dimen-
stons, Annals of Applied Probability 6 (1996), 528—-544.

22. Russo, L., A note on percolation, Zeitschrift fiir Wahrscheinlichkeitstheorie und Verwandte
Gebiete 43 (1978), 39-48.



30 C. BEZUIDENHOUT, G. GRIMMETT, A. LOFFLER

23. Steele, J. M., Growth rates of Euclidean minimal spanning trees with power weighted edges,
Annals of Probability 16 (1988), 1767-1787.

CAROL BEZUIDENHOUT, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ROCHESTER,
ROCHESTER, NY 14627, USA
E-mail address: cbez@math.rochester.edu

GEOFFREY GRIMMETT, STATISTICAL LABORATORY, UNIVERSITY OF CAMBRIDGE, 16 MILL
LANE, CAMBRIDGE CB2 1SB, UK

E-mail address: g.r.grimmett@statslab.cam.ac.uk

URL: http://www.statslab.cam.ac.uk/~grg/

ARMIN LOFFLER, DEPARTMENT DE PHYSIQUE DES INTERACTIONS PHOTONS—MATIERE, CASE
EC1, FACULTE DES SCIENCES ET TECHNIQUES DE SAINT-JEROME, UNIVERSITE AIX—MARSEILLE
IIT, 13997 MARSEILLE CEDEX 20, FRANCE



