Theorem 5.47 of The Random-Cluster Mode! corrected

I am grateful to Remco van der Hofstad for pointing out a problem with Theorem
5.47, which has lost two important conditions. Here is a corrected but weaker
version.

A probability measure p on (2, ) is said to satisfy the ‘uniform insertion-
tolerance condition’ if, for some «, 8 € (0, 1),

(1 a<u(le| Te) < B, p-almost-surely, for e € EY,

where Je is the event that e is open. Let E be a finite set of edges, and let
K1, Kz, ..., K| be the components of the graph (z4, Ed \ E). We say that x has
the ‘empty-boundary Markov property’ if: for all such sets E, given that every
edge in E is closed, the configurationson the Kj,i = 1,2, ..., |, areindependent.
[We shall need a slightly weaker form of this property in the proof of Theorem
5.47', following.]

Theorem5.47'. Let u beatrandation-invariant, positively associated probability
measureon (2, F) satisfying (1") for «, 8 € (0, 1), and with the empty-boundary
Markov property. Thelimit

1
(5.48) §(w) = lim {—ﬁ log u(ICl = n)}

exists and satisfies
(L—0)? g
(5.49) n(Cl=n) < ———ne "W, n>1.
o

Furthermore, 0 < ¢(u) < — logla (1 — B)2@-D1,

The quoted proof remains valid. One needs one further step in addition to those
in the proof of Lemma 6.102 of reference [154]. In proving (6.105) of [154] in the
current context, one needs to condition on the event that all edges in the external
boundary of o * T are closed, to break this probability into a product of two terms,
using positive association, and then to use the empty-boundary Markov property.

A small note concerning the second display of Theorem 5.51, which should
read

o Pa-p® .
PpalCl=m = qa— ™

Proof. In the terminology of (6.105) of [154], it suffices to prove that

@) MC=0xD) 2 = mC=0uC=0.

)
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Let E, be the set of edges of L9 that do not belong to o but have one or more
endpoints in o, and let F; be the event that every edge in E, is closed. Let
e = (X, y) denote the edge with endpoints X = tr(c) and y = bl(t)’. Then

w(C=0)=uF)u(C=o0|F),
and, by the empty-boundary Markov property and positive association,

uC=o0,Cy=1+Yy)=pu(Four NFIu(C=0,Cy=1+Yy|Fosxr NFe)
= w(Foxr NFIU(C =0 | Fo)u(Cy =t +y | Friy)
_ H(Eryy \ {€} closed)
M(Fr+y)

W(C=0o)u(Cy=1+Y)

where Fe = {eis closed}. By the uniform insertion-tolerance property (1'),

w(Ezyy \ {€} closed) - 1
u(Fray) “l-a

and therefore, by the translation-invariance of u,
1
uC=o0,Cy=1+y) > mM(C=U)M(C=T)-

Inequality (2') follows by a further application of (1'). O
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